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We characterise the set of equilibria in a deterministic group contest with the
weakest-link impact function, continuous efforts and a private good prize, comple-
menting the results obtained by Chowdhury et al. (2016). We consider a two-stages
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1 Introduction

This paper aims at characterising the set of equilibria in a group contest. The contest
features the weakest-link impact function,the deterministic contest success function, con-
tinuous efforts, and a private good prize. According to Hirshleifer (1983), this setup is
suitable for modeling social phenomena like disasters or conflict situations. In these sce-
narios, selfish behavior can result in collective disasters for the group, even when dealing
with private goods, such as relief supplies, that need to be allocated within the group.

To the best of our knowledge, the first paper to use a weakest-link impact function in a
strategic setting was Hirshleifer (1983), where he showed that in this case, underprovision
of the public good tends to be considerably moderated compared to the cases of perfect
substitutability (summation) and of best-shot impact functions. Cornes and Hartley
(2007) build more formally on the same approach, characterising the set of equilibria.
Both these papers do not consider a group contest setting. Sheremeta (2010) analyzes a
group contest model experimentally considering three possible impact functions - weakest-
link, best-shot, and perfect substitutability - combining these impact functions with a
Tullock contest success function. The results of the experiment confirm that in weakest-
link contests there is almost no free riding and all players expend similar positive efforts.
Lee (2012) considers a group contest with a group-specific public good prize, weakest-link
and a general non-deterministic contests success function. Within a group contest model,
Kolmar and Rommeswinkel (2013) generalises previous works considering a CES impact
function, so that the weakest-link is a particular case, and a Tullock contests success
function.

Sheremeta (2010), Lee (2012), and Kolmar and Rommeswinkel (2013) share the use of
a non-deterministic contest success function, while Chowdhury et al. (2016) and Barbieri
and Topolyan (2024) consider a deterministic contest success function, so that they are
more directly related to this paper. However, these papers consider (group specific) public
goods, so there is no need for a within groups sharing rule. Accordingly, our results
with a private prize, complement the results obtained by Chowdhury et al. (2016), since
they depict the set of Nash equilibria in both pure and mixed strategies in a ”max-min
group contest” with a public good prize. The authors themselves envisage the possibility
of introducing a private good prize in their theoretical framework, as a future line of
research.

We consider a two stages two groups contest model, where in the first stage the agents
simultaneously choose the sharing rule, while in the second stage they choose efforts.
We find that Chowdhury et al. (2016) result about the existence of only within-group
symmetric Nash equilibria in pure strategies is robust to the introduction of a private
good prize. However, despite the existence of within-group symmetric Nash equilibria
in pure strategies in the effort stage, there are combinations of possible sharing rules
such that no pure strategy effort equilibria exist. Hence, for these sharing rules, the
continuation payoffs are not defined, so in general it is not possible to characterise the set
of subgame perfect Nash equilibria in pure strategies, as the continuation payoffs cannot
be pinned down along the domain of the first-period action set. However, turning to the
restricted sharing rules case, we can conclude that there are continua of subgame perfect
equilibria. In this case, by additional restrictions on the effort levels of each class of
effort equilibria, we are able to computationally characterise the set of subgame perfect
equilibria in pure strategies.



The paper proceeds as follows. In Section 2, we present the basic model. In Section
3 we characterise the set of puree strategy Nash equilibria of the second effort stage.
In Section 4, we discuss the players’ behavior in the first stage, while in Section 5 we
characterise the set of subgame perfect equilibria of the entire game. Finally, Section 6
presents the conclusions.

2

A Continuous Effort Max-Min Two Group Contest
with a Finite Number of Agents

Consider a simple two-groups model that sums up the main characteristics of group
contests under complete information. The model is defined by the following elements:

1.
2.

two groups, denoted by j € {1,2};

each group has n; > 4 members in each group. The total number of agents is
N = nj + ng. As notation device, let us write ij or j (i) for agents i € {1,...,n,}
of group j;

. the effort of member i € {1,...,n;} in group j € {1,2}, to increase the possibility

of getting the prize, is denoted by x; (i) € Ry. Let x; be the vector of all agents’
efforts of group j, and x the vector of all agents’ efforts. Moreover, let define the
average exerted effort in group j as

"
1 J

= > @iy € Ry
i=1

J =

a private prize worth v to be allocated to one of the groups;

. the impact function of group j is given by the weakest-link technology

Xj =min{z; (1) € Ry i € {1,....,n;}};

. the contest success function is given by the all-pay auction:

1 Zf Xj > X_j
pi (X1, X2) =1 5 if X;=X
0 Zf Xj < X,j;

the sharing rule, such that if group j € {1, 2} wins, then a member i € {1,...,n;}
gets a share of the prize

Gij (215, o Tny5) =

(1—ay) "-7”x~ + Q; n*lj if 3221w >0
—— i=1Lij ~—~
= incentivation part equalising part
L otherwise
g

where «; is the share of the prize that the members of the winning team get inde-
pendently of their effort. There are two possible assumptions on the domain of «; :
the restricted case with «; € [0,1], and the unrestricted case with a; € R.



e When «; € [0,1], the sharing rule amounts to pure within-group redistribu-
tion

— a; towards 0 means that the main bulk of the prize share is distributed ac-
cording to each agent’s effort, the incentivation part, while there is almost
no uniform redistribution, the equalising part;

— o towards 1 means that the main bulk of the prize share is distributed
according to a uniform redistribution, while almost no part is distributed
as a reward for each agent’s effort;

— more generally a; from 0 to 1 is able to span the entire set of redistribu-
tion/rewarding rules, from no uniform redistribution to no effort reward-
ing.

e When a; € R, the sharing rule goes beyond pure redistribution by allowing
groups to engage in cross-subsidisation:

— a; < 0: conditioned to winning the prize v, a negative value means that
group j collects fozjn% from each of its members, and then distributes
(1 — a;j) v among members in proportion to relative outlay: it is a penal-
ization for group’s non-active members;

— a; > 1: conditioned to winning the prize v, a value greater than 1 means

that group j collects — (1 — o) v from its members according to relative
outlay, and then distributes o ;v equally among all its members: it is a
premium for group’s non-active members.

Let us stress that the application of the sharing rule is conditioned on winning,
hence rewards and punisment are applied only if a group wins. The implicit
assumption is that screening between free riders and contributors within a
group is performed only if the group get the prize, otherwise is too costly. For
example, an internal auditing to share a bonus in a team may be performed
only after an order is awarded to a company. Similarly, in a conflict the
punishment of free riders might be possible only after winning, while a defeat
precludes such a possibility.

8. the individual costs of effort C;; (z; (7)) = z; (4);
9. the timing, there are two stages:

i. in the first stage, the groups choose the equilibrium sharing rule within each
group o;

ii. in the second stage all the members of the groups observe the first stage choices
(aq, ) and choose simultaneously and independently their effort z; (¢) and
the prize is allocated to one of the two groups according to the contest success
function.

Note that this timing structure, used in most papers that endogenise the sharing
rule, implies that the groups can precommit to an equilibrium sharing rule, without
any subsequent renegotiation. Let us stress that this sequential structure means
that, once established, the sharing rule cannot be object of negotiation within or
across the groups, there is a commitment to respect the choices of the first stage.



As a consequence of these modelling characteristics, player ij has the payoff

Tij (Oéjﬂ—j,xlj, vy Tnygy T1—j, -~-,~’l?n,,~—j) = PjqijV — Tij =
[(1 — ) % + ozjn%l v—2x;(¢) if min{x;} > min{x_;}

=\ 30— ap) 0 e[ v—a; (@) if min{x;} = min {x_;}

—x; (1) if min{x;} < min{x_;}

Now, we are able to provide a formal definition of a binary group contest.

Definition 1 A Continuous Effort Max-Min Group Contest CMMGC' is a two stages
game CMMGC = ({1,2} ,N,S;, E;;, m;;) defined by

1.
2.
3.

the set of groups {1,2};
the set of players N = {1,...,n1 + na};

the set of first-period actions S; = R : for each group j, the choice of the share o;
in the sharing rule;

. the set of second-period actions E;; = Ry : for each player ij, the choice of the

bid x; (i) . Note that because of the sequential structure of the game, each player ij
second period strategies are maps R? — R ;

the payoff functions for each player ij € N

mij (@, X) = p;qijv — x; (i) =

[(1 — ) Zi]ngj)(i) + ajn%} v—x; (i) if min{x;}>min{x_;}
=9\ 3 |1—0ay) Zig:v(:)(l) + ajn%} v—ux; (i) if min{x;} =min{x_;}
—x; (1) if min{x;} <min{x_;}

where a and X are, respectively, the vector of first and second period actions.

The notation used in this paper is summed up in table 1.

Variable Meaning
ij or j(i) agent ¢ of group j
{1,...,n;} set of agents in group j
xj (i) or xj; effort of agent 7 in group 7
X; =min{z; (1) e Ry, €{l,...,n;}} impact of effort of all agents in group j
x = (x1,X2) vector of efforts of all agents
Cij (x5 (1)) = x; (4) cost of effort for agent i of group j
P (X1, X2) probability of group j of winning the contest
Qij (xlj, ceny xnjj) sharing rule for agent ¢ of group j
a; €R equalising part of the sharing rule
a vector of a; for j € {1,2}
mi; (a, %) payoff function of agent 4 of group j
v = n—lj E:Zl i € Ry average effort in group j
Table 1




3 The Set of Second Period Equilibria

Without loss of generality, the second stage equilibria are presented in terms of average
effort in each group, i.e. as pairs

(71,72) € Ry x Ry,

so that geometrically they can be represented in the non-negative quadrant.
Moreover, denote by

s

1 i

'y;:n—] (E acij:I:e,-j) eR VeijERJrJr
=1

the average effort in group j at any individual deviation from ;.

3.1 Characterization of the Set of Pure Strategy Nash Equilibria
in the Second Period.

In this subsection, we characterise the full set of second-period Nash equilibria in pure

strategies, to study the interplay within and among groups of the selective incentives

induced by the sharing rules, which affect the incentives to free ride, with the strong

complementarities, which favour the alignment of effort choice by teammates. Since the

payoff functions are not smooth, we approach the problem by direct consideration of all

possible strategy profiles, checking whether there is an individual incentive to deviate.
Without loss of generality, let us assume

) Z ny.

3.1.1 Unrestricted Sharing Rules

Suppose «; € R, so that the sharing rule allows groups to engage in cross-subsidisation.

Proposition 1 Let e € Ry be a strictly positive real number. Then, in the CMMGC
with unrestricted sharing rules, the set of the second period pure strategy Nash equilibria
of the game is characterised as follows:

1. when
(a1, a2) € [1,00) x [1,00);

then there exists a pure strategy equilibrium such that
(71572) = (0,0);

2. when

v 2nle 2n2e
0, — d 1— —1 1— —2
ee( ,27L2:| an (al,ag)e )U,oo>>< { (n2 1)U,oo>

there exists a continuum of pure strategy equilibria such that

(Vi 75%) = (e,e) with x; = e;



3. when )
-1
ee <O M} and (al,ag)ERx{lw}

"ng (ng — 2) (ng —1)w

there exists a continuum of pure strategy equilibria such that

(’yf**v 7;**) = (07 6) with xo = €;

4. when

there exists a continuum of pure strategy equilibria such that

(,95") = (e,0) with x, = e;

5. when (a1, ) is not in these regions, there exist no pure strategy equilibria.

Proof. Let consider the different cases.

1. Suppose
(m,72) = (0,0) .
Then,
xj (1) = min{x;} = min{x_;} and ij (7)) = Zx_j (1)=0
i=1 i=1

so that

1(1
T (V5. v-jl@) = 3 nj v
If agent ij deviates to x; (i) = €’ > 0, then
z; (i) = min{x;} = min {x_;} and Za:j (i) = e’,Zx,j (i)=0

i=1 i=1

so that the deviation payoff is

1 e«
Wg (V55 V=) = 5 {(1 - aj) - + j} v—e .

Hence, for any player ij there is no incentive to deviate if and only if

1 / . Mn.e
sz (1—aj)e—+& v—€ & a; > lim 1 - 1€ Sa;>1.
an 2 e’ n; e’—0 (nj — )U
2. Suppose

(71,72) = (e,e) withe € Ry and x; =e .



Then,

TLJ n_J
x; (i) = min {x;} = min {x_;},Y_@; (i) = nyy; and Y _x_; (i) = n_;y-,
i=1 i=1

so that
111
mij (V3 y-ile) = 5 |—|v—e.

If agent ij deviates to z; (i) = ¢’ = 0, then

z; (1) = min {x;} < min {x_j}andej (i) = (n; —1)~, and Zx_j (1) =n_jv—;
i=1 i=1

so that the deviation payoff is
v
7r£ (v, 7—jla) =0 < o € & v > 2nje .

nj

Note that any deviation 0 < €’ < e is strictly payoff-dominated by ¢’ = 0, so that
we can now take into account upward deviations only. If agent ij deviates to
zj (i) = €’ > e, then

xj (i) = min{x;} = min{x_;},> x; (i) = (n; = 1)y+¢ and Y x_; (i) =n_;v_;
i=1 i=1
so that the deviation payoff is
2 (i) = s la—a) —C 4Gy L ew
ig \19 V=319 = 5 (nj—1)e+e  n; 2n;
o> liml— 2nje  2n;(e+e) a;>1- 2nje  2nje '
e—0 v (nj—1)v v (nj —1)w

Therefore,
(71,72) = (e,e) withe e Ry; and x; =e

is a Nash equilibrium for any

2y 2157

& v (n; —1

)v,oo> and v > 2n;v; .

3 and 4. Suppose
(75,7—5) € (0,e) Ve € R4 and x;, =e .

Then
zj (i) =min{x;} =0 <min{x_;} = e and ij (1) = O,Zx,j (1) =n_je,
i=1 i=1
so that

Tij (V4> Y—jle) = 0.



If agent ij deviates to x; (i) = €', Ve/ € R4, then

ng n—j
min{x;} =0 < min{x_;} = e and ij (1) = 6/7ZZL']' (i) =n_je
i=1 i=1

so that the deviation payoff is

w5 (v 7-jle) = —¢’ .

Hence, for any player ij there is no incentive to deviate. On the other hand,
1
Tij (Vi V—jle) = —v —e.
n—j
If agent ¢ — j deviates to any e’ € R4 N\ {e}, then

n—j

min{x;} =0 <min{x_;} € R4y and ij (1) = O,Zx,j (i)=(n_; —1)e+¢
i=1

i=1

so that the deviation payoff is

!
D e a_; 1
w2 gl = [ =) o —f + 2 o s Lo
—Jj —j —J
s _ e . . s 7.( + )
- a_j21—"v]e—ﬁ ife! >e - a_jzhme_ml—%—&jjiil;v
a_j < 1-— n;}je — 7(71?;];61)1} if e <e a_j < limeﬁ[) 1-— n-je _ 73;:7(571;))
n—;e n—je
N a_j21_nT].e_W JIN .zl_n_je_ n_j;e
i<l - = - = - (n_;—1)ov’
A—j = v (n—j—1)v v —J
Conversely, if agent 7 — 7 deviates to ¢/ = 0, then
n; n—j
min{x;} = min{x_;} =0 and ij (1) = O,Za:_j (i)=(n_;—1)e
i=1 i=1
so that
la_; 1 n_,e
D J
i (Y, V=] :f—v<—v—e©a,»<2<l——) .
zg(’yj/yj| ) 2n—j —n—j J = v
Note that
n_;e n_e n_;e n_e
2(1f J)zy i€ 1 eu>n_je— —I°
v v (n_j—1)w n_j—1
Hence,

(vi:7—;) € (0,e) Ve € Ry, such that x; =e

is a Nash equilibrium if and only if

n_ivy_i n_iv_; n_iv_;
,a_i)eER 1- == _ R Yo >mn_y_; — —21L
(o, a;) € x{ v (n_j—1)v V=i n_j—1

10



5. Finally, note that similar arguments prove that the following strategy profiles are not
second-period Nash equilibria in pure strategies:

1.
n;
(71,72) such that v; € Ryy, min{x;} = min{x2} > 0,2 < Z Loy —min{x;} < nj—1 1
i=1
Suppose
n;
(71,72) such that v; € Ryy, min{x1} = min{xz} > 0 and 2 < Z Loy —min{x,} < nj—1.
i=1

Then, if z; (i) = e > min{x1} = min {x2} > 0,

x; (i) > min{x;} = min {x_;} > 0 and ij (1) = nj'yj,Zx_j (1) =n_jv—;
i=1 i=1

so that

1 e o
mij (5, 7-5l@) = 5 [(1 —ay) n’} v—e.
717 J

If agent ij deviates to €’ > min{x;} s.t. ¢ # e, then

ng n—j
xj (i) > min{x;} = min {x_;} > 0 and Z;Uj (i) = njv;—ete’, Zm,j (1) =n_jy—;
i=1 i=1
so that the deviation payoff is
1 e o
D j /
75 (v y—jle) == |1 —a;)) ——————— + L |v—¢".
8 purosle) = 3 [0 -a5) g + ]
In contrast, if agent ¢j deviates to e/ < min {x;}, then
n; n—;
zj (i) = min {x;} < min {x_;} and Za:j (i) =njv; —e+é, Zm,j (1) =n_jy—;
i=1 i=1

so that the deviation payoff is

D
i (Vg v-jle) = —€".
We select the payoff-dominant downward deviation, that is ¢/ = 0. Hence, for any
player ij there is no incentive to deviate if and only if

(a)

e a; ,
——F+ v —€ &
njy; —e+e  ny

1 e Q; 1
- (1 —q +j]v—e>[1—a-
3|1 5 [1=a)

INote that le”:mm{xj} stands for the Indicator function taking value 1 when xz;; = min{x;} for
any 1j.

11



2n;7; (njv;—ete’)

: !
- aj >1— 57y —a)0 ife' >e o
) . 2n;5y; nj'yj—e-i-e’) ar
a; <1 N oyt T ife <e
. 2n;v, (njv; —min{x,; }+min{x,; }+e¢) ey
- aj > lime,01 — =4 ](T]Lﬂj_miri{xj})v & ife! >e
. 2y (i~ — L PR .
oy < lim, g 1 — Zunlnmumerbolimarto) =0 jp ol <
) 2(nyv;)® e
@ 2 1= G g e >
. o 2mgyg)T et
aj <1 (njv;—maz{x;})v ife’ <e
and
(b)

217,
1 e Q; ajzﬁ(#_l) =€
= [(1—ay) +2lv—e>0& v > 2n;; v =e€

9 njyi | on v
71 J s < e (2 e

J = vj—e v Vi

Note that an a; preventing both upward and downward deviations cannot
exist, since the lower and upper bounds at point a. do cross, as maz {x;} >

min {x;}. Hence,

"

(71,72) such that v; € Ry, min{x1} = min{x2} >0 and 2 < Z Lo, =min{x;} < nj—1

is not a Nash equilibrium for any o; € R .

i=1

2.
(7j,7—;) such that v; =e € Ryy and x; = e,7_; € R4,
'IL7j
min{x;} =min{x_;} > 0,2 < Z Lo, j=min{x_;3 <n—j—1.
i=1
The proof follows the corresponding arguments shown at point 1.
3.

(75,7v—;) such that v; =0,7_; € Ryy,min{x:} = min{xe} =0and 2 <

Suppose

(71,72) such that v; =0,7_; € Riq,min{x;1} = min{x2} and 2 <

Then,

z;j (i) = min{x;} = min{x_;} = 0 and ijj (1)

i=1

3
d

2
]]'Ii—j:o < n,j—2 .
1

%

3

—J
]]'17:—_7’:0 S n_ij .

i=1

n—j

=75, )0 (i) =nj7-,
i=1

2Note that La; ;=0 stands for the Indicator function taking value 1 when x;; = 0 for any ij.

12



so that
(957 sla) = 2~
Tij \Vi>V—j =5
2nj

If agent ij deviates to x; (i) = €’ > 0, then

nj n—j
min {x;} = min{x_;} = 0 and ij (1) =njv; —e+ e',Zx_j (1) =n_;jv—;
i=1 i=1

so that the deviation payoff is

1 e aj
D J /
Ti; (V> 7—jlo) = 5 {(1 - ay) o + n]l v—e .
Hence for any player ij there is no incentive to deviate if and only if

1 1 i 2ne’
s e+ Y v—1ea; > lim 1 - —4°
2n; ~ 2 n; e'50 n; — 1)v

On the other hand,
zj (i) > min {x;} = min {x_;} = 0 and Y, (i) = njy;, Y w—; (i) = n_j7-
i=1 =1

so that

N | =

i (75, 7—jla) =

[(1—a_j) < —|—a—j}v—e.

n-jv-j  M—j

If agent ¢ — j deviates to z_; (i) = €’ # e, then

nj n—j
min {x;} = min{x_;} = 0 and ij (1) = njv, Zx_j (i) =n_jy—j—e+¢e
i=1 i=1
so that the deviation payoff is
1 e o
D J !
. - A = — 1 — I B ——— _ — .
Trz—J (’7]7’)/ ]|a) 2 _( « ]) n—j’y—j —e + e/ + n_]:| v €

Hence for any player ij there is no incentive to deviate if and only if

2n_iv_i(n_.v_,—ete’
> oot etd) yese
& =i pas

R B R n_jy—j—ete’) Vel <
Q—j = (n_jv—j—e)v € €

n—jy—j—min{x_;}v
2n_jy—j(n_jy-j—maz{x_j}tmaz{x_;}—€) s -,

(n—jv—j—max{x_;})v

{ a_; > lime,ol— 2n_jy—j(n_jy—j—min{x_j}+min{x_;}+e) o o

o_; <lime ol —

13



a_;>1-— 2(n—37-) Ve >e

PN ("—.7’“72—(1‘*“11'”{)’;—_7’})11
n_;v—
aj<l- (n—ﬂ—j—;@a;{x—j})v Ve <e

Note that the upper and lower bounds obtained above do cross, since maz {x_;} >
min {x_;}. Therefore,

n—;
(vj,7—;) such that v; =0,v7_; € Ryy, min{x:} = min{xz} =0 and 2 < Z Iy ;=0 <mn_;—2
i=1
is not a Nash equilibrium for any (a;,a_;) € R xR..
n;
(7vj,7—;) such that v; € Ry, min{x1} =min{x2} =0and 2 < Z 1p,=0 <nj—2.
i=1
The proof follows the corresponding arguments shown at point 3.
n—;
(71,72) such that v, =0,7—; € Ryy,min{x;} = min {x2} andz Iy j—0=n_;—1
i=1
Suppose
n—;
(71,72) such that v; =0,7_; € Ryq,min{x1} = min{x2} and Z Iy, ,=0o=mn_;—1.
i=1
Then,
nj n—_j
z; (i) = min {x;} = min {x_;} = 0 and Y a; (i) = nj;, Y w—; (i) = nj7-;
i=1 i=1
so that
1o
mij (Vi V-jla) = 577]_ .
If agent ¢j deviates to any z; (i) = € > 0, then
nj n—j
min {x;} =min{x_;} =0 and ij (1) =€, Zx_j (1) =n_;v—;
i=1 i=1
so that the deviation payoff is
1 e«
D
mij (s 7-jle) = 5 [(1 —ag) 5+ nﬂ v—e.
Hence, for any player ij there is no incentive to deviate if and only if
1 1 i 2n e’
,iz, (lfozj)Jr& v—e < a; > lim1— 1€ Sa;>1.
2 n; 2 n; e’ —0 (nj — )’U

14



On the other hand, consider z_; (i) = 0, that is

nj TL_]
z; (i) = min {x;} = min {x_;} = 0 and Y _z; (i) = njy;, Y w—; (i) = n_y7-
i=1 i=1
so that 1
.
Ti—j (Vj:7—jle) = 577;
If agent ¢ — j deviates to z_; (i) = ¢’ € R4 , then
n;j n—_j
min{x_;} = min{x;} =0 and ij (1) = njv;, Zx,j (i) =n_jy—j+¢
i=1 i=1
so that the deviation payoff is
1 e’ o
D J /
. v Ja)=-=-11l—-a_;) —m8M N —e .
72 mgle) = 5 (1= 0m) s + S22

Hence, for any player i — j such that x;_; = 0 there is no incentive to deviate if and
only if

1a_; 1 ’ . 2 (r i~ ,
’bvzf (1—afj)67+u v—e & a_; > lim 1_M@
2n; 2 n_jv-j+e  nj e’—0 )
M~
ozl 2

Consider the unique player ¢ — j such that z;_; = e € Ry, that is

x_; (1) > min{x;} =min{x_;} =0 and ij (i) = n;vj, Zx_j (1) =n_jv—;
i=1 i=1
so that
1 e Qa_j
s prle) = 3 (a4 52 .
3 Vi> V=i B Ve,

It is straightforward to see that deviating to any small ¢/ > 0 strictly payoff-
dominates any positive effort level ¢ > ¢’ for player ¢ — j, so that an equilibrium
cannot exist. On the other hand, for completeness sake, if player ¢ — j deviates to
x_; (1) =0, then

nj n—j
z_; (1) =min{x;} =min{x_;} =0 and ij (1) = nj7;, Zz_j (1) =0
i=1 i=1
so that the deviation payoff is

1 v

ﬂ-i[ij (Vi 7—jle) =  n
—J

15



Hence, for any player ¢ — j there is no incentive to deviate if and only if

1 ! —j 1 2n_ ;e
= (1foz_j)(i | vfe’ZfL@oz_jg liml—iﬁa_jgl.
2 e n_j 2n_; e’—0 (n;—1)v
Therefore,
n—j
(0,v—;) such that v_; € R and Z Iy ,—o=mn_j—1
i=1

is not a Nash equilibrium for any

(oj,a_;) eRxR.

n;j
(71,72) such that v; € Ry and Z ly,=0o=mn;—1.
i=1
Suppose
n;j
(71,72) such that v; € Ry and Z ly,=0=mn;—1.
i=1

Then, the proof follows the corresponding arguments shown at point v., so that

n;
(71,72) such that v; € Ry and Z 1y,=0=mn;—1
i=1

is a not a Nash equilibrium for any

(0417012) ERxR.

5

(71,72) such that v; € Ryy , min{x1} = min{x2} > 0 and Z Loy —min{x;3 = L -
i=1

Suppose

(71,72) such that v; € Ryy,min{x1} = min {x2} >0 and Z Loy —mingx;3 = 1 -
i=1

Then, if z; (i) = e > min{x1} = min {x2} > 0,

x; (i) > min{x;} = min {x_;} > 0 and ij (i) = nj'yj,Zx_j (i) =n_jv—;
i=1 i=1

so that

1 e o
mi (Vi V-jle) = 3 [(laj) o Jrnj} v—e.
373 J

16



If agent ¢j deviates to ¢’ > min {x;} s.t. € # e, then

nj Tl_j
xj (i) > min{x;} = min {x_;} > 0 and Z;Uj (i) = njv;—ete’, Zm,j (1) =n_jy—;
i=1 i=1
so that the deviation payoff is
1 e’ @,
D j /
(Vi —ila) == |1l—aj) —————+ —|v—e€ .
”LJ(’YJVH ) 2{( aj)nj'yj—e—i—e/d‘_nj}v €

In contrast, if z; (i) = e > min{x,;} = min{x1} = min{x2} > 0, and agent ij
deviates to e’ < min{x,}, then

ng n—j
zj (i) =min{x;} < min{x_;} and Z:vj (i) =njv; —e+€, Zx,j (1) =n_jy—j
i=1 i=1

so that the deviation payoff is

0 (v, 7-jla) = —€’ .

We select the payoff-dominant downward deviation, that is ¢/ = 0. On the other
hand, if the unique agent ij exerting effort e = min {x;} deviates to ¢’ > e, then

n; n—j
@ (i) > min {x;} > min{x_;} and Y ; (i) =nyy; —e+¢, Yy w; (i) =n_;y-;
i=1 i—1
so that the deviation payoff is
!
D e ozj ’
= v o) =11 —-—a;) —m8 —|lv—e .
w8 (st = (1= o) s+ 2

Hence, for any player ij there is no incentive to deviate if and only if

e aj ,
—— F+ |V —€ =
n;v; —e+e n;

+']v—e2;[(1—aj)

2n;7; (nJ’yJ —e+e/>

!/
= a‘] - - (niw.iie)’u ,) v e>e
2n;vi(n;v;—e+e
<1 - 3V "5 i
A= (njv;—e)v Ve <e

(njv; —min{x;})v
2n;v;(njv;—maz{x; }+maz{x;}—¢)

{ ; > hme—>0 1— 2n;7v; (n;v; —min{x; }+min{x; } +e€) Ve >e

' !/
o <limeol— (njv;—maz{x; Hv vese
2(n-’7~)2 /
> 2my)”
& a; 21 (njv; —min{x;})v ve e
<o Ta(nmere) oy
a; <1 (njvj—maz{x;})v vese

17



2n;7;
aj > 3= (72 t - 1) V> e

1 ,
{(l—ozj) < —|—%]v—620<:> v > 2n;7; v, =e
2 Y g o e (2wu 4

o < S (T T Vi< e

()

1 e aj e’ Q; ,
- |(1—ay) +—=|lv—e>|(l-qj) ——+ —|v—€ &
2 niv; oy njyy—ete - n;

(2njyi€e’ —e(njy; —e+e))v+ (e —€)2n;v; (njy; —e+e€)
(2njvje’ — (v; +e) (njy; —e+€))v

Note that the lower and upper bounds at point a. do cross, since maz {x;} >

min {x;}. Therefore,

nj

(71,72) such that v; € Ryy,min{x1} = min {xs} > 0 and Z Lo, =min{x;} =1
i=1

is not a Nash equilibrium for any

(O[l,OéQ) ERxR.

(vj,7—;) such that v, =e € Ryy and x; =e,y_; € R4,

min{x;} = min{x_;} > 0 and Z Lo, —min{x_;3 =1 -
i=1

The proof follows the corresponding arguments shown at point 7.

n—j

(7j,7—;) such that v, =0, v_; € R44 and Z 1y ;=0=1.
i=1

Suppose

(71,72) such that v; = 0,7_; € Ryy,min{x1} = min{x2} and 1, ,—o=1.

Then,
x;j (i) = min{x;} = min{x_;} = 0 and ij (1) = njv;j, Zx,j (1) =n_jv—;
i=1 i=1
so that

1o
Tij (%’Y—j|a) = o
J

18



If agent ¢j deviates to x; (i) = €/, then

nj n—j
min {x;} =min{x_;} = 0 and ij (1) =njv; —e+ e',Zx_j (1) =n_jv—;
i=1 i=1
so that the deviation payoff is

1 e aj

D J l

7 (v, v—jla) = = [(1—&)—1—} v—e .

1] J J 2 J 6/ nj

Hence for any player ij there is no incentive to deviate if and only if

1w 1 o
——>-|(l-a)+2L|lv—€¢ ea; > lim1-
2n; ~ 2 [( o) + njl vTe A= 0 (n; — v

On the other hand, consider z_; (i) = 0, that is

4 n—j
z_; (1) =min{x;} = min{x_;} =0 and ij (1) = n;v;, Zx,j (1) =n_;jv—;
i=1 i=1
so that

1 Ck,j

mi—j (i, V-jla) = gfv
—J

If agent 7 — j deviates to z_; (i) = ¢’ € R4 , then

n nj
min{x_;} > min{x;} =0 and ij (i) = njvj,Zx,j (i) =n_jy—j+¢
i=1 i=1
so that the deviation payoff is
!/
D ’ € Xy /
D (a,vi,v )=|01-a ;) ————— + —L|p—¢.
iz (00 :05) {( Tt ”yl e

Hence, for the unique player i — j such that x;_; = 0 there is no incentive to deviate
if and only if

/
o e a_j
]U>|:(1—04J), J]v—e’@
2n_; n_;y—;+e n_j;
2n_je (U*”*J'Y*J € ) . / /
- O 2 Gy =T if2n_je' —n_jy_; —€e >0
2n_je’(von_jy-j—¢) . / /
oa_; < (T ——r if2n_je' —n_jv_; —e <0

Consider any player ¢ — j such that z;_; > 0, that is

/n,j 'I'L_]
xz_j (i) > min{x;} = min{x_;} =0 and ij (i) = nj'yj,Zm,j (1) =n_jv—;
i=1 i=1

so that

1 e a_;
mi—j (@ %,7-5) = 5 {(1 — o) -+ ]} —e.
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10.

If agent ¢ — j deviates to z_; (i) = ¢’ € R4, then

nj n—j
min {x;} = min {x_;} =0 and ij (i) = n;vj, Zx_j (i)=n_jy—j—e+e,
i=1 i=1
so that the deviation payoff is
1 e’ o
D / J /
- s iy Y_ = — 1 — I B + _ — .
i (2:75) 2[( aj)n—ﬂ—j—ﬁre’ nalv ‘
Hence, for any player i — j there is no incentive to deviate if and only if
1 —j 1 ! iy
= [(l—a_J) e OLJ} v—e > = {(1—a_j)e+aj} v—e &
2 n_jy—j MN—j 2 n_jy—j—e+e  n_;

2n_jy—j(n—jr-j—ete’)

. _ /
- a_;>1 Cop—— | Ve >e o
2n_jv—j(n_jv-;—ete /
a_; <1-— CoTT—TT Ve <e

(n—jy—j—min{x_;}Hv
2n_jv—j(n_jy—j—maz{x_;}+maz{x_;}—e)
(n—jy—j—maz{x—_;})v

{ a ;> limeol — 2n_jy—j(n_jy—j—min{x_;}+tmin{x_;j}te) o1 o

a_j <lime,ol— Ve <e

2(n—jv—;)® ’

a_; >1-— 41 Ve >e
J = (n—jy—;—min{x_;})v

2n_;y—j(n_jv-;—ete’

(n—jv—j—maz{x_;})v

=

a_; <1-— Ve <e

Note that the upper and lower bounds above do cross, since maz {x_;} > min {x_;}.
Therefore,

(7j,7—j) such that v; =0,7_; € Ryy ,min{x1} = min{xz} =0and 1,,_,—o =1
is not a Nash equilibrium for any
(oj,a—;) eRxR.

j

(71,72) such that v; € R4 and Z ly,=0=1.
i=1
The proof follows the corresponding arguments shown at point 9.

Figure 1 represents graphically the regions of the unrestricted sharing rules with the
consequent possible effort equilibria.

From proposition 1 and its proof, it follows immediately the following result.

Corollary 1 In the CMMGC, there are no second-period within-group asymmetric Nash
equilibria in pure strategies.
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Figure 1: Sharing rules’ regions and effort equilibria.

3.1.2 Restricted Sharing Rules

If we consider the restriction of sharing rules to (aq,aq) € [0, 1] x [0, 1], then we get the
following result.

Proposition 2 In the CMMGC with restricted sharing rules, the set of the second period
pure strategy Nash equilibria of the game is characterised as follows:

1. When
(a1, 0) € {1} x {1};

then there exists a pure strategy equilibrium such that
(11:73) = (0,0);
2. If
ny >4 and ny € {na — 1,n5}

then, when

(np—1lv w
—_— d 0,1 0,1
ee{ 7 Iny and (a1,a2) € 10,1] x [0,1],

there exists a continuum of pure strategy equilibria such that

(1"12") = (e,e) with x; = e;

3. when

ee (QW} and (a1, az2) €10,1] x {1—(71:361)@}

there exists a continuum of pure strategy equilibria such that

(A7 9577) = (0.€)  such that x, = e

21



4. when
_ 2
ee€ (07(7111121)0} and (ozl,ocg)e{l—nle)v}x[(),l]

1 (711—1

there exists a continuum of pure strategy equilibria such that

(M g") = (e,0)  such that x; = e.

Proof.

1. Immediate;

2. In the restricted case, the equilibrium
(7,7—5) = (e,e) such that x_; =e
requires the following conditions

(a)

2
1-— 2nje <0 6>(”17*21)U (n—l)
ni—1l)v — - 2 1 3
(21n§e) AN N (n;l_ll) Se> gz v
- (na—1)v < 0 €z 2ng v ni
e < L.
N2
(b) Hence
c (n1 — 1) v
2n?2 7 2ny
and

—1 1 1
[(nl)v U};ﬁ®®>(nl)®n%—n2n1+n220®

2n?2 7 2ny na n?

ne — \/n3 — 4ny ng + /N3 — 4ngy
ny < 1> —.

2 2

Thus
-1 Vn2 —4
MU,L £T S n € 2+ V) n2,n2 &
2ng 2ny 2
ny = no9

2 and 3. In the restricted case, the equilibrium
(7j,7—;) = (0,e) such that x_; =e

requires the following conditions

22



2
n? Toir— >
1- : €0,1] & (o= v =7
(n—j—1wv 1—-—1—<1
(n—j—1)v
n? e _
& — §1<:>e_(n—ﬂ2 Dv
(n;—1)v n?;
ii.
U_”*j(nfj >e<:>e§ (nj—1v
n-j— nj(nj—2)

However, since

nZ;

only the first inequality is binding.

Remark 1 Note that whenny > 4 and ny € {na — 1,n2}, all four type of effort equilibria
exist. In figure 2, we represent the region of restricted sharing rules with the consequent
effort equilibria.

a,
| e 4
Ree i
R (7.75)=(e}) i
(17 )=(0.e) !
1- nzze i Reo
z_l ]
ORI P
TR : “
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4 The Set of First-Period Equilibria

4.1 Unrestricted Sharing Rules

If (a1, a2) € R?, ie. if the sharing rules are unrestricted, then it is immediate that for
some values of (aq,as) it is not possible to express the continuation payoffs, since for
some regions of (a7, as) € R?, there exists no second-period equilibrium, so that it is not
possible to define a Nash equilibrium in pure strategies in the first period. Therefore, in
this case, we might conclude with the following result.

Proposition 3 In the CMMGC with unrestricted sharing rules, there are no subgame
perfect Nash equilibria in pure strategies.

4.2 Restricted Sharing Rules

If (a1, 0) €[0,1] x [0,1], i.e. if the sharing rules are restricted, when
ny >4 and ny € {ny — 1,ns}

then for all values of (o, a2) it is possible to express the continuation payoffs, so that it
is possible to try to calculate the subgame perfect equilibria of the entire game.

Hypothesis 1 Assume that
(aq,0a0) €[0,1] x [0,1] and ny >4 and ny € {ny — 1,na}.
To derive the equilibrium sharing rules, we consider their optimal choice in each group
by an utilitarian ruler with payoff function
j
c c .
T (aj7 a*jh/fv 75) = Z g (aja a*jh/fa ’75) .
i=1
In the first period, the players may have different expectations on the second period
equilibria, for instance:
1. suppose that the groups expect the effort stage equilibrium

V(a,a2) €[0,1] x[0,1], (v{,72) = (e,e) withx; =e

(ni—1v w
ee{ 2n?2 7 2n

so that the players’ continuation payoffs are

where

e n 1
—+4+a—|v—e=—v—c¢e.
Y 2

1
Tij (ajaafjh/{v’}é) =3 {(1_0@‘) .
J J

nje
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2. Suppose that the groups expect the effort stage equilibrium

| (e,e) withx; =e if (a;,a2)€(0,1)x][0,1)
ottty ={ 7 o) 07 (o) € (1) % (1)

—1
e c |:(n1 2)1),’0)
2nj 219

so that the players’ continuation payoffs are

where

2v—e if (a,a2)€0,1)x][0,1)
mij (g, a-jln’ ') = { : v if (;1722) e {1} x {1}

. Suppose that the groups expect the effort stage equilibrium

(71111’72111) _ { (e;e) withx; =e ‘ otherwise -
(0,¢€) if (al,ag)G[O,l]x{lfm}
where
e {(”Egg)va QUTQ) if (W{',74") = (e,e) with x; =e
(0.35) it (4117,247) = (0.6)
so that the players’ continuation payoffs are
IIr Il ﬁ“ —€ otherwise
T (o, aalyi™,7a ){ 0 if (al,ag)E[O,l]x{l—%}
and
miz (ar,ashi™,241T) = { e otherwise
, : Lv—e if (ar02) €01 x {1- 25 )

. Suppose that the groups expect the effort stage equilibrium

(’va,'yév) _ (eae) with x; = e . otherwzsize
(e,0) if (al,ag)E{l—m}x[Ql]
where
c |:(n12;¥1)v’ i) if (7{V7 ’Y%V) == (6, 6) with X; =€
e
(0.2%) it (31V, 1Y) = (e,0)
so that the players’ continuation payoffs are
( | v IV) ﬁ” —€ otherwise
i1 (O, Q2| , 7Y = . 5
i 1 2 nilv—e Zf (al,ag)e{l—ﬁ}x[oyl]

and

( | v Iv) T,V € otherwise
T2 (0, 2|y 7. = . Ze
i 1% 0 if (ana2) € {1- 5t x[0,1]
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5. Suppose that the groups expect the effort stage equilibrium

(e,e) withx; =e

otherwise
(v, (0,0) if (an00) € {1} x {1}
(0,€) if (a1, 09) €[0,1) x {1 -
where
L) i eYad) = (o) itx —e
(0.5%) it (3.7 = (0.¢)

so that the players’ continuation payoffs are

m, V€ otherwise
il (041,042|7¥77¥) = i” if (a1,00) € {1} x {1} ]
0 if (a1,a2) €0,1] x {1 — ﬁ}
and
iv —e€ otherwise
miz (o, a2l 75) = Tz ¥ if (on,02) € {1} x {1} 2
Lo—e if (a,a2)€0,1] {1 _ (n;gel)v}

6. Suppose that the groups expect the effort stage equilibrium

(e;e) withx; =e
(M) = (0,0)

(€,0)

otherwise
Zf (041,052) S {1}2 X {1}
if (ar,02) € {1- 1550 < [0,1)

where

e c |:(n127:f1)v’ i) lf (7}/[37;/[) - (6,6) Wlth Xj = e
(0.5%) if (1}7,27) = (e, 0)

so that the players’ continuation payoffs are

o, otherwise
il (0417@2|7YI77¥I) = ﬁ” if (on,00)€ {1}2 x {1}
Sv—e if (al,ag)E{l—ﬁ}x[ojl]
and
i” —€ otherwise
T2 (0417042|7¥I77§”) = ﬁ” if (a1,00) € {1} x {1}
0

2
if (ar,a2) € {1- 2 [0,1]
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7.a Suppose that the groups expect the effort stage equilibrium

(yY 1Ta QY TTe) =
(e,e) with x; =e otherwise
(e, 0) if (ar,02) € {1- M55 b x [0,1]
0,¢) if (al,ag)e{[0,1—%)U(1—%,1}}X{l—%}
where

|:(n1—1)v L) if (’YYIIQ,’Y;/IIQ) — (6,6) with Xj=e

271% 7 2no
¢ e 0, 52 if (911, 93711%) = (e,0)
0, 5,7 if (v ) = (0,e)

so that the players’ continuation payoffs are

i1 (a17a2|7YIIa77¥IIa) =
iv —e otherwise
2
n%vfe if (al,ag)e{lfﬁ}x[o,l}
TL2E TL2E n2e
0 if (aar)e {01 M) u (- Gl b x {1 - s |
and
32 (ala a2|7]‘_/11a77¥11a) =
ﬁv —e otherwise
2 Tl26
0 if (al,ag)e{l—m}x[&l]

1 . n2e n2e n2e
sv—e if (a1,a0) € {{0, 1-— 7(n1i1)v) U (1 — 7(n1i1)v, 1}} X {1 — 7@231)@}

7.b Suppose that the groups expect the effort stage equilibrium

(VT8 AYITP) =
(e,e) withx; =e otherwise
(e,0) if (on,a) € {1 - (nﬁj)v} x {[0,1 - %2) U (1 - %1”
(0,¢) if (ar,02) € 0,1] x {1 - G2
where

[(m—l)v v ) if (YY1 4Y1IY) = (e,¢) with x; = e

2n§ ’ ng
= 0, 57 if (110,431 = (e,0)
0, 52 if (3 11%,9511) = (0.€)
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so that the players’ continuation payoffs are

it (o, aolyy 110,29 110) =
ﬁ” e ] otherwise . ,
! ) nZe nse npe
—v—e if (a1,02) € {1 - (nl_l)v} X {[0, 1- (n2—1)v2> U (1 R CTESYDE 1}}
0 Zf (0417042) € [07 1] X {1 - (n:iel)v
and
miz (a1, syt 1009 1) =
ﬁ“ e otherwise
nZe n2e ne
0 if (a1,a9) € {1 _ (n1i1)v} X {[0,1 — (mil)v> U (1 - (n231)m 1}}
L i n2€
1y if (on,02) € [0,1] x {1 - 2

8.a Suppose that the groups expect the effort stage equilibrium

(7}/111(1’7;/111(1) _
e,e) with x; = e otherwise
j
(0,0) if (n,a2) € {1} x {1}
(e, 0) if (al,az)e{l—ﬁ}xml)

nfe nfe nge
(076) {|:Oa 1- (nlfl)'u> U (1 - (nlfl)lﬂl)} x {1 - (nzfl)v}

where

{(mz;%)v v ) if (y/TTTe YTIa) — (¢ e) with x; = e

7%
ce 0, 52 if (71172, Y 1119) = (c,0)
07 2;;2 if (,YYIIIa,,y;/IIIa) — (0,6)

so that the players’ continuation payoffs are

_ (Oél,azhynlaﬁgnla) _
ﬁv —e otherwise
11 .
mv Zf (0[1,062) € {1}2 X {1}
nilv —e if (oq,00) €1 — (n?iel)v} x [0,1)

0 if (anen) e {[0,1- ) U (1= 1) b - s )

and
mia (ar, alnyy 1110 QY 11Ty —
iv —e otherwise
) if (a1,02) € {1} x {1}
0 if (al,ag)e{l—ﬁ}x[&l)

mv e if (onan) e {[on- i) u (- g ) b {1 - )
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8.b Suppose that the groups expect the effort stage equilibrium

(,YYIIIb’ﬂY;/HIb) _
e,e) with x; = e otherwise
ith x; h .
(0,0) if (a1,02) € {1} x {1} 2
(6,0) if (al,ag) € {1 — (n:Llel)v} X {[0, 1-— (n;lii)v) @] (1 — (ngii)v’ 1)}
(0,¢) if (ar,02) €10,1) x {1 - 225

where

-1 . .
[ o) i (I A1 111 = (c.c) with x; =

ced (0.2 it (o111, 5§ 1) = (c,0)
o if (31110, Ay 111) = (0,¢)

so that the players’ continuation payoffs are

i1 (Oél,Oéz\VYHIbW;/IHb) =
ﬁ” —e otherwise
U if (a1,00) € {1} x {1}
1 . nZe nje nje
E’U—e ’Lf (Oél,OlQ) € {1—@} X {|:0,]._ (ngil)v) U (1— (nQil)v’1>}
0 if (ar,02) €[0,1) x {1 - 225
and
T2 (al,aﬂﬂ/lnbﬁgnlb) =
iv —e otherwise
Lo if (n,a0) € {13 x {1}
n%e TL%E TL%E
0 if (o1,02) € {1 - (n171)v} X {[0’1 - (nrl)v) u (1 IR 1)}
%’U — e Zf (061,042) € [07 1) X {1 o (n:iel)v

Notwithstanding the presence of continua of equilibria in the second period, the set of
possible continuation payoffs orderings is what matters from the perspective of the first
period. However, within each class of equilibria the continuation payoffs can be ordered.
For instance, consider the (e, e) equilibrium which is sustained by any (aq, a2) € [0, 1] X
[0,1]. In this class of equilibria, the effort level e can take up to sixteen different values in
the sixteen regions defined by the thresholds equilibrium conditions, as shown in figure 2.
The same argument applies to equilibria (e, 0), (€,,0), (en,0) and (0, ¢;), (0, e), (0, er),
where the effort level can take up to four different values in the four regions. Therefore,
we can compute the cardinality of classes of continuation payoffs matrices as:

o forny € {ny — 1,na}, (1641)x (16-1+3%4) x (16-+1) x (16-+1+1) x (16-+1) x (16+1+
3x4) x (1641) X (1641) x (16-+143%4) X (16+1+3%4%2) X (164+143x4) x (16+1+3%4) X
(1641)x (16+1+3%4) x (16+1) x (16-+1) = 3.0622e+21 = 3062200000000000000000 .
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2n}e

- (ny—1)v

(e, €); (emax: €max)

(e, €); (emax» €max); (e1,0);

(e, 0); (en, 0)

2n}e

- (ny—1v

(e’ e); (emaxr emax)

(e, €); (emax €max); (0,0)

(e, €); (emax €max)
2n3e
- (n, — v

(e, €); (emaxs €max); (€1, 0);
(em, 0); (e, 0)

(e, €); (emax €max)

(e' e); (emaxr emax)

(e, €), (emax: €max); (0, )
mze  (0.em); (0,en)
- (n; — v

(em, 0); (en, 0); (0, e,);
(0, e); (0, €p)

(e, €); (emax» €max); (€1, 0);

(e, ), (emaxs €max); (0, €)
(0, €); (0, ep)

(e, €), (emax: €max); (0, )
(0,em); (0, €5)

(e, €); (emax €max)

(e, €); (emaxs €max); (e, 0);

(e, €); (emax> €max)

(e,€); (emax €max)

az

(em, 0); (en, 0)

a

Figure 2: Second-period pure Nash equilibria in a; X aq space in the restricted case with
ny € {’I’Lg — 1,n2} .

Therefore, for computational reasons, we limit ourselves to the case where there is
just one effort level over the sixteen regions determined by the equilibrium threshold
conditions for each class of equilibria.

With these restrictions the cardinality of continuation payoffs matrices equals:

o forny € {ng — 1,n2}, 2X5X2X3IX2XHX2X2X5X8XHXHX2xHx2x2 = 96000000 .

Accordingly, we employ a simple algorithm in MATLAB reported in the Appendix
to compute the set of first-stage equilibria, and thus the set of subgame perfect Nash
equilibria. Nonetheless, given that the between-groups and within-groups symmetric
equilibrium (e, e) is sustained by any (a1, as) € [0,1] x [0,1] , even in the absence of the
aforementioned restriction it is straightforward to derive the following proposition .

Proposition 4 In the CMMGC with restricted sharing rules, there exist at least a continuation-
payoffs matriz such that the equilibrium sharing rules are:

(a,a3) =10,1] x [0,1] .

4.2.1 The Preference Ordering of Groups’ Utilitarian Rulers

Let denote by
~j

the preference ordering of the utilitarian ruler of group j, as induced by the above payoff
function.
Moreover, let denote
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o (emax»emaaﬂ) for (67 6) such that e = ﬁ;

e (e;,0) any (e,0) such that e € (0, i),
® (em,0) for (e,0) such that e = 5°—;

1
v (n
2n1 )

e (en,0) any (e,0) such that e € 17:21)1’];
1

(
e (0,¢;) any (0,e) such that e € (0, i),

e (0,e,,) for (0,e) such that e = TS

e (0,¢ep) any (0,€e) such that e € (2”72, (”2%1)”].
Then,
Lemma 1 The preference relations for the utilitarian rulers are such that:

e ifny=ny—1,
(e1,0) =1 (€m,0) ~1 (0,0) =1 (en,0) =1 (e,€) 1 (emaz, €maz) =1 (0,€1) ~1 (0,€m) ~1 (0,€p),
(0,€1) =2 (0, €m) ~2 (0,0) =2 (0,€n) =2 (€,€) =2 (€maz: €maz) ~2 (€1,0) ~2 (em,0) ~2 (en,0);

e if n1 = ng, the preference relations for the utilitarian rulers are:
(e1,0) >1 (€m,0) ~1 (0,0) =1 (en,0) =1 (e,€) >1 (Emaz, €maz) ~1 (0,e1) ~1 (0,€m) ~1 (0,€ep),
(0,e1) =2 (0,em) ~2 (0,0) =2 (0,ep) =2 (e,€) >2 (Emaz, €maz) ~2 (€1,0) ~2 (em,0) ~2 (en,0).

Proof. It is immediate to derive the following preference relations for the utilitarian
rulers over the different second-period equilibria: =

.
1" — 1 ” _ 1
(€,0) =1 (0,e ) Ve € (0’ (7112)11] and e € (0, W] ,
ns n2
(0.€") =2 (¢, 0) V'€ (07 (711—21)v] and ¢ € (0, (n2—21)v] :
ny n2
Proof.

° ifn1:n2—1

(ee) =1 (0, )V ee {(”1_1)” “} and ¢ € (o, (”2_1)“} :

2 2
2n7 2ng ns

(e,€) =2 (¢,0) Ve e [(”1_1” ”2) and ¢ € (0, (”1_1”’}

2 2
2ny 2n ny

(676) ~9 (6/70) ife = QL andvel c (0’(7’2,1—]_)1):| ’

no n?
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[ ifn1:n2

(e.e) =1 (0, ) Vee [("1_1)” ”) and ¢’ € <0, (”2;21”} :

2 ’
2’[7,1 27’l2 5

1" . 71
(e;e) ~1 (0,e )ife:2L and v ¢ ¢ (QW];

%) 5
-Dov w (n1— 1w
"0V (m-1v v de 0. L= Y
(e,e) =2 (€',0) ee[ 7o and e’ € (0, e ,
- 1w
~a (€,0) if e = —— re (o D),
(e,e) ~o (¢/,0) if e s and Ve’ € (O, 2 :
) ( )
ni—1v wv
(0,0) =1 (e,e) Vee {27@%’2712]’
(mi—Lwv v |
(0,0) =2 (e,e)V(zG{ T K
) (m - 1) (m — 1)
ni—1)v ni—1v v
(€/,0) =1 (e,e) Ve € (0,71%} and e € [271%,2712}7
" " (’I’LQ — 1) [ (712 — ].) v (
(0,e ) =2 (e,e) Ve E(O,H% and e € oz om :
[ ]
’.0 0,00V ¢ e (0, ——
(67)}1(7) e€<72n1>7
(¢',0) ~1 (0,0) if &' = 2%1 ,
, , v (np—1)wv
(0,0) =1 (e',0) Ve 6(2711’71% } ,
" 1" v
0 0,0)V 0, —
(,6)}2(,) 66(72712)7
1" " v
0 ~9 (0,0) if = —
( , € ) 2( ’ )1 € 2Ny s
1 " v (nz—l)v
(0,0) b} (6 ,O)Ve 6(27’2/27”%:| .

]
Thus, we may conclude with the following result.

Corollary 2 According to the utilitarian rulers preferences, the Pareto efficient effort

equilibria are
(617 0)7 (07 6[) and (07 O)
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5 The Set of Subgame Perfect Equilibria

From the results illustrated in the previous section, it is immediate to derive the following
proposition.

Proposition 5 In the CMMGC with restricted sharing rules, there are continua of sub-
game perfect Nash equilibria in pure strategies.

As an illustration, we provide a few examples of subgame perfect equilibria in pure
strategies:

1. if
—1
ny >2,n1 € {na —1,n2} and e € [W’JM} )
(a9 a5%F) = 0,1] x [0, 1
(49, 9597) = (e,0)¥ (ar,02) € [0,1] 0,1
with

(a7, a3") = 10,1] x [0,1] and (47¢7,75F) = (e,e)

as equilibrium outcomes;

2. if
n—1v w
ny >2,n1 € {nyg —1,n2} and e € {(12?1%)72712> ,
(@797, a397) = {1} x {1}
(13CP 4557 — { (e,e) xzvétg)xj =e zf (a1,2) €10,1) x [0,1)
; if (a1,02) € {1} x {1}
with

(@797, a3") = {1,1} and (177, 259") = (0,0)

as equilibrium outcomes;

3. if
ny > 2,n1 € {ng — 1,ny} and
cc [(7“2;’;’1)”, ﬁ) if (y1,72) = (e,e) withx; =e
(07 Q/UTQ) lf (’}/1”)/2) = (O’e) ’
2
SGP _SGP nse
=10,1 1——="
(a$6P, 0557 = o, ]x{ (n2_1)v}
(’YSGP ,_ySGP) _ (e,e) with Xj=e€ otherwise "
PP (0,¢) if (ar,02) € 0,1] x {1 - a5
with
SGP _SGP n3e sap  sap
(al aa2 ) = [07 1] X 1 — m and (’yl ”}/2 ) = (0,6)

as equilibrium outcomes;
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ny > 2,n1 € {ng — 1,no} and

|:(7L12;21)U7 2:;2) if (’717’72) = (67 6) with X; =€
e c ! . ’
(0.5%] if (1,72) = (e,0)
2
SGP _SGP nie
= - 1
(al 70[2 ) { (nl—l)v} X [Oa ]
(’nyP, ’y;GP) _ (e,e) withx; =e ' otherwisize
(e,0) if (ar,02) € {1- M55 x[0,1]
with
SGP , SGP nie SGP _SGP
(041 ) (g ) =491- (7 X [O? 1] and (’YI ) V2 ) = (6,0)
ny — 1) v
as equilibrium outcomes;
5. if
ny > 2,n1 € {n2 — 1,n2} and
. [(MQE)”, 222) if (y1,72) = (e,e) with x; =e
(& )
07 ﬁ if (71772) = (07 6)
(a7, a39") € {1} x {1}
(e,e) withx; =e otherwise
(4S9 4567 = (0,0) if (ai,az) € {1} x {1}n26
0, ) if (a1,00) €[0,1) x {1 - (nzim}
with

(a7, a39") € {1} x {1} and (79",739") = (0,0)

as equilibrium outcomes;

6. if
ny > 2,n1 € {ny — 1,2} and
(ni—lv v ; _ : o
e [ ;n% ,2n2) if (71,.72)—(6,6) with x; = e ’

(0.5%) if (1,72) = (e,0)
(@7, a59") e {1} x {1}

(e,e) withx; =e otherwise

(557 4567) (0,0) if (an00) €41) ¢ (1)
(6,0) Zf (04170[2) € {1 - (n1i1)v} X [Ov 1)
with

(7", a39") € {1} x {1} and (4379",759") = (0,0)

as equilibrium outcomes;
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7.a if
ny > 2,n1 € {ng — 1,no} and

[(”12;%1)”, ﬁ) if (y1,72) = (e,e) with x; =e
ee (o, e if (71,72) = (e,0) :
(Oa 2,072 if (71)72) = (an)

(a$6P 5GP = {1 — (nln—%el)v} x [0,1]

(f}/iS'GP’ SGP)

e,e) with x;, = e otherwise
(e,€) j
2
(.0) if (ar,02) € {1- M55 b x [0,1]

0, ¢) if (a1, 0) € {@1 Ziﬁ§)u(1 mﬁ%p@}x{l—

with

n26
(a7CF a5F) = {1 — (nl—ll)v} x [0,1] and (7797 ,4597) = (e,0)

as equilibrium outcomes;

Nny€

7.b if
ni > 27”1 S {nQ — 1,77,2} a,nd
[(n%’;‘l)vv 222) (”Yl»’Yz) (e,e) with x; =e
€€ 0. 2y if (71,72) = (e,0) ,
 Bnz if (11,72) = (0,¢)
SGP. SGP nQe
e { (ng —1) }
(1797, 757) =
(e,¢) with x; =e otherwise
n2e n2e ne
(€. 0) if (anaz) € {1 N (7L1i1)v} x {[0’ 1= ("231)U> Y (1 B ('Ilzil)vv
n2€
(0,e) if (o1,a2)€[0,1] x {1 - 2y
with
(a$F aSF) = [0,1] x {1 _me and (756P 45CGP) = (0,¢)

1 ) 2 9 (n2 o 1) v 1 s /2 B

as equilibrium outcomes;
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8.a if

ny > 2,n1 € {ng — 1,no} and

|:(n12;%1)v7 ﬁ) if (71772) - (e, 6) with X; = e
€€ 0, 2n; if (y1,72) = (e,0) 7
0, 507 if (71,72) = (0,¢)

(aSGP aSGP) —Ji_ nie % [0,1]
oo B (n1—1)v ’

(W, EF) =

(e,e) withx; =e

otherwise
(0,0) if (a1,a2) € {1}2 x {1}
(e,0) if (a1,00) € {1 - (n?ii)v} x [0,1)

nfe nfe nge
(0,€) {1 - w5m) o (1= i) o {1 - i )
with
SGP SGP _ nie SGP . SGP
(o ) =41 =10 x [0,1] and ({97, 459") = (e, 0)

as equilibrium outcomes;

8.b if

ny > 2,n1 € {n2 — 1,2} and

[(MQ;%)U, 222) (%72
e c CE

? 2nq

(e,e) withx; =e
M5 72) = (€,0)

)=
if (
if (m,72) = (0,¢)

(afGP SGP {

1 _ mnie }
le — 1

v
) 2n9

(1797 2597) =
(e,e) withx; =e otherwise
(0,0) if (a1,a9) € {1} x {1} ,
(e,0) if (ar02) e {1- M50 b x {[o.1- ﬁ)u(l—ﬁ,l)}
(0, ¢) if (ar,02) €10,1) x {1 - 225
with

2
(afcp,ang):[O,l]x{l—m:_Qel)v} and (v SGP,72SGP) (0,¢€)
as equilibrium outcomes.
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6 Conclusion

We complemented the results of Chowdhury et al. (2016) by charactersing the set of equi-
libria in a deterministic group contest with the weakest-link impact function, continuous
efforts and a private good prize. We find that the non-existence of within-group asym-
metric Nash equilibria in pure strategies in the effort stage is robust to the introduction of
a private good prize. Nevertheless, it is not possible to determine the set of subgame per-
fect Nash equilibria in pure strategies in our group contest, since the continuation payoffs
cannot be specified over the full set of first-period actions for the two groups of agents.
However, turning to the restricted sharing rules case, we are able to conclude that there
are continua of subgame perfect equilibria. In this case, by additional restrictions on the
effort levels of each class of effort equilibria, we are able to computationally characterise
the set of subgame perfect equilibria in pure strategies.
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7 Appendix

In this subsection we present the codes written in MATLAB to retrieve the set of first-
period equilibria and the set of subgame perfect Nash equilibria in pure strategies for the
leading case ny = no — 1 . The lines of code for the case ny = no are available online at
https://sites.google.com/view /andreasorrentino .

Ah% ALL-PAY, WEAKEST-LINK, CONTINUOUS EFFORTS, GROUP CONTEST

Y A A A A A A YA
TRRRBABLRIRALH%%% %% RESTRICTED SHARING RULE CASE KARNUAIERAAIAIIERA DN
TRRRBABBIRARGAAIIRAIGS 1 = n_2 = 1 CASE LUUAAIRRABGIIERRLBASEERA D%
Y A A A A Y A S YA S YA

4% Caveat: we will use the term "continuation payoffs matrices" for matrices containing the pos

4% Let's create the matrices needed to get all possible payoffs combinations
Q1 = strings(1,2) ;
Q2 = strings(1,5) ;
Q3 = strings(1,2) ;
Q4 = strings(1,2) ;
Q5 = strings(1,2) ;
Q6 = strings(1,5) ;
Q7 = strings(1,2) ;
Q8 = strings(1,2) ;
Q9 = strings(1,5) ;
Q10 = strings(1,8) ;
Q11 = strings(1,5) ;
Q12 = strings(1,1) ;
Q13 = strings(1,2) ;
Q14 = strings(1,1) ;
Q15 = strings(1,1) ;
Q16 = strings(1,1) ;

% Let's create some auziliary matrices needed to get subsets of all
/% possible continuation payoffs matrices

Q12_s = strings(1,5) ;
Q14_s = strings(1,5) ;
Q15_s = strings(1,2) ;
Q16_s strings(1,2) ;

4k Let's fill the auziliary matrices above with the corresponding payoffs
% Caveat: if an error occurs, run these auziliary matrices

% and the corresponding cartestan product on a different .m file

% and then retrieve the output by load("result_s.mat","result_s")
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Q12_s(1,1) = '(e,e)' ;
Q12_s(1,2) = '(e_max,e_max)' ;
Q12_s(1,3) = '(0,e_1)" ;
Q12_s(1,4) = '(0,e_m)"' ;
Q12_s(1,5) = '(0,e_h)"' ;
Q14_s(1,1) = '(e,e)' ;
Q14_s(1,2) = '(e_max,e_max)' ;
Q14_s(1,3) = '(e_1,0)" ;
Q14_s(1,4) = '(e_m,0)"' ;
Q14_s(1,5) = '(e_h,0)"' ;
Q15_s(1,1) = '(e,e)' ;
Q15_s(1,2) = '(e_max,e_max)' ;
Q16_s(1,1) = '(e,e)' ;
Q16_s(1,2) = '(e_max,e_max)' ;

[gridl2_s, gridl4_s, gridlb_s, gridl6_s] =

ndgrid(Q12_s, Q14_s, Q15_s, Q16_s); / grid structure to perform the cartesian product
result_s =[gridi2_s(:), grid1l4_s(:),

gridib_s(:), grid16_s(:)]; / cartesian product to obtain all possible payoff profiles

4% Let's fill the remaining matrices with the corresponding payoffs

Q1(1,1) = '"(e,e)' ;

Q1(1,2) = '(e_max,e_max)' ;
Q2(1,1) = '"(e,e)' ;
Q2(1,2) = '(e_max,e_max)' ;
Q2(1,3) = '"(e_1,0)" ;
Q2(1,4) = '(e_m,0)"' ;
Q2(1,5) = '(e_h,0)"' ;
Q3(1,1) = '"(e,e)' ;
Q3(1,2) = '(e_max,e_max)' ;
Q4(1,1) = '"(e,e)' ;

Q4(1,2) = '(e_max,e_max)' ;
Q4(1,3) = '(0,00" ;

Q5(1,1) = '"(e,e)'
Q5(1,2) = '(e_max,e_max)' ;
Q6(1,1) = '(e,e)' ;
Q6(1,2) = '(e_max,e_max)' ;
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Q6(1,3) = '(e_1,0)" ;
Q6(1,4) = '(e_m,0)" ;
Q6(1,5) = '(e_h,0)"' ;
Q7(1,1) = '"(e,e)'

Q7(1,2) = '(e_max,e_max)' ;
Q8(1,1) = '"(e,e)' ;

Q8(1,2) = '(e_max,e_max)' ;
Q9(1,1) = '(e,e)' ;

Q9(1,2) = '(e_max,e_max)' ;
Q9(1,3) = '(0,e_1)" ;
Qo(1,4) = '(0,e_m)' ;
Q9(1,5) = '(0,e_h)"' ;
Q10(1,1) = '(e,e)' ;
Q10(1,2) = '(e_max,e_max)' ;
Q10(1,3) = '(e_1,00" ;
Q10(1,4) = '(e_m,0)"' ;
Q10(1,5) = '(e_h,0)"' ;
Q10(1,6) = '(0,e_1)"' ;
Q10(1,7) = '(0,e_m)' ;
Q10(1,8) = '(0,e_h)' ;
Q11(1,1) = '(e,e)' ;
Q11(1,2) = '(e_max,e_max)' ;
Q11(1,3) = '(0,e_1)"' ;
Q11(1,4) = '(0,e_m)' ;
Q11(1,5) = '(0,e_h)' ;
Q13(1,1) = '"(e,e)' ;
Q13(1,2) = '(e_max,e_max)' ;

4% For each of the 100 subsets of continuation payoffs-matrices
for 1=1:length(result_s)

A Q12(1,1) = '"(e,e)’ ;

4 Q12(1,2) = '(e_mazx,e_maz)' ;
4 Q12(1,3) = '(0,e_1)"' ;

A Q12(1,4) = '(0,e_m) ' ;

Q12(1,1) = result_s(1,1);

% Q14(1,1) "(e,e) ' ;

A Q14(1,2) "(e_maz,e_maz)' ;
Q14(1,1) = result_s(1,2);

% Q14(1,4) = "(e_m,0)' ;
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% Q14(1,5) = '(e_h,0)' ;

Q15(1,1) = result_s(1,3);
% Q15(1,2) = '(e_maz,e_maz)' ;

Q16(1,1) = result_s(1,4);
% Q16(1,2) = '(e_maz,e_maz)' ;

[gridl, grid2 , grid3, grid4, grid5, grid6, grid7, grid8, grid9, gridlo,

gridil, gridi2, gridi3, gridi4, gridi5, gridi6] = ndgrid(Ql, Q2, Q3,

Q4, Q5, Q6, Q7, Q8, Q9, Q10, Q11, Q12, Q13, Q14, Q1i5,

Q16); 7 grid structure to perform the cartesian product

result =[gridi1(:), grid2(:), grid3(:), grid4(:),

grid5(:), grid6(:), grid7(:), grid8(:), grido(:),

gridi10(:), grid1i(:), gridi2(:), gridi13(:), gridi4(:),

grid15(:), grid16(:)]; 7/ cartestan product to obtain all possible payoff profiles

#hiLlet's create the length(result) payoff matrices
AhFor cycle

pmatrix = strings(length(result)*4,4);

counter = 1;

for i= 1:length(result)
pratrix(counter,1:4) = result(i,1:4);
pmatrix(counter+1,1:4) = result(i,5:8);
pratrix(counter+2, 1:4) = result(i,9:12);
pmatrix(counter+3,1:4) = result(i, 13:16);
counter = counter + 4;

end

disp(pmatrix);

4% Let's find the set of first-stage equilibria and the set of subgame perfect equilibria.

brl_opt = strings(length(result)*4,4); /7 matriz to collect best responses from group 1

br2_opt

strings(length(result)*4,4); /% matriz to collect best responses from group 2

alphaeq_opt = strings(length(result)*4,4); %7 matriz to collect first-stage equilibria

sgeq_opt = strings(length(result)*4,8); /7 matriz to collect SGP equilibria
%% THE SET OF BEST-RESPONSES FOR GROUP 1
for i=1:length(result)*4

for j=1:4
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end

end

if pmatrix(i,j) == '(e_1,0)'
bri_opt(i,j) = pmatrix(i,j);

elseif pmatrix(i,j) == '(e_m,0)' | pmatrix(i,j) == '(0,0)"' &&
all(pmatrix(i,1:4) "= '(e_1,0)")
bri_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(e_h,0)"' && all(pmatrix(i,1:4) "= '(e_1,0)"') &&
all(pmatrix(i,1:4) "= '(e_m,0)"') && all(pmatrix(i,1:4) ~= '(0,0)"')
bri_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(e,e)' && all(pmatrix(i,1:4) "= '(e_1,0)') &&
all(pmatrix(i,1:4) "= '(e_m,0)') && all(pmatrix(i,1:4) ~= '(0,0)') &&
all(pmatrix(i,1:4) “= '(e_h,0)"')
bril_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(e_max, e_max)' && all(pmatrix(i,1:4) "= '(e_1,0)') &&
all(pmatrix(i,1:4) "= '(e_m,0)') && all(pmatrix(i,1:4) "= '(0,0)') &&
all(pmatrix(i,1:4) "= '(e_h,0)') && all(pmatrix(i,1:4) “= '(e,e)"')
bri_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(0,e_1)' | pmatrix(i,j) == '(0,e_m)' |
pmatrix(i,j) == '(0,e_h)' && all(pmatrix(i,1:4) "= '(e_1,0)') &&
all(pmatrix(i,1:4) "= '(e_m,0)') && all(pmatrix(i,1:4) "= '(0,0)') &&
all(pmatrix(i,1:4) "= '(e_h,0)') && all(pmatrix(i,1:4) "= '(e,e)') &&
all(pmatrix(i,1:4) "= '(e_max,e_max)')
brl_opt(i,j) = pmatrix(i,j);

end

/% THE SET OF BEST-RESPONSES FOR GROUP 2

for j=1:4
for i= 1:4:length(result)*4-3
for 9=0:3
if pmatrix(i+q,j) == '(0,e_1)"'
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(0,e_m)' | pmatrix(i+q,j) == '(0,0)' &&
all(pmatrix(i:i+3,j) “= '(0,e_1)")
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(0,e_h)' && all(pmatrix(i:i+3,j) "= '(0,e)') &&
all(pmatrix(i:i+3,j) "= '(0,e_max)') &&
all(pmatrix(i:i+3,3) “= '(0,0)")
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(e,e)' && all(pmatrix(i:i+3,j) "= '(0,e)') &&
all(pmatrix(i:i+3,j) "= '(0,e_max)') &&
all(pmatrix(i:i+3,3j) = '(0,0)"') &&
all(pmatrix(i:i+3,j) "= '(0,e_h)")
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(e_max,e_max)' | pmatrix(i+q,j) == '(e_1,0)"' |
pmatrix(i+q,j) == '(e_m,0)"' | pmatrix(i+q,j) == '(e_h,0)' &&
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all(pmatrix(i:i+3,j) “= '(0,e)') &&

all(pmatrix(i:i+3,j) "= '(0,e_max)') &&
all(pmatrix(i:i+3,3j) "= '(0,0)"') &&
all(pmatrix(i:i+3,j) "= '(0,e_h)') &&
all(pmatrix(i:i+3,j) "= '(e,e)")
br2_opt(i+q,j) = pmatrix(i+q,j);

end
end
end
end

%% THE SET OF FIRST-PERIOD EQUILIBRIA AND SUBGAME PERFECT EQUILIBRIA

for i= 1:4:length(result)*4-3
eq_1 = 0;
for k =i:1+3
for j = 1:4
if bri_opt(k,j) == br2_opt(k,j) && bri_opt(k,j) ~= ""
eq_1 = eq_1 + 1;
alphaeq_opt(k,j) = bri_opt(k,j); Zbri_opt without loss of generality
end
end
end
if eq.1 > 1 || eq_1 ==
sgeq_opt(i:i+3 ,1:4)
sgeq_opt(i:i+3 ,5:8)
end

alphaeq_opt(i:i+3,1:4);
pmatrix(i:i+3,1:4);

end

4%% LET'S SPLIT THE MATRICES AND REPRESENT THEM IN A MORE INTUITIVE WAY

sgeq = strings(length(result)*4,8);

for i=1:length(result)*4

for j=1:8
if sgeq_opt(i,j) == ""
sgeq(i,j) = '.';

elseif sgeq_opt(i,j) ~= ""
sgeq(i,j) = sgeq_opt(i,j);
end
end
end
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for i=1:4:length(result)*4-3

for j=1:4
if sgeq(i,1) "= '.'
sgeq(i,1) = ' a_1 < 1 -n_1"(2)*e/((n_1 - 1)v) and a_2 = 1 ' ;
end
if sgeq(i,2) ~= '.!
sgeq(i,2) = 'a_1=1-n_1"(2)*e¢/((n_1 - 1)v) and a_2 =1 ' ;
end
if sgeq(i,3) "= '.'
sgeq(i,3) = ' 1 - n_17(2)*e/((n_1 -1v) <a_l <1land a2=1";
end
if sgeq(i,4) "= '.!
sgeq(i,4) = ' a1l =1and a2 =1 " ;
end
if sgeq(i+1,1) "= '.!
sgeq(i+1,1) = ' a1 < 1 -n_1"(2)*e/((n_1 - 1)v) and
1 -n2"(Q*e/((n_2 - Dv) <a_2<1"';
end
if sgeq(i+1,2) "= '.!
sgeq(i+1,2) = ' a_1 =1 - n_17(2)*e/((n_1 - 1)v) and
1 -n_2"(2Q)*e/((n_2 - Dv) <a_2<1';
end
if sgeq(i+1,3) "= '.!
sgeq(i+1,3) = ' 1 - n_1"(2)*e/((n_1 - 1)v) < a_l < 1 and
1 -n2(@*e/((n_2 - Dv) <a2<1"';
end
if sgeq(i+1,4) "= '.!
sgeq(i+1,4) = ' a_1 =1 and 1 - n_.27(2)*e/((n_2 - 1)v) < a_2 <1 ' ;
end
if sgeq(i+2,1) ~= '.!
sgeq(i+2,1) = ' a_1 <1 - n_1"(2)*e/((n_1 - 1)v) and
a2 =1-n2"(2x*e/((n_2 - Dv) ' ;
end
if sgeq(i+2,2) "= '.!
sgeq(i+2,2) = ' a_1 =1 - n_1"(2)*e/((n_1 - 1)v) and
a2 =1-n2"(2x*e/((n_2 - Dv) ';
end
if sgeq(i+2,3) = '.!
sgeq(i+2,3) = ' 1 - n_17(2)*e/((n_1 - 1)v) < a_1l < 1 and
a2 =1-n2"2)*e/((n_2 - Dv) ';
end
if sgeq(i+2,4) "= '.!
sgeq(i+2,4) = ''a_1 =1 and a_.2 =1 - n_2"(2)*e/((n_2 - Vv ' ;
end
if sgeq(i+3,1) "= '.!
sgeq(i+3,1) = ' a_1 <1 - n_17(2)*e/((n_1 - 1)v) and

a_2<1-n2"2)*xe/((n_2 - D)v ' ;
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end
if sgeq(i+3,2) "= '.!

sgeq(i+3,2) = ' a_l =1 -n_1"(2)*e/((n_1 - 1)v) and
a2<1-n2"2)*e/((n_2 - v ' ;
end
if sgeq(i+3,3) "= '.!
sgeq(i+3,3) = ' 1 - n_17°(2)*e/((n_1 - 1v) < a_l <1 and
a2 <1-n2"(2x*e/((n_2 - Vv ' ;
end
if sgeq(i+3,4) "= '.!
sgeq(i+3,4) = ' a_l =1 and a_.2 <1 - n_2"(2)*e/((n_2 - Vv ' ;
end

end
end

% Let's clean the matriz used to get SGP equilibria

sgeq_opt = sgeq_opt(sgeq_opt(:,5) = '',:);
% Let's clean the matriz of SGP equilibria
sgeq = sgeq(sgeq(:,5) "= '".',:);

disp(['There are ' num2str(length(sgeq)/4) '
continuation-payoffs matrices containing equilibria.'])

/4 Ezample 1

ex_1 = strings(4,4);

ex_1(1:4,1:4) = ["(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)"];

row_ex_1=0;
for i=1:4:length(sgeq)-3
if sgeq(i:i+3,5:8) == ex_1(1:4,1:4)
row_ex_1 = i;
end
end

/% Example 2

ex_2 = strings(4,4);

ex_2(1:4,1:4) = ["(e,e)", "(e,e)", "(e,e)", "(0,0)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(e,e)", "(e,e)", "(e,ed)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)"];

row_ex_2=0;
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for i=1:4:length(sgeq)-3
if sgeq(i:i+3,5:8) == ex_2(1:4,1:4)
row_ex_2 = i;
end
end

/% Example 3

ex_3 = strings(4,4);

ex_3(1:4,1:4) = ["(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(0,e_1)", "(0,e_1)", "(0,e_1)", "(0,e_1)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)"];

row_ex_3=0;
for i=1:4:length(sgeq)-3
if sgeq(i:1+3,5:8) == ex_3(1:4,1:4)
row_ex_3 = i;
end
end

/% Example 4

ex_4 = strings(4,4);

ex_4(1:4,1:4) = ["(e,e)", "(e_1,0)", "(e,e)", "(e,e)";
"(e,e)", "(e_1,00", "(e,e)", "(e,e)";
"(e,e)", "(e_1,00", "(e,e)", "(e,e)";
"(e,e)", "(e_1,0)", "(e,e)", "(e,e)"];

row_ex_4=0;
for i=1:4:length(sgeq)-3
if sgeq(i:1+3,5:8) == ex_4(1:4,1:4)
row_ex_4 = i;
end
end

% Example 5

ex_5 = strings(4,4);

ex_5(1:4,1:4) = ["(e,e)", "(e,e)", "(e,e)", "(0,0)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)";
"(0,e_1)", "(0,e_1)", "(0,e_1)", "(e,e)";
"(e,e)", "(e,e)", "(e,e)", "(e,e)"];

row_ex_5=0;
for i=1:4:length(sgeq)-3
if sgeq(i:i+3,5:8) == ex_5(1:4,1:4)
row_ex_5 = i;
end
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end

% Example 6
ex_6 = strings(4,4);

ex_6(1:4,1:4) = ["(e,e)", "(e,e)", "(e,e)", "(0,0)";
u(e’e)n, u(e_l’o)n, u(e’e)n, n(e’e)n;
Il(e’e)ll’ Il(e_l,o)ll’ |I(e’e)ll’ Il(e’e)ll;
n(e’e)u’ u(e_l,o)n’ u(e,e)n’ n(e’e)u];

row_ex_6=0;
for i=1:4:length(sgeq)-3

if sgeq(i:1+3,5:8) == ex_6(1:4,1:4)

row_ex_6 = i;
end
end

% Example 7a
ex_Ta = strings(4,4);

ex_7a(1:4,1:4) = ["(e,e)", "(e_1,00",
"(e,e)", "(e_1,0)", "(e,e)", "(e,e)";
"(0,8_1)", "(e_l,O)", "(O,e_l)", "(0,8_1)";
"(e,e)", "(e_1,00", "(e,e)", "(e,e)"];

row_ex_7a=0;
for i=1:4:length(sgeq)-3

ll(e,e)ll’ ll(e,e)ll;

if sgeq(i:1+3,5:8) == ex_7a(l:4,1:4)

row_ex_7a = 1i;
end
end

/4 Example 7b
ex_7b = strings(4,4);

ex_Tb(1:4,1:4) = ["(e,e)", "(e_1,00", "(e,e)", "(e,e)";
"(e,e)", "(e_1,0)", "(e,e)", "(e,e)";
"(0,e_1D", "(0,e_1)",
"(e,e)", "(e_1,0)", "(e,e)", "(e,e)"];

row_ex_7b=0;
for i=1:4:length(sgeq)-3

"(O,e_l)", "(0,9_1)";

if sgeq(i:i+3,5:8) == ex_Tb(1:4,1:4)

row_ex_7b = i;
end
end

/% Example 8a
ex_8a = strings(4,4);

ex_8a(1:4,1:4) = ["(e,e)", "(e_1,00", "(e,e)", "(0,00";
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||(e’e)u, "(e_l,O)", n(e,e)n’ ||(e’e)u;
"(O,e_l)", "(e_l,O)", "(O,e_l)", "(0,6_1)";
u(e,e)u, "(e_l,O)", ||(e,e)n, u(e,e)u];

row_ex_8a=0;
for i=1:4:length(sgeq)-3
if sgeq(i:i+3,5:8) == ex_8a(1:4,1:4)
row_ex_8a = ij;
end
end

/% Example 8a
ex_8b = strings(4,4);
ex_8b(1:4,1:4) = ["(e,e)", "(e_1,0)", "(e,e)", "(0,0)";
"(e,e)", "(e_1,00", "(e,e)", "(e,e)";
"(0,e_1)", "(0,e_1)", "(0,e_1)", "(0,e_1)";
"(e,e)", "(e_1,00", "(e,e)", "(e,e)"];
row_ex_8b=0;
for i=1:4:length(sgeq)-3
if sgeq(i:1+3,5:8) == ex_8b(1:4,1:4)
row_ex_8b = 1i;
end
end

save("sgeq_"+1+"_v_cont_effort_restricted_sharing_rule.mat","sgeq")
clearvars -except Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q@8 Q9 Q10 Q11 Q12 Q13 Q14 Q15 Q16 result_s;

end
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