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Abstract

In this paper we consider a deterministic complete information two groups con-
test where the effort choices made by the teammates are aggregated into group
performance by the weakest-link technology (perfect complementarity), that is a
?max-min group contest”, as defined by Chowdhury et al. (2016). However, instead
of a continuum effort set, we employ a binary action set. Further, we consider private
good prizes, so that there is a sharing issue within the winning group. Therefore, we
include two stages: the first one about the setting of a sharing rule parameter and
the second one about simultaneous and independent actions’ choices. The binary
action set allow us to innovate on the existing literature by (i) characterizing the full
set of the second stage equilibrium actions; (ii) computationally characterizing in
MATLAB the set of within-group symmetric subgame perfect Nash equilibria in pure
strategies in the entire game. We find conditions such that the set of within-group
symmetric subgame perfect Nash equilibria in pure strategies have the cardinality
of the continuum. We also check whether this paper’s results are due to discreteness
or to binary choice, proving that in this case there are no subgame perfect Nash
equilibria in pure strategies, as proved in the continuum case in Gilli and Sorrentino
(2024).
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1 Introduction

Competition among groups of agents is widespread in many socioeconomic activities,
spanning from rent-seeking actions by firms, labour markets, investment in R&D, mil-
itary conflict, electoral competition and sports. In many settings, the choice faced by
teammates can be conceived as a binary decision. For instance, we could think of re-
search groups where each member can apply or not for a grant, or the possible signature
of an international agreement among countries belonging to two contrasting alliances,
or again whether to vote pro or against an issue such as a group’s strike. Furthermore,
complementarities within groups can be a salient feature of competition among groups.
For example, on many issues, EU requires unanimity, so that a dissenting vote is enough
to prevent the adoption of a policy.!

In this paper we consider a deterministic complete information two groups contest
where the effort choices made by the teammates are aggregated into group performance
by the weakest-link technology (perfect complementarity), that is a ”max-min group
contest”, as defined by Chowdhury et al. (2016). However, instead of a continuum effort
set, we employ a binary action set. Further, we consider private good prizes, so that there
is a sharing issue within the winning group. Therefore, we include two stages: the first one
about the setting of a sharing rule parameter and the second one about simultaneous and
independent actions’ choices. The binary action set allow us to innovate on the existing
literature by (i) characterizing the full set of the second stage equilibrium actions; (ii)
computationally characterizing in MATLAB the set of within-group symmetric subgame
perfect Nash equilibria in pure strategies in the entire game. Depending on the size of
the private good prize with respect to groups’ size, we find conditions such that the set
of within-group symmetric subgame perfect Nash equilibria in pure strategies have the
cardinality of the continuum, a case we call of indeterminacy.

This result is particularly interesting, because in Gilli and Sorrentino (2024), we proved
that max-min group contest with continuum effort and private prize have no subgame
perfect equilibria, unless the choice of the sharing rule is restricted. Thus, we check
whether this paper’s results are due to discreteness or to binary choice. To this aim, we
expand the set of second-stage actions from the binary case to any subset of the natural
numbers with cardinality at least equal to three. We find that the characterization of
the full set of subgame perfect Nash equilibria in pure strategies would require hundreds
of billions of iterations even in our simple model. Nonetheless, we are able to find a
counterexample, proving that in this case there are no subgame perfect Nash equilibria in
pure strategies, as in the continuum case. The reason is that once we introduce more than
two effort choices, it is necessary to ensure that both upward and downward deviations
are not profitable, not just upward or downward ones, as in the binary action setup.

The paper is organized as follows. The next subsection quickly reviews the related lit-
erature, while section 2 outlines the model. Section 3 characterizes the set of second-period
equilibria for an exogenous profile of incentive schemes. Section 4 restricts the analysis
to within-group symmetric (WGS) equilibria and endogenises the incentive schemes, pro-
viding the subgame perfect WGS equilibria of the entire game. Section 5 discuss the
extension to K actions, while section 6 concludes the paper.

IFor example, see Gilli and Tedeschi (2022).



1.1 Related Literature

Our reference model is Chowdhury et al. (2016). In particular, we complement their
result on the existence of pure strategies Nash equilibria in a deterministic group contest
with the weakest-link impact function, for the case of a private good prize, with a binary
action set.

Regarding all-pay auctions, seminal contributions are certainly Hillman and Riley
(1989), Baye et al. (1996), Skaperdas (1996), Clark and Riis (1998), and Baik et al. (2001).
Concerning private good prizes in group contests and the key role of sharing rules, Nitzan
(1991), Baik and Lee (2001) and Baik and Lee (2012) are essential references. Finally, key
contributions for group contests with non-standard impact functions under both complete
information and incomplete information are, in the former case, Lee (2012), Chowdhury
et al. (2013), Kolmar and Rommeswinkel (2013) and Barbieri et al. (2014) and, in the
latter, Barbieri and Malueg (2016), Barbieri et al. (2019) and Barbieri and Topolyan
(2021), other than the definition of the best-shot and weakest-link impact functions in a
public good provision model by Hirshleifer (1983).

2 A Binary Group Contest with a Finite Number of
Agents

Consider a simple two-groups model that sums up the main characteristics of group
contests under complete information. The model is defined by the following elements:

1. two groups, denoted by j € {1,2};

2. each group has n; > 4 members in each group. The total number of agents is
N =ni + ny. As notation device, let us write ij or j (¢) for agents i € {1,...,n;}
of group j;

3. the choice of member i € {1,...,n;} in group j € {1, 2} ,to increase the possibility
of getting the prize, is denoted by z; (i) € {0,1}. Let x; be the vector of all j-group
agents’ efforts, and x the vector of all agents’ efforts. Moreover, let define the share
of active players ¢ in group j as

1 &
v = EZ;TU € [0,1];

4. a private prize worth v to be allocated to one of the groups;

5. the impact function of group j is given by the weakest-link technology
X; =min{x; (i) € {0,1},i € {1,...,n;}};

6. the contest success function is given by the all-pay auction:

1 if Xj >X,j
pj (X1, X2) =9 5 if X;=X;
0 if X;<X_;



7. the sharing rule, such that if group j € {1, 2} wins, then a member i € {1,...,n,}
gets a share of the prize

Qij (xlj, .-.,wnjj) =

o Tij ) 1 n; N
(1-a;) =t—+ Q; = af >l x>0
—— i=1 Tij ~—~ 7
= incentivation part equalizing part
L otherwise
j

where

e a; € R is the share of the prize that the members of the winning team get
independently of their effort: let us call o; the equalizing part of the sharing
rule, while 1 — a; is called the incentivation part;

8. the individual costs of effort C;; (z; (7)) = z; ();
9. the timing: there are two stages:

i. in the first stage, the groups choose the optimal sharing rule within each group
Oéj;

ii. in the second stage all the members of the groups observe the first stage choices
(a1, a2) and choose simultaneously and independently their effort =z, (i) and
the prize is allocated to one of the two groups according to the contest success
function.

As a consequence of these modelling characteristics, player ij has the expected payoff

Tij (aj7a7jax1ja vy Ty Tl—jy eeey mnfjfj) = PjqijV — Ti5 =

[(1 —aj) ijagj)(z) +a; %} v—=x; (i) if min{x;} >min{x_;}
1 (l—aj)m—ﬁ-ajn%}v—xj (¢) if min{x;} = min{x_;}
—x; (1) if min{x,;} < min{x_;}

Now, we are able to provide a formal definition of a binary group contest.

Definition 1 A Binary Max-Min Group Contest BM M GC ' is a two stages game BMMGC =
({1,2},N,S;, Bij,mi;) defined by

1. the set of groups {1,2};
2. the set of players N = {1,...,n1 +na};

3. the set of first-period actions S; = R : for each group j, the choice of the share o;
in the sharing rule;

4. the set of second-period actions B;; = {0,1} : for each player ij, the choice of the
bid x; (1) ;



5. the payoff functions for each player ij € N

Tij (Cl’,7X) =

pjgijv — xj (i) =

.T]U_xj (¢) if min{x;} > min{x_;}

%} v—=x; (i) if min{x;} =min{x_;}

if min{x;} < min{x_;}

where a and x are, respectively, the vector of first and second period actions.

The notation used in this paper is summed up in table 1.

Variable

Meaning

ij or j (i)

agent ¢ of group j

{1, ...,le}

set of agents in group j

xj (i) or xj

effort of agent ¢ in group j

X; =min{z; (1) € {0,1},1 € {1,...,n;}}

impact of effort of all agents in group j

x = (x1,X2)

vector of efforts of all agents

Cij (z; (i) = z; (4)

cost of effort for agent ¢ of group j

pj (X1, X2) probability of group j of winning the contest
Gij (@15, Tny5) sharing rule for agent i of group j
aj €R equalizing part of the sharing rule
o vector of a; for j € {1,2}
mij (o, X) payoff function of agent i of group j

% = n it %y €10,1]

share of active agents in group j

Table 1

3 The Set of Second Period Equilibria

Without loss of generality, the equilibria are presented in terms of share of active agents

in each group, i.e. as pairs

('71a72) € [07 1] X [07 1] )
so that geometrically they can be represented in the unit square. Then, we will indicate

by

Tij (71, 72| e)
the second-period payoff of player ij, as a function of (y1,72) for a given a := (aq, a2) .

Moreover, when «; € (0,1), denote by

1 (&
=1

the share of active agents at a marginal increase and by

s
_ 1 -
’yj = ’rlij <;{E” — 1) S [0, ].]

the share of active agents at a marginal decrease.




3.1 Characterization of the Set of Pure Strategy Nash Equilibria
in the Second Period.

In this subsection, we characterize the full set of second-period Nash equilibria in pure
strategies, to study the interplay of strong complementarities at play within groups, which
favour the alignment of effort choice by teammates, and the selective incentives induced
by the sharing rules.

Proposition 1 In the BMMGC, the set of the second period pure strategy Nash equi-
libria of the game is characterized as follows:

1. if v > 2max{ny,na}, then
(’flkar}/;) = (17 1) fO’I" any (a17a2) €Rx Rv

2. if v > 0, then

2 2
(117,727) = (0,0) for any (a1, 0a2) € {1 (nlg)voo) - [1 - (7127—121)voo>

3. if v >0, then
n;

(57 7%57) = (1,0) Jor any (o) € (=002 (1= ) | xR

4. if v >0, then

(7;***a7,yi>;**a) € (0,1) x {0} with inj €{2,...,n; — 2}
i=1

2 (njv; +1) 2n,7; 2n_;
for any (aj,oz_j)e{l— ]vj ,1— ;j X l—m,oo ;

5. if v >0, then
nj
(’y;***b,’yi’;-**b) €(0,1) x {0} with inj =1
i=1

2(njy +1) | 2057 ] " [1_ 2n_; oo).
v (L= (n—j—v" )’

for any (aj,a_;) € [1 —

6. if 0 <v <2, then

n;
(37 475) € (0.1) x {0} with Y iy =y —1
i=1

n; 2nv; 2n_;
for any (aj,a_j) € {2( _;)’1_;]} X {1—(71_]_1)1),00);



7. if v > 0, then

nj
(Y@, 43 ) € (0,1) x (0,1) with Y x5 €{2,...,n; — 2}
=1

_ 2”171} o {1 _ 2(n2e+1) 1_ 2”272] :

2(niy +1) 1
’ v ’ v

v v

for any (a1,02) € [1 —

8. if v >0, then

n;
(7770, 57 0) € (0,1) x (0,1) with Y ay; =1
=1

v ’ (1—y)v

2 1 2 2 1 2
for any (ay,as) € {1 ~2(mm + ),1 . 2mm } " {1 ~ 2(n2e+1) 1 noY2 } ;
v (I=m)v

9. if 0 <wv <2, then

nj
(357777, 957) € (0,1) X (0,1) with 3wy =n; 1
=1

2 2
for any (a1,as) € [2 (1—E>,1— 71171] X [2 (1—n2>,1—m];
v v v v

Proof. The results are derived by direct inspection.

1. Suppose
(v1,72) = (1, 1).
Then .
zj (i) =min{x;} =min{x_;} =1 and ij (1) =n,
i=1
so that

1
Tij (71, V2lax) = VT L.
J

If agent ¢j deviates to x; (i) = 0, then
n;
zj (i) =min{x,;} =0 <min{x_;} =1 and ij (i)=n;—1
i=1
so that the deviation payoff is
7D (71,72]er) = 0.

Hence for any player ij there is no incentive to deviate if and only if v > 2n;.



2. Suppose
(71,72) = (0,0).

Then e
z; (i) = min {x;} = min {x_;} = 0 and ij (i)=0
i=1
so that
5 (n,72le) = 2=
7rzy ")/1,’)/2(1 = 2n"l).

J
If agent ¢j deviates to x; (i) = 1, then

zj (1) =1>min{x;} =0=min{x_;} and ij (i) =1
i=1

so that the deviation payoff is

1 1
7'('5 (ry;i_a’y_”a) = 5 |:(1 — O[j) +Oéjn:| v—1.
J

Hence, for any player ij there is no incentive to deviate if and only if

11 1 1 1 1
——v>-|l-aj)+a—|v—-1e |l-aj)+aj—— —|v<2&
2nj 2 nj n]- nj
1 — 1
<=>|:(1—ozj)<1—)]v§2¢>[(1—aj)(n] )}v§2<:>
nj nj
2 2n.;
S l-a; < " Sa;>1- e
(n; —1) (nj — 1w
3. Suppose
(’Y]'a’)/—j) - (170)
Then

n—j

zj (i) =min{x;} =1 >min{x_;} =2_; (i) =0, ij (i) =n; and Za:_j (1)=0

so that

1
—J

If agent ¢j deviates to x; (i) = 0, then

ng n—j
min{x;} =0=min{x_;} =0=uz, (4), ij (1) =n; —1 and Zx,j (1) =0
i=1 i=1

so that the deviation payoff is

_ 11 1
w5 (v -ile) = 3 v S (1, 7-4) = v —1e
J J



oy za(1-2)

hence no agent of group j has an incentive to deviate if and only if a; <2 (1 — 22).
On the other hand, if agent ¢ — j deviates to x_; (¢) = 1, then

min {x;} =1>min{x_;} =0, Za;j (i) =n, and Zx_j ())=1
i=1 i=1

so that the deviation payoff is
D
i (vt le) = =1 < mij (,7-5) =0,
hence no agent of group j has an incentive to deviate.

. Suppose

(vj,7—;) such that v; € (0,1) with ij (1)e{2,....,n; —2}and y_; =0.
i=1

Then
min {x;} = min {x_;} =0 and ij (1)) e{2,...,nj — 2},2.%_]' (1) = 0.
i=1 i=1

Suppose x; (i) = 1, then
1 1 1
Tij (’VJVij‘a) = ) [(1 - Oéj) m +ajnj] v—1.

If agent ij deviates to x; (i) = 0, then

n
min {x;} =min{x_;} =0 and ij (1) =n;v;—1e{l,...,n; — 3}
i=1

so that the deviation payoff is

_ 1 1
i (7 -jle) = 3 {%’nﬂ} v;

hence agent ij has no incentive to deviate if and only if

Lica) 2 va2lv-1z2a,tlvetaca)tovz1e
- — Q) — oa;— | v— — |a;— |V - — Q5 v
2 J nj’yj Jnj -2 ]le 2 J nj'yj
MMy M
e l-o)> "9V g, <1 - 200
v v

Suppose z; (1) = 0, then
1

1
mij (75, 7—jle) = 3%V
J

10



If agent ¢j deviates to x; (i) = 1, then

min {x;} = min{x_;} = 0 and ij (1) =n;v;+1e€{3,...,n; — 1}
i=1

so that the deviation payoff is

1 1 1
78 (e = 3 |- a) e

v—1;
TLj’}/j—Fl Jnj

agent ij has no incentive to deviate if and only if

1 1 1 1 1 1
§aj—v2§ (1-aj) ——+o;— v—1<:>§(1—aj)

; <le
nj niy; + 1 nj

— U
v+l ©

2 (namvs 4+ 1 2 (nav: - 1
<=>(1—01j) < 7(71]7]4_ ) = aj > 1_7(7%734‘ )
v v
Moreover,
11
mij (V5,7-4) = §T_jv :
If agent ¢ — j deviates to x_; (i) = 1, then

z_j(i)=1>min{x;} =0=min{x_;} and Zx,j (i) =1
i=1

so that the deviation payoff is

L 1
D
AR AR TOUES A
n—j
hence, for any player ¢ — j there is no incentive to deviate if and only if

1
n

1
n

1
’U>2|:(104_j)+0£_j:|’Ul<f,>|:(101_j)+a_j :|US2<:>
n—j

—J —J

& {(1—0”) (1—7;)]u<2<:> [(1—aj) (”nﬂ;lﬂ V<26

2n_j
(n_j — 1) v

2n_j

sl-a_;< U
A-i = (n_;—1)v

<:>Oé,j21—

Thus,
(7j,7—;) such that v; € (0,1) with ij (i) €{2,...,nj —2}and y_; =0
i=1

is a Nash equilibrium if and only if

(s + 1 Marys M
a; € [1— (75 + ),17 nj}%] and a_; > 1 — e

(noj—1)v "~

(%

11



5. Suppose
nj
(7vj,7v—;) such that v; € (0,1) with Z:cj (t)=1land v_; =0.
i=1

Then

T
min{x;} =min{x_;} =0 and ij (i)=1.
i=1

Suppose z; (1) = 1, then
1 1 1
s (o) = 3 [0 ap) by o= 1.

3V V=i B I y
If agent ¢j deviates to x; (i) = 0, then

min {x;} = min{x_;} = 0 and Zajj (i)=0

i=1

so that the deviation payoff is

_ 111
Wg (’Yj a’Y—j|04) = 5 {nj v,

hence, agent ij has no incentive to deviate if and only if

1 1 1 171 1[ 1 11,
oottt o (2]
2 ;v n; 2 [n; 2 [njv; ;v

1[ 1 171 1 1—
& — v—1l—c|—|v2><=|q [IR=A
2 Lnjv; 2 |ny 2 1%
(:)(1—%)0—2”]%‘Zaj(l—%‘)v(:,a]él_ 2n;7;
2n;7; 2
Suppose z; (i) = 0, then

1
mij (5, 7-jle) = o —v..
J

If agent ¢j deviates to x; (i) = 1, then

min {x;} = min{x_;} = 0 and i:xj (1) =2

=1

so that the deviation payoff is

N

(7 v-jle) =

{(1—%)1 1.]@—1;

12



hence, agent ij has no incentive to deviate if and only if

1 1 1 1 1 1 1
Caj—v>= |l ——— taj—|v—1&(1-a <le
2Oéjnj1}_2 ( a])nj’yj—f—lJra]nj v 2( a])’yj-l-lv_

2(n;v; +1 2(n;v; +1

e-a)< 2t oo 20+
v v
Moreover,
11
mi—g (3, 7-jlee) = 5 ——v

—J

If agent ¢j deviates to x_; (i) = 1, then

z_;j (1) =1>min{x,;} =0=min{x_;} and ix_j (1)=1

i=1
so that the deviation payoff is
D + 1 1
Ti—j (’Yja’Y_j|a) L) (l-aj)+aj—|v-1.
nj
Hence, for any player i — j there is no incentive to deviate if and only if

11 1 1
——v> = [(1 — o ) —|—Ozj} v—1& {(1 —a_j)ta;
2n_j

1 1

n—j n—j

n—j

& {(1—a_j) <1—nlj)]vg2¢ [(1—a_j) ("‘Tfjlﬂ v<2e

2n,j
(n_; = 1w

]v§2<:>

2n,j

Sl—-—a; < P ———
“-i = (n_; — Do

& oy >1-
Thus,

n;
(vj,7—;) such that v; € (0,1) with Zx]- ())=1land y_; =0
i=1

is a Nash equilibrium if and only if

2 (njvy; + 1
aj € [1- (s + 1) ‘
v (I—=9)v

. Suppose

n;

(75,7—;) such that v; € (0,1) with ij (¢)=nj—land y_; =0.
i=1

Then
min {x;} = min {x_;} =0 and Zajj (i) =n; — 1,Zx_j (1)=0.
i=1 i=1

13



Suppose z; (i) = 1, then
1 1 1
Tij ('Yjv'yfj‘a) = ) [(1 - Oéj) W +C¥jnj] v—1.

If agent ¢j deviates to x; (i) = 0, then

min{x;} =min{x_;} =0 and ij (1) =n; —2
i=1

so that the deviation payoff is
1 1
D (. - :
iy (0 le) = 5 {%n} v;
J

hence, agent 75 has no incentive to deviate if and only if

1 1 1 1 1 1 1
= (1—aj)+aj}v—1>[aj]v<:>(l—aj) v>1&
2 UTA Uz 2 Uz 2 UT7

2 LA
ooy 0l < 2
v
Suppose z; (i) = 0, then
(27—l = sy
i (Y5, 7—4]a) = za;—w.
3\ Vi V=3 2%,

If agent ¢j deviates to x; (i) = 1, then

min{x;} =1 > min{x_;} =0 and ij (1) =n;

i=1
so that the deviation payoff is
D (. + 1 .
Tij (’Yj a’ij) ;U -1
3
hence, agent ij has no incentive to deviate if and only if

1 1 1 2n; (1
—o;—v> —v—-1l&o;>2—|—v-1|&
2 “ny n; v\ 1y

@ajz2(1—%>.

Note that 2 (1 — %) v<1— 2”#” if and only if v < 2. Moreover,

11

Tij (W, v—jlor) = om0
—J

14



If agent ¢ — j deviates to x_; (1) = 1, then

;5

z_j (i) =1>min{x;} =0=min{x_;} and ij (i)=1
i=1

so that the deviation payoff is

1 1
iy (a0 le) = 3 [(1 —a) +a—jn} v—1;

hence, for any player ¢ — j there is no incentive to deviate if and only if

11 1 1 1 1
1 _i—1
@{(l—a_j)<1—)]vﬁ?@[(l—a_j)(n ! ﬂvSZ@
n—j n—j
2n_ 2n_
sl-a ;< I sa ;>1- 4
&= (n_; —1Dw A= (n_; —1Dw

Thus,
(7j,7—;) such that v; € (0,1) with ij (i)=nj—landy_; =0
i=1

is a Nash equilibrium if and only if
. iy M
o € [2( ”J),l”ﬂa] anda;>1— 2 yy<o.
v v

. Suppose

n;
(71,72) such that v; € (0,1) wichxij €{2,...,n; —2} .

i=1

Then

min {x;} = min{x_;} =0 and ij (i) €{2,...,n; — 2} .

i=1

Suppose z; (i) = 1, then

1 1 1
317 J

If agent ¢j deviates to x; (i) = 0, then

min {x;} = min {x_;} = 0 and ij (1) =mnjv; —1e{l,...,n; — 3}
i=1

15
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so that the deviation payoff is

1 1
D (.- )
™y (05 -sler) = 5 |:Oéjnj:| v;
hence, agent ij has no incentive to deviate if and only if

1 1 1 1 1 1
Sll—a)—+a,—|v—1>= |, —|ve = (1—q
B ( a])nj’yj—’_a]nj}v Q[O‘Jnj]v 2( aj)

v>1s

n57j
May s
< (1 — aj) > UERE

My
oy <1 2%

v
Suppose z; (i) = 0, then

1 1
Tig (V5 v-jl) = 9% v

j
If agent ¢j deviates to x; (i) = 1, then

j
min {x;} = min{x_;} =0 and ij (1) =n;v;+1€{3,...,n;}
i=1

so that the deviation payoff is

1 1 1
D (. +
- ] . = — 1— P R —1:
771] (7]a73|a) 2 |:( Oé]) nj7j+1+a]nj v ’
hence, agent ij has no incentive to deviate if and only if
1 1 1 1 1 1
Caj—v>=|(l-q) ——+aj—|v-1la-(1-0)—v<1s
5o g (-0 g ey v= 1o -0y s s
2(n;v; +1 2(n;v; +1
e-a)< 2t oo 20+
v
Thus,

v

(71,72) such that ~; € (0,1) wichxij €{2,...,n; — 2}

i=1
is a Nash equilibrium if and only if

o; € 12(njz)j+1)712nj7j:|'

v
8. Suppose N
(71,72) such that v; € (0,1) with Zj% -1
i=1
Then

min {x;} = min {x_;} = 0 and i:xj (1) =1.

=1

16



Suppose z; (i) = 1, then
1 1 1
mij (v, 7—jle) = = [(1 — o) — +a-] v—1.
3 V5> V=g B I oy
If agent ¢j deviates to x; (i) = 0, then
n;
min {x;} = min{x_;} =0 and Z;Uj (i)=0
i=1
so that the deviation payoff is

- 111
775 (’Yj vjle) = 3 {nj v;

hence, agent ij has no incentive to deviate if and only if
1 1 1 1]1 1 1 1—7; 1
= (lozj)Jrozj]le{}v@{ aj< 73)}1}12{
2 n;7;j n; 2 n; 2 n;v;j n;7;j 2

1] 1 11 1 1— 7,
& v=1l—c|—|v2> 2| [IR=S
2 ’ij’}/j 2 nj 2 nj'yj

nj7j

Suppose z; (1) = 0, then
( ) 0y
i (5, 7—jla) = za;—v .
3 Vi V=i 2%,

If agent ¢j deviates to x; (i) = 1, then

n
min {x;} = min{x_;} =0 and ij (1) =2
i=1
so that the deviation payoff is
1 1 1
D (.+
gt k s = — 1—a;) — P —1:
771] (7]a7 ]|a) 2|:( a])nj,yj+1+a]nj:|v )

hence, agent ij has no incentive to deviate if and only if

L >1 (1 )71 + ! 1@1(1 )71 <l&
-, —U 2>~ — aj—|v— -l —qj v
2 Jnj -2 J n;jv; + 1 ]nj 2 J vi+1 =
2(n;v; +1 2(n;v; +1
ooyt ooy 200+ D
v v

Thus,

(71,72) such that 7; € (0,1) with inj =1

i=1
is a Nash equilibrium if and only if
el 2yt o 20y
! v oA =y)v]

17



9. Finally, suppose

(71,72) such that v; € (0,1) with inj =n;—1.

i=1
Then .
min {x;} =min{x_;} =0 and sz (i)=n; —1.
i=1
Suppose z; (i) = 1, then
1 1 1
iy (o) = 3 [(1=ap) s o= 1.
3V V=i B e oy

If agent ij deviates to x; (i) = 0, then

n
min{x;} =min{x_;} =0 and ij (1) =n; —2
i=1

so that the deviation payoff is
_ 1 1
iy (7 7-ila) = 5 [Oéjn} v;
J

hence, agent ij has no incentive to deviate if and only if

1 1 1 1 1 1 1
- (1aj)+aj}v1z[aj]v@(1aj) v>1e
o

2 njvj nj 2 j 2 ’Ilj’)/j

2
<:>(1—aj)2 n

@Oéjﬁl—i
Suppose z; (1) = 0, then

( ) Loy

i (v, 7—ila) = za;—wv .

3 Vi V=g 2%,

If agent ¢j deviates to x; (i) = 1, then

min {x;} =1>min{x_;} =0 and ij (1) =n,

i=1
so that the deviation payoff is
D (. + 1 .
Tij (7j ,’77j|01) = ;U -1
J

agent 7 has no incentive to deviate if and only if
1 1 1

2n; (1 ;
ozjvzvl@ajzm(vl)@aj22(lnj).
2 “ny n; v n; v

18



Lo __

@

hOm e ——————b

N

Figure 1: Geometric representation of the set of second-period pure strategy Nash equi-
libria.

Note that 2 (1 — %) v < 1 — 2% if and only if v < 2. Thus,

n;
(71,72) such that v; € (0,1) Wichxij =n;—1
i=1
is a Nash equilibrium if and only if
aje [2(1-2).1- 2] vy,
v v

Note that strategy profiles (v;,v—;) € (0,1) x {1} with >0, z;; € {1,...,n; — 1}
can be easily shown not be pure strategy Nash equilibria in effort stage.

]
Geometrically, if we represent in the space

(71,72) € [0, 1] x [0,1]

the set of second-stage pure strategy Nash equilibria, depending on groups sizes, we cover
almost all points corresponding to rational numbers in the unitary square, apart from the
two segments

(1,72) € {1} x (0,1) and (31,72) € (0,1) x {1},
as represented in figure 1.

For each of these classes of equilibria, we can compute the continuation payoffs, how-
ever the possible combinations of continuation payoffs associated to the possible values of
the sharing rules would involve a huge amount of possible combinations: even if it would
be computationally feasible to characterize the set of subgame perfect Nash equilibria in
pure strategies, it would involve hundreds of billions of iterations as shown in figure 6,
so that we decided to limit ourself to the case of within-group symmetric (WGS) second
stage equilibria.
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3.2 The Set of Pure Strategy Within-Group Symmetric Nash
Equilibria in the Second Period.

The following corollary follows immediately from proposition 1.

Corollary 1 In the BMMGC, the set of the second period WGS pure strategy Nash
equilibria of the game is

1. if v > 2max{ny,na}, then

(11:73) = (L, 1) for any (a1, ) € R x R;

2. if v >0, then
(V7 72%) = (0,0) for any (an,a9) € |1— —2M  oo) x |1 —2"2 o
Y1572 ) =Y, Y 1,02 )1;’ (n )’U7

8. if v >0, then

(5°59%5) = @0) for any (ag.a-y) € (=02 (1= )] <R,

The following result is useful to derive the subgame perfect equilibria of the game.

Corollary 2 When
v < 277,j (nj — 2)
n; — 1
for some j € {1,2}, then there exist a region of sharing rules (i, as) such that there

exists no second stage pure strategy WGS equilibrium.

Proof. From the previous result, it is immediate that when

2n; n;
—1_>2 (1 - —J) and v < 2-maz{ny,na}
(n; — 1w v
there exists a region of sharing rules (aq, ag) such that there exists no second stage pure
strategy WGS equilibrium. Note that

1—

(nj — 1w v (nj — 1w v
2n; 2n,;
@ﬁ—L>1@2n?—4nj>(nj—l)v®
v (nj — 1w
oy iy —2)
nj—l
Since
QTL]' (nj—2)<2nj
nj—l
then 5
n; n;
1—7J>2(1—J)=> <2. g}
o —Do » v max{ny, na}
[ ]

20



“ a.
~~~~~ (7".72")=(0.0)
o o= (77)=(00) £4a) .
712 )=(0.0 o =) =(10 (r7)=(0:0)
(7.7)=(0.0) (7)=00) f1om) V(ﬁ,;"):((“)) e
- |
B as o (e {’:”J;Tﬂ))
1 -7z )=(0.)
s ] <{oa)-(o3) rrl
m
= [ i ofi- a
- i A A ( v]- :
. (™A (0) [ri 7 )]z(m)l)
(A7) 71 7)=(L1
(n".77)=(10) .
o o noa)=(0.0)
(57 ):(0,1)‘ () =(
L )
| V ) '
<m,{&;2>&;2)} v 2max {m,n,}
n— n—

Figure 2: Non existence and multiple WGS equilibria.

Remark 1 This result means that there are only two possible case for the second stage,
either multiple pure strategy WGS equilibria when

2%1 (711 — 2) 277,2 (TLQ — 2)
ny — 1 ’ ng — 1 ’

vaax{

or possible values of the sharing rules such that there exists no pure strategy WGS' equi-
librium. The following figure represents two possible (extreme) situations.

4 The Equilibrium Choice of the Sharing Rules in the
First Period

To derive the optimal sharing rules, we consider their optimal choice in each group by an
utilitarian ruler with payoff function

n;
c c
U (aja a—j|7167 75) = Z Tij (aj7 a—jh/fa 75) .
i=1
Consider the agents’ and groups’ continuation payoff associated to the different second
period equilibria:

1. when
vi,v) =(1,1), for any v>2-max{ni,ne} and (ai,az) ERxR

then

1 v
S—U— 1 and 7ch (Oéj704—j|’Yik7’Y§) = 9

C
ﬂ-ij (ajaa—j|7ika7;):2n —ny .
J
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2. when

(’}/1 7’72 ) = (070), fOT‘ any Oé] 2 1 — W ’lUZth ¥ € {1,2} .
then
C * ok ok 11 C ok koK v
Tij (Oéj7a—jh’1 Y5 = 5*1} and T (Oéj»afj|’71 ) =5 -
n; 2
3. when

(M) =1(0,1), for any o; € R and any a_; < 2( - %)

then

1
c
i (g, a7 ) =0, mij (o, a9, 7)) = i 1
—J
and 7§ (aj, a1, 17) =0, 7 (e, a8 =v—n; .

Note that in order to find the set of first-period equilibria the continuation payoffs for
both groups have to be specified at each element of the Cartesian product of oy and s
sustaining the set of second-period equilibria for both groups, so that we obtain:

1. if v > 2 - max {n1,ny}, there are 7776 continuation-payoffs matrices;

2. if v < 2-max{ni,n2} and 1 — (njfjl)v <2 (1 - %) with j € {1,2}, there are 96

continuation-payoffs matrices;

3. if v < 2-max{ny,ne} and 1 — (n2"j <2(1-1%) and 1 — 27— 2 (1— ")

i—1)v (n—j—1)v = v

with j € {1, 2}, there are 96 continuation-payoffs matrices;

4. if v < 2-maz{ni,ne} and 1 — (nffjl)v =2(1— %) for any j € {1,2}, there are 96

continuation-payoffs matrices.

On the other hand, iflf% >2(1-%) s v< w
payoffs cannot be pinned down for some (a1, @2) € R xR, so that there exists no optimal
sharing rule and thus no pure strategy subgame perfect equilibria.

As reported in figures 5 and 6, the cardinality of the set of continuation-payoffs matri-
ces is obtained by taking the Cartesian product of the number of second-stage equilibria
in each interval, determined by the equilibrium thresholds, over the (a1, o) space. Given
the magnitude of the cardinality of the set of continuation-payoffs matrices, even for the
WGS case, we employ a simple recursive algorithm, written in MATLAB and reported in
the Appendix, to compute the optimal sharing rules. Thus, we might conclude with the
following result.

, the continuation

Proposition 2 In the BMMGC, in the first period, there is a continuum of optimal
sharing rules such that:

e if v >2-max{ny,na}
(af,03) €R X R;
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2n; 2(1 _ ﬂ)

T -1 v
| a
| R
1 »
I (€RY)
S ——— (0,0)
_____ ° (1,0)
__________ 0,1)

Figure 3: Intervals of a; sustaining within-group symmetric second-period equilibria Vv >
2-max {nj,n_;}

2n, )
- (nj— Il v z (1 U)
@
0,0)
_____ PY (1,0)
__________ 0,1)

Figure 4: Intervals of a; sustaining within-group symmetric second-period equilibria Vv >
2 -max{nj,n_;}
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2ny

_ n
- v a 2(1-3)
(1,1);(1,0) (1,1) ; (0,0); (1,0) (1,1);(0,0)
n;
2(1-3)
(13- AN LA £0-1) (13- AN LO-O) T ON-£0-1) (13- AN LO-0)-£0-1)
(1,1)5(1;0);(0,1) (1,1)5(0,0);(1;0);(0;1) (1;,1)5(0,0);(0,1)
ay
2n,
_(nz—l)v
(1,1);(1,0);(0,1) (1,1);(1,0); (0,1) (1,1); (0,1)

Figure 5: Second-period WGS pure Nash equilibria in a1 X ap space Yo > 2-maz {n;j,n_;}
. Note that the number of continuation-payoffs matrices is 2xX3x2x3x4x3x3x3x2 =
7776 .

2y +1) 2n,y o ny
- == @' m-nv 2(1-5)
1,1);(1,0) (1,1); (1,0); (v}, 0) (1,1); (1,0) (1,1);(0,0); (1,0) (1,1);(0,0)
ny
2(1-3)
(1,1);(1,0); (0,1) (1,1);(1,0); (0,1); (¥}, 0) (1,1); (1,0);(0,1) (1,1); (0,0); (1,0); (0,1) (1,1);(0,0); (0,1)
2n,
- (n; — v
(1,1);(1,0);:(0:1) (1,1);(1,0);(0,1) (11);(1,0);(0:1) (1,1);(1,0);(01) (1,D);(0,1)
a
1- 2n,y;
(1,1); (1,0); (0,1) (1,1);(1,0); (0,1; (¥, v-5) (1,1); (1,0); (0,1) (1,1);(1,0); (0,1; (0,v—) (1,1);(0,1); (0,y-5)
1- Z(nz);z +1)
(1,1); (1,0); (0,1) (1,1); (1,0); (0,1) (1,1); (1,0); (0,1) (1,1); (1,0); (0,1) (1,1); (0,1)

Figure 6: Second-period pure Nash equilibria in oy X as space Yv > 2 - max {n;,n_;}
Note that for just one asymmetric equilibrium (y;,7v-;), the number of continuation-

payoffs matrices is 2 X 3 X 2 X3 X2X3X4x3x4x3Xx3x3Xx3IXx3x2x3x4x3xX

4x3x3x%x3x3x3x2=352,640,000,000 .
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- 2-max{nyi,n2}-(max{ni,na}—2
o if { 'rlna;{}n(l,ng}{fll 2}=2) < < 2. max {n1,ns}

(af,03) C R x R;

e otherwise
(af,a3) =0 x0.

Remark 2 Proposition 2 means that the set of optimal sharing rules computed over all
continuation-payoffs matrices coincides with R x R for a sufficiently high prize, that is
when v > 2 - max {ni,n2}, the condition sustaining the most competitive second-period
WGS pure Nash equilibrium (v;,v—;) = (1,1).

5 The Set of Subgame Perfect Equilibria

From the previous results, it is computationally straightforward to derive the following
one.

Proposition 3 In the BMMGC, there is a continuum of within-group symmetric sub-
game perfect Nash equilibria in pure strategies.

Remark 3 FEven though the characterization of within-group asymmetric subgame perfect
Nash equilibria is computationally demanding, as discussed in the previous section, it
1s straightforward to state that in the BMMGC' there is a continuum of within-group
asymmetric subgame perfect Nash equilibria in pure strategies as well.

Remark 4 This results means that in BMMGC' there is indeterminacy, in the sense
that in equilibrium anything is possible.

As an illustration, we provide a few examples of pure strategy within-group symmetric
Subgame Perfect equilibria:

1. if v > 2max {ny,n2},
(afGP,agGP) ERxR
(7, 5T) = (1) V(o 02) ERX R

with

(a1,a0) ER xR and (7797, 45F) = (1,1)

772

as equilibrium outcomes;

2. if v > 2nq and ny < v < 2ny such that 1 — —212 <2(1—%),

(na—1)v
2711
(OéisGP,OQSGP) (= (-OO7 1-— (’rLl—]_)’U> x R
(,YSGP7,Y§GP) = (1,0) if (o, 0) € <_0071 - (nfill)v> x R
(97 597) = (1,0) i (anse) € [1 = 22452 (1= 8) | x (oo 1 = 224
(7 754T) = (0,0) if (ar,02) € [1 = 22555,00) x |1 - 225, 00)
(EOPASOP) = (01)  if (anaz) € [2(1— %) 0c) x 00,1 — 22
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with

27?,1
(OszP, OégGP) S <—OO7 1-— (nl—]_)’u> x R and (’YISGP,’}/QSGP) = (1, O)
as equilibrium outcomes;

2n, ni

3.if m < v < 2ny and ny < v < 2np such that 1 — =0 = 2(1-2) and 1 —
<2 (- %)

(na—1)v v

(afGP, agGP) c

lmfilll)v,oo) x (2(%%),00)

(Y$OP A59F) = (0,0)  if (a1, a0) € [1 - (nf%)woo) X (2(1—22),00)
(9P 597) = (1,0) i (an,0) € (—o0,1 = 22 ) x (21— ) o)
(767, 2597) = (0.1) if (a1,02) € R x (—00,2 (1= )]
with
2n n
(@175 ) € [1 - 2 o) (21 ) o) mnd (77.2597) = 0.0

as equilibrium outcomes;

4. if ng <v < 2n; and ne < v < 2ny such that 1 — (n?jjl)u =2(1-22)vje{1,2},

) < (-2 (20 2)

v
(P97 = (0.1) i (anaa) € (002 (1 - )] %
(V9P A55F) = (0,0) if (ar,a2) € [2(1— %) 00) x (2 (1 - %2) ,00)
(15OP A59F) = (1,0) if (ar,a2) € (=00,2 (1= %)) x (2(1 - %) ,0)
with
n n
1 08) € (om0 22) (2 (1 22)) md (38 = 00

as equilibrium outcomes.

Remark 5 The examples above can be rewritten making intervals for (af,ad) open or
closed, depending on which second-period equilibrium is assumed to be played at the in-
ternal thresholds 1 — —22_ 2 (1—-22),Vj=1,2

(nj—1)v?

6 Extension to K Effort Levels

In this section we try to address some potential questions arising from the results obtained
under Proposition 1, 2 and 3, which are in close relation with the assumptions under our
binary group contest. In particular, we expand the set of second-stage actions from the
binary case to subset of the natural numbers with cardinality at least equal to three.
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Definition 2 A K-Actions Max-Min Group Contest KMMGC is a two stages game
KMMGC = <{]., 2} 5 N, Sj, Kija 7Tij> deﬁned by

1. the set of groups {1,2};
2. the set of players N = {1,...,n1 + na};

3. the set of first period actions S; = R : for each group j, the choice of the share o;
in the sharing rule;

4. the set of second period actions K;; = {0,..., K}, with K;; C N and K > 2 : for
each player ij, the choice of the bid/effort x; (i) ;

5. the payoff functions for each player ij € N
mij (@, X) = pjqijv — 2 (i) =

[(1 — ) Zijﬂgj)(l) + ajn%l v—ua; (i) if min{x;}>min{x_;}
= % {(1 — ) Zf’iz)(l) + ozjn%} v—2x; (1) ¢f min{x;}=min{x_;}
—x;j (i) if min{x;} < min{x_;}

where a and x are, respectively, the vector of first and second period actions.

Proposition 4 In the KMMGC, for any o; € R, the set of the second-period pure
strategy Nash equilibria of the game is characterized as follows:

1. if v > 0, then

(1:7-3) = (0,k) with k€ {1,..., K} andx_; =k ?

for any
njy—j _ n—j(y-j+1 n_jV—j ; n_j(y-;—1).
( ) ) c R x |:1 B ’U’Y - (nf?—l)w)’Q (1 B v’y ):| va < N—jV—j — n(j;—l )7
Qs ¥=g R x [1 Y L Y R = O i S N R b S n—j(v—jfl)] ifo>n iy — n_j(y—;—1),
v (n—j—1)v > v (n_j—1)v ZN—jV—j n_;—1

2. if v >0, then
(71,72) = (0,0)

3. if v > 2 -max {n1y1,n2y2}, then

for any

(71:72) = (k, k) withke{l,...,K} andx; =k

for any

2 2 1 2 2 1
(ar, a2) € [1 _2mm ni(y+1) oo) y [1_ n272 n2 (2 +1) OO);

v (ng— 1)’

v (ng —1)v ’

2x,j =k with k € {1,..., K} means that all agents in group —j exert the same level of effort k& .
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4. if v > 2-max {nivy1,nay2}, then

n;
(71,72) such that v; € (1, K), min{x:} = min{xa} > 0,2 < Z Loy, —min{x;} < ny—1°
i=1
for any
(al,OéQ) S
[1 2n171 (71 + 1) 2n171 (nay — 1) }
- B ) - B X
(n1y1 — min{x1})v (n1y1 —min{x1} —1)v

{1 ~ 2n973(n2y2 +1) 1 2n272 (n2y2 — 1)
( Y

ngya —min{xa}) v’ (ngys — min{xs} — 1) v
maz {x1} = min{x1} + 1 and maz {x2} = min {xz2} + 1;

5. if v > 2 -max{ni1y1,n22}, then
(vj,v—;) such thaty; =ke{l,..., K —1} andx; =k,v_; € (1,K),

min{x;} = min{x_;} > 0,2 < Z Lo, —minfx_;3 <n—j—1
i=1
for any
(a.jaa—j) €
L 2 2 (%+1)7OO "
v (n; — v

L 2oy (negy—+1)
( v’

n—jy—j — min {x_;})

mazx {x_;} =min{x_;} +1;

2n_jy—j (n—jy—j = 1) }
(n_jy—; —min{x_;} —1)v]’

6. ifv>0, then

(vj,v=;) such that v; = 0,7—; € (0,1),min{x1} = min{x2} =0 and 2 < Z Ly, ,—0 <n_;j—2%
i=1

for any

(aj,a—;) € |1-

)

2n; ’OO> " [1 2y ) 2”—ﬂ—j] ;
) v v

7. if v > 0, then
n—;

(vjsv—j) such that v; =0,v—; € (0,1) and Z 1 ,=o=mn_j;—1
i=1

for any

M, 2 (n_iy_; +1 m_
(aj,0_j) € |1 — —= oo}x{l— (sl 2y

(n; — 1o’ v (n_j—1)v]’
3Note that Ly ;=min{x,} stands for the Indicator function taking value 1 when z;; = min{x;} for
any j.
4Note that 1a;;=0 stands for the Indicator function taking value 1 when x;; = 0 for any ij.
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8. if v >0, then

n;
(vj,7v—;) such that v; € (0,1) ,min{x1} = min{x2} =0 and 2 < Z Ty,=0 < nj—2
i=1

for any

(a a)E 1_2(”1’}/1+1) 1_27’),1’}/1 % 1_2(7’12’}/24-1) 1_27’12’}/2 .
1, k2 v ’ v v ) v )

9. if v >0, then

n
(71,72) such that v; € (0,1) and Z Iy,=0=mn;—1

i=1

for any

2 1 2 2 1 2
(a1,0) € |1 — (i + ),1— e x |1— (272 + ),1— n2

v (n1—1w v (ng —1)w
Proof.
1. Suppose

(v5:7—5) = (0,k) with k e {1,...,K} and x_; = k.

Then

z; (i) =min{x;} =0 <min{x_;} =k and > x; (i) =0, z_;(i)=n_jk,
=1

i=1
so that
mij (Vi v-ila) =0
If agent ij deviates to x; (i) =k, Vk € {1,..., K}, then

min {x;} =0 <min{x_;} =k and Z:z:j (1) = k,ij (1) =n_jk
i=1 i=1

so that the deviation payoff is
ﬂg (’y},'y_j|a) =k 5

Hence, for any player ij there is no incentive to deviate. On the other hand,

1
i (5, V—jl00) = P k.
-J

5We will denote 'y]l- =1 (Z;’Zl Tij —k+ k’) € [0, K] the average group effort at any deviation, both

n;
J
upwards and downwards.
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If agent i — j deviates to any k' € {1,..., K} — {k}, then

min {x;} =0 <min{x_;} € {1,.. K}amiz:% _o§:xﬁ@):@Ljfnk+y

=1
so that the deviation payoff is
K o 1
D / J !
. - . = 1— _— _— — k‘ < — — k R—"
a ;> ok _ % it R > k
= AP [ L (= LA T WA »
-7 = v (n—j—1)v

Since the two conditions above have to be valid for any ¥’ > k and any k' < k €
{1,..., K} — {k}, respectively, we get

a_; € |:1 _ n_jk Ny (k—|— 1) 1_ ’I”L_j]{i N (]{i — 1):|

v (n_j—1)v’ v (n_j—1)wv

Conversely, if agent 7 — 7 deviates to k' = 0, then

min{x;} = min{x_;} =0 and Zx]( ) =0, Zx_] (n; — 1)k
i=1
so that
(v, 7 jle) =Yy —wkea<2(1- —ik

77 2n_; T n_j ! v

Note that
o s v —1 (v 1
2(1777’]7])217”J7J7n](7] )évzn_jy_jfnj(vj )
v v (n_j—1)w n_j—1

Hence,

(v5:7-5) = (0,k) with k€ {1,...,K} and x_; =k
is a Nash equilibrium if and only if

R x [1— 2ot - 1oi0ol) 9 (1 - mostes)] ifo<n_jy -

(a5, 0-5) € noyey _ neg(egtl) g onegeg no =]

R x [1 - v T T (h_j -1 1= v T T (n_;—Dw :| if v > N—jY—j —

. Suppose
(71,72) = (0,0)
Then,
xj (1) = min{x;} = min{x_;} and ij (1) = Zx_j (1)=0
i=1 i=1

30

n,jfl

n,jfl

nj(v—5—=1).

)

n_j(y—;=1).
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so that

1(1
mij (5, 7-5le) = 5 L
If agent ij deviates to z; (i) = k' = 1,5 then
z; (i) = min{x;} = min {x_;} and Zacj (i) = k’,Zx_j (i)=0
i=1 i=1

so that the deviation payoff is

1 1 o
wg (Vo v—jla) = B {(1 — o) 1 + nﬂ v—1.

Hence, for any player ij there is no incentive to deviate if and only if

v 1 1« 2n;
— > |(l-a)-+ZL|lv-1a;>1—- —L |
2nj_2[( a])l—i—nj]v @5 = (nj— 1w
3. Suppose
(71,72) = (k, k) with ke {1,...,K} and x; =k .
Then,
nj n—j
x; (i) = min {x;} = min {x_;},Y_@; (i) = nyy; and Y _x_; (i) = n_;7-,
i=1 i=1
so that
(s 71sle) = 5 [1}71 k
mij (Vi V=jle) = 5 | —|v— k.
3 V5> V=g 2 |n,
If agent ij deviates to x; (i) = k' = 0, then
4 n—;j
z;j (1) = min {x;} < min {x_j}andej (i) = (n; —1)~; and Zx_j (1) =n_;v—;
i=1 i=1

so that the deviation payoff is

v — ks v>2nk.

D (. _

T (Vjr-jle) =0 < M,
Note that any deviation 0 < k' < k is strictly payoff-dominated by &’ = 0, so
that we can now take into account upward deviations only. If agent ij deviates to

zj (1) =k’ >k, then

ng n—j
zj (i) = min{x;} = min {x,j},Zacj (i) = (nj — 1)y;+k" and Zx,j (i) =n_jv—;
i=1 i=1

6Note that any deviation to &’ > 1 would be strictly payoff-dominated by k' =1 .
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so that the deviation payoff is

ﬂp('y'fy -|oz):1 (1fa-)k—/+& vk <L ke
v 2 Vg —Dk+E ~ 2y

oy > 1 20 23;‘ eF j)l)
J

Therefore,
(71,72) = (k,k) with ke {1,..., K} and x; =k

is a Nash equilibrium for any

_ 20y 2n5 (0 4+ 1)
v (n; — v

aj; € |1 ,oo) and v > 2n;v; .

. Suppose

(71,72) such that v; € (1, K),min{x1} = min{x,} >0 and 2 < Z Loy =min{x;} < nj—1.
i=1

Then, if z; (i) = k € {min{x;},..., K} > min{x1} = min{x2} > 0,

x; (i) > min{x;} = min {x_;} > 0 and ij (i) = nj'yj,Zx_j (1) =n_;v—;
i=1 i=1

so that

1 k Ny
mij (g, 7-ile) = 5 [(1 mog) nf} v—k.
717 J

If agent ¢j deviates to k' € {min{x,},..., K} —{k}, then

xj (i) > min{x;} = min {x_;} > 0 and ij (i) = njv;—k+k, Zx,j (1) =n_jv—;
i=1 i=1
so that the deviation payoff is
1 K o
T (Vs r-jle) = 5 [(1 - aj) Py + nﬂ vk .

In contrast, if agent ij deviates to & € {0,...,min {x;} — 1}, then

ng

n—j
zj (i) = min{x;} < min {x_;} and Z:Uj (1) = njv; —k+k, Zx,j (1) =n_jy—;
i=1 i=1

so that the deviation payoff is
w5 (Vo v-jle) = =K.

We select the payoff-dominant downward deviation, that is ' = 0. Hence, for any
player ij there is no incentive to deviate if and only if
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1 k j 1 K j
{(1—0@) —&—%}v—kz[(l—aj)/—i-% v—k &
2 n;Y; Ny 2 n;y; —k+k  n;

20y, (njvi—k+k)

2nj’yj ’I’LJ"YJ‘*]C‘F’C/ .

20,2, (v, a1 —1)
. _ NjYi (MY —Mar X, mMar{X;y— . /
@ <1 (7, —maz 3 v ik <k

{ o >1— 2n;v;(n;v; —min{x; }+min{x; }+1) ik >k
54

and

- o oy (B 1) oy
—|—J]v—k20<:> v 2> 2n;7; v =k

n;v; n: o
J 13 J k 2n;vy
o < 5k (B0 -1) oy <k

% {(1 - )

Note that an a; preventing upward and downward deviations can exist if and
only if the lower and upper bounds at point a. do not cross, that is for
max {x;} = min{x;} + 1. Therefore, combining these two sets of conditions

above we get that for any player ij there is no incentive to deviate if and only
if

2y (g +1) o 2055 (g — 1)

a; € |1 — - , -
! (njy; —min{x;})v (njv; —min{x;} —1)v

} and v > 2n;7; .

Hence,

nj
(71,72) such that v; € (1, K), min{x1} = min{x2} > 0 and 2 < Z Ly, =min{x,;} <nj—1
i=1

is a Nash equilibrium for any

a; € [1— - ;1 — -
J (njv; — min{x;})v (njv; —min{x;} —1)v

2n;7; (nj7; +1) 2n;7; (nj; — 1) }
maz {x;} =min{x;} +1 and v > 2n;v, .
5. Suppose
(v5,7—;) such that v; =k € {1l,..., K — 1} and x; =k,v_; € (1, K),

n—j

min{x;} =min{z_;} > 0,2 < Z Lo =min{x;} <mj— 1.
i=1

Then, the proof is a direct application of what shown at points 3. and 4., so that

(7j,7v—;) such that v; =k € {1,..., K —1} and x; =k,v_; € (1, K),
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n—j

min{x;} =min{zx_;} > 0,2 < Z Loy —mingx,} <nj—1

i=1
is a Nash equilibrium for any
(aj, j) €
1_ 2n;7; _ 2n; (v; + 1) ) x
v (nj —1)v ’
[1 gy ey D) 2y (nagyo = 1) }
(n—jy—j —min{x_;Hv’ " (n_jy—; —min{x_;} —1)v ]’

maz {x_;} =min{x_;} +1 and v > 2 - max {nj'yj,n,j’,y_j} .

6. Suppose

n—j

(71,72) such that v; =0,7_; € (0,K),min{x1} = min{x2} and 2 < Z lo, ;=0 <n_;—2.
i=1

Then,

z; (i) = min{x;} = min {x_;} =0 and ij (1) = n;v, Zx_j (1) = n_jv—;
i=1 i=1
so that

1o
mij (v v-gle) = 5
J

If agent ij deviates to z; (i) = 17, then
ng n—j
min{x;} =min{x_;} =0 and Z:vj (1) =n;v —k+ 1,Zx,j (1) =n_;v—;
i=1 i=1

so that the deviation payoff is

1 1
Wi[; ('73'77—j|a) =3 {(1—0@')1 +nﬂ v—1.

Hence, for any player ij there is no incentive to deviate if and only if

1w 1 Q; 2n,;
Sl s ll—a)+ vl a;>1 - ——
2@»‘2{( aj)+njlv %= (n; —1)v
On the other hand,
/n,j TL_]
z_j (i) > min{x;} = min{x_;} =0 and ij (i) = nj'yj,Zm,j (1) =n_jv—;
i=1 i=1

7Any deviation k&’ > 1 would not deliver a greater payoff than the one attained at k¥’ =1 .
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so that L
1 a_j
7ri_»7»,'y_<a):[1—a_» +]}v—k‘.
i (vl ( i) N n

If agent 7 — j deviates to z_; (i) = k" € {0,..., K} — {k}, then

[\

min {x;} =min{x_;} =0 and Z:L'j (1) = n;v;, Zx_j (i) =n_jy—j —k+Fk
i=1 i=1
so that the deviation payoff is

w2, (ol le) = 2 [ —asy) —H 0y
I N =g 2 - n_jy—; —k+k  n_; ’

Hence, for any player ij there is no incentive to deviate if and only if
1 k _ 1
; +aj]v—k22[(l—aj)

n—jV—j = M—j

K j
,—s—aj]v—k’(:)
nj’yjkark le

> Vke{0,....,K} and ¥ € {k+1,...,K
< «Q J (n_ﬂ_j—k)v { }an { + }
My (e — k + k'
a ;<1 e ey —RAR) Ky and K e O,k —1)
(n—jv—5 —k)v

Note that the bounds above are decreasing in both k and %, so that for the lower
bound we set k = 0 and ¥’ = 1, whereas for the upper bound we set k¥ = K and
k' = K — 1. However, the bounds do not cross if and only if K = 1, so that
maz {x_;} = 1. Therefore,

3

—j
(vj,7v—;) such that v; =0,v_; € (0,1) ,min{x1} = min{xs} =0 and 2 < Ty ;=0 <mn_;—2
1

(2

is a Nash equilibrium for any

2n,; 2n_jv—; +1 2n_;y_;
(aj,a_;) € 1— ,oo>><{1 (nj7- + ),1— e 81 J}
30—
(n; —1)v v v

. Suppose

n_;
(71,72) such that v; =0,7_; € (0,K),min{x;} = min {x2} and Z Ty j—0=n_;—1.
i=1

Then,

n—j

n
z;j (i) =min{x;} = min{x_;} = 0 and ij (1) = njv;, Zx,j (1) =n_jv—;
i=1 i=1
so that
(5 7-410) = 3=
mi; (75, 7—jla) = 5 — .
3 Vs> V=i 2n;
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If agent ij deviates to z; (i) = 1,® then

min {x;} = min {x_;} =0 and g zj (i) =n;v —k+1, g r_j (i) =n_;v-;
i=1 i=1
so that the deviation payoff is
1 1«
D (. J
T 'y-,’y_»|a) == {(l—a-)—i—} v—1.
J ( J J 2 J 1 n]—

Hence for any player ij there is no incentive to deviate if and only if

1o 1 aj 2n;
s |l-a)+Elv-lea;>1- —9
2nj_2[( a])—l—n]}v Y= (n; — v
On the other hand, consider z_; (i) = 0, that is
z_j (i) =min{x;} = min{x_;} = 0 and ij (1) = njvj,Zx,j (i) =n_jv—;
i=1 i=1
so that 1
vy o) = =2
mi—j (75, v—jlov) on v

—J
If agent 7 — j deviates to z_; (i) = k" € {1,..., K} , then

ng n—j
min {x_;} = min{x;} =0 and Y _; (i) = n;7;, Y w5 () =n_yy—; +
=1 i=1

so that the deviation payoff is

72, (o gle) = 5 |1 —any) — o iy
v =g 2 -7 n_;v—j + K’ n—j; '
Hence, for any player i — j such that x;_; = 0 there is no incentive to deviate if and
only if
la_; 1 K

o> (11—
2n_J/U—2( a])

2 (n,jv,j + k)

+ﬁ v—kK sa_;j>1-
v

n_jy-j +k = n_j
Given that the condition must hold for all &' € {1,..., K}, it must be such that

O‘*J‘Z“M'

Consider the unique player i — j such that z;_; =k € {1,..., K}, that is

ng n—j
xz_j (i) > min{x;} =min{x_;} =0 and ij (1) = n;v;, Zx,j (1) =n_jy—;
i=1 i=1

8 Any deviation &’ > 1 would not deliver a greater payoff than the one attained at k' = 1
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so that )
1 a_j
mi—j (3, 1-jler) = 5 [(1 —aj) 7+ ]] v—k
n
It is straightforward to see that the deviation k’ = 1 strictly payoff-dominates any

positive effort level k for player i — j. On the other hand, if player ¢ — j deviates to
x_; (i) = 0, then

x_; (1) =min{x;} =min{x_;} =0 and ij (1) =0, Zx_j (i))=0
i=1 i=1
so that the deviation payoff is
1 v
D
Ti—j (’Yjﬁiﬂa) T 9n
—J

Hence, for any player i — j there is no incentive to deviate if and only if

1 1 a_; 1 v
Sla-a )i+ p-1>:C sa ;<1
o0 2 Tl Kl Pt Tl oy p

27’ij

Therefore,

nj
(0,v—;) such that v_; € (0,1) and Z Iy ,—o=mn_;—1

=1

is a Nash equilibrium if and only if

2n,; 2(n_;v_;+1 2n_;
(oj,a—5) € 1—#,00 X |1— (ny7-y + ),1— - .
(nj — 1w v (n_; —1Dw
8. Suppose
(75,7v—;) such that v; € (0,1),min {x;} = min{x2} =0 and 2 < Z Tg,—0 <nj—2.
i=1

Then, the proof follows the corresponding arguments shown at point 6., so that
(vj,7—;) such that v; € (0,1),min{x1} = min{x2} =0 and 2 < Z Ty,=0 < nj—2
i=1

is a Nash equilibrium for any

(a1, a0) € |1 — 2(n1y1 +1) 1_ 2nﬂ1} « [1 ~ 2(ngy2 +1) L QnWﬂ

v v (% v

9. Suppose

(71,72) such that v; € (0, K) and Z Iy,=0=mnj;—1.
i=1
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Then, the proof follows the corresponding arguments shown at point 7., so that

(71,72) such that ; € (0,1) and Z ly,=0=mn;—1

i=1
is a Nash equilibrium for any
2 1 2 2 1 2
(a1, a0) € |1 — (my + ),1— m ] [y 2t ),1— 12
v (n1— 1w v (ng — 1w

Finally, note that similar arguments prove that the following strategy profiles are
not second-period Nash equilibria in pure strategies:

i. (v1,72) such that v; € (1, K), min {x1} = min {x2} > 0and > .7, Loy —minfx;} = 1

Suppose

4

(71,72) such that v; € (1, K),min{x1} = min {x2} > 0 and Z Loy —mingx;3 = 1

i=1
Then, if z; (i) = k € {min{x;} +1,..., K} > min{x1} = min {x2} > 0,

x; (i) > min{x;} = min {x_;} > 0 and ij (1) = nj'yj,Zx_j (i) =n_jv—;
i=1 i=1

so that

1 E oo
mij (Vi v—jle) = 3 [(l—aj) p +n]} v—Fk.
375 j

If agent ij deviates to k' € {min{x,},..., K} — {k}, then

ng n—j
z;j (1) > min{x;} =min{x_;} > 0 and ij (i) = nj'yj—k—&-k",z:n,j (i) =n_jv—;
i=1 i=1
so that the deviation payoff is
1 K a;
D / J !
i G r-ile) =5 | l—oj) ————— + = |v—Fk .
i (15:751e) 2[( ])nﬂj—k+k’ "J}
In contrast, if z; (i) = k € {min{x;},..., K} > min{x1} = min{x2} > 0, and

agent ij deviates to k' € {0,...,min{x;} — 1}, then

U n—j
z; (1) =min{x,;} < min{x_;} and sz (i) = njy; —k+ K, Zx_j (1) =n_jy—;

i=1 i=1

so that the deviation payoff is
775 (Vs v—jla) = =K.
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We select the payoff-dominant downward deviation, that is ¥ = 0. On the
other hand, if the unique agent ij exerting effort & = min{x;} deviates to k' €
{min{x; +1},..., K}, then

ng n—j
2 (i) > min {x;} > min{x_;} and Y ; (i) = nyy; —k+K, > w_; (i) =n_;7-;
i=1 1=1
so that the deviation payoff is
K «;j
D / J !
D da)= (1)) — L Ty k.
Tr’L] (’Yj?’y J|a) |:( a]) n]73k+k/+nj:|v

Hence, for any player ij there is no incentive to deviate if and only if

a.
1 k ; 1 k' ;
{(1—04]) —&—%]U—ka[(l—aj)/—l—%}v—k'@
2 n;Y; Ny 2 n;v; —k+k = n,
2ny, (ngvi—k+k) o
= 2n-’y-nnj]v-7k:+k:') =
J 17 J 17 M /
) _ 2n;7v; (n;v; —min{x; }+min{x; }+1) . ’
- { a; > 1 oo SL”&_'J?M{}XG}%‘,L{ ) if k' >k
‘ 20y, (ny vy —mingx; J—14min{x; e
a <1 - (Jn;vrmm{JXj}*l)v . if k" <k
b.
k 2157,
2{(104]) +J]vk20¢> v > 2n;7; v =k
37V J Oéjﬁwk_k(zn%_l) v; < k
C.
1 k o k' o
= (1 —ay +2Llv—k> 1a4+3}vk'¢>
2 [( ) n;7; na} B {( ) ngy; —k+k  n;

o o < (2nj'yjk’ —k (77/]"}/]' —k+ k/)) v+ (k - k/) 2nj'yj (’I’Lj’}/j —k+ k/)
’= (2njvk — (v + k) (nj; —k + K))v

Note that the bounds at point a. are decreasing in both k and %', so that for the
lower bound we set k = min {x;} and ¥’ = min{x;} + 1, whereas for the upper
bound we set k = x; and k' = x; — 1. However, the bounds do not cross if and
only if max {x;} = min{x;} + 1. Consequently, we can substitute these values
in the condition at point ¢. which holds for the unique player ij exerting effort
k =min{x;} and, for v > 2n;v; as resulting from conditions a. and b., we obtain

o (2ngy (man {x;} + 1) — min {x;} (7 + 1)) v = 2ny7; (07 + 1)
T (2n;7; (min {x;} + 1) = (v; + min{x;}) (n;v; + 1)) v

>1
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However, it follows

{1 _ 2y (g + 1) 2n;7; (njv; — 1) } A
(njy; —min{x;})v’ (njy; —min{x;} —1)v

A {(2"3%‘ (min{x;} +1) —min {x;} (njy; +1)) v = 2n;7; (nj7; +1) OO) _
(257 (min{x;} + 1) = (7; + min{x;}) (n;7; + 1)) v ’ '
Therefore,

n
(71,72) such that v; € (1, K),min{x1} = min{xs2} > 0 and Z Loy —min{x;} = 1

i=1
is not a Nash equilibrium for any

(a1,2) e R xR

ii. (y;,7—;) such that v; =k € {1,..., K —1} and x; = k,v_; € (1, K), min{x;} =
min {X—j} >0 and Z?;f Il'iifj:min{x,j} =1.

Then, the proof directly follows from what shown at point i.
iii. (7;,7—;) such that 7; =0 and 7_; € (0,K) and Y, { 1,,_,—o=1 .
Suppose

(71,72) such that v; = 0,7_; € (0, K),min{x1} = min {x2} and 1, ,—o=1.

Then,

Zj (Z) = min {Xj} = min {X_j} =0 and ij (Z) = nj'yj,Zx_j (Z) =N_;7Y—j
i=1 i=1
so that

1w
mij (75, v-jlor) = I m
J

If agent ij deviates to z; (i) = 1,9 then

min {x;} = min {x_;} =0 and ij (i) =njv; —k+ 1,Zx_j (1) =n_;v—;
i=1 i=1

so that the deviation payoff is

1 1 o
D (V) v—jler) = 3 {(1 ) 7T nﬂ v—1.

Hence for any player ij there is no incentive to deviate if and only if

2n]-
(nj —1)v

1w 1
>
27’),]'72

(1—aj)—|—aj}v—1<:>aj>1—
nj

9 Any deviation &’ > 1 would not deliver a greater payoff than the one attained at k&’ = 1
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On the other hand, consider z_; (i) = 0, that is

z_; (1) =min{x,;} = min{x_;} =0 and ij (1) = nj’yj,Zx_j (1) = n_jv—;
i=1 i=1
so that
1 a_j

Tivj (VisV—jlee) = oY
—j

If agent ¢ — j deviates to z_; (i) =k € {1,..., K} , then

;4 n—j
min{x_;} > min{x;} =0 and Zx]- (1) = njv;, Zx,j (1) =n_jy—; +k
i=1 i=1

so that the deviation payoff is

k o
D / / J
oY, v v sa)y=(1—a_;)) ————+ —|v—k.
25 (@nsnts) (e gle) = (= any) o E 4 2]
Hence for the unique player i — j such that x;_; = 0 there is no incentive to deviate
if and only if
. k »
Sy > [(1—aj)+a]]v—k<:>
j n_jy-jtk n_;

2n_jk(v—n_;vy_;—k)

{ a_j > Zn_jkv—n_;y-;—k) if QTL_jk‘ —N_jY—j — k>0
=
(2n—jk—n_;y—j—k)v

= 2n_jk—n_j;v_j—k)v
if 2n_jk —N_jV—j — k<0

Consider any player ¢ — j such that x;_; > 0, that is

z_; (1) > min{x,;} = min{x_;} =0 and ij (1) = nj’yj,Zx_j (1) =n_jv—;
i=1

i=1
so that ) L
s
i (vr—jle) = = | (1 — a_; s )
oy (o) = 3 [(1 =) o 4 222
If agent ij deviates to x; (i) = k" € {0,..., K}, then
min {x;} =min {x_;} =0 and Za:j (1) = n;vj, Zm_j (i) =n_jy—; —k+F¥
i=1 i=1
so that the deviation payoff is
1 K a_
D / J !/
D (vn la)==|(1-a_;)— " L ET
ﬁz—] (7]77—]'05) 92 |:( Q J) n—j'Y—j _ k + k/’/ + n]:| v

Hence for any player ij there is no incentive to deviate if and only if

/ .
i +a]}vk'<:>

1 k T Oé_j
n;v; —k+ K n;

2 n-jY-j = M—j

}kZ;[(l%)
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2n_jy—5 (njy—5 —k+F)

> 1 Vee{l,...,K} and ¥ € {k+1,...,K
T o= (n—j7—j —k)v t ) an e+ )
M~y s 7‘_k k/
a_;<1- Y= (Y — k4 K) Vke{l,...,K} and ¥ € {0,...,k—1}
(n—jv—j —k)v

Note that the bounds above are decreasing in both k and k', so that for the lower
bound we set k = 1 and k¥’ = 2, whereas for the upper bound we set k = K and
k' = K — 1. However, the bounds do not cross if and only if K = 2, so that
max {x_;} = 2. Nonetheless, in the case 2n;k —n;v; — k > 0, which always holds
for at least k = max {x;}, we have

)

2n_jk(v—n_jv;—Fk) oo)m [1 2y (- +1) ) 205 (g — 1)

(2n_jk —n_jy—; —k)v (njy—5—1Dv (n—jy-5—2)v

Therefore,
(7j,7—4) such that v; = 0,7v_; € (0,K),min{x1} = min{xz} =0and 1,, ;o =1
is not a Nash equilibrium for any

(aj,a_;) e RxR.

iv. (v1,72) such that v; € (0, K) and > 7, 1.,;,—0 = 1. The proof directly follows from
what shown at point iii. .

Remark 6 Regarding the first stage, it is straightforward to highlight that it is not possible
to express the continuation payoffs for any possible interval on o, since some intervals
do not sustain any second-period equilibrium, so that there are no Nash equilibria in pure
strategies in the first stage. The last point remains valid despite the presence of within-
group asymmetric Nash equilibria in pure strategies in the second period.

Consider the following example which should clarify the argument above.

Example 1 Suppose K;; = {0,1,2} and v > 2-maz {n1,n2}, and focus on within-group
symmetric SGP equilibria. Consider

2n9 3ng
Rx (00,102 2Nz .
(o1, 2) € R X ( 00, » (o = 1)v>

no second-period equilibrium is sustained by these intervals on «, so that we cannot spec-
ify second-period strategqy profiles for any interval on a € R x R, and thus the groups’
continuation payoffs.

Therefore, we can conclude with the following proposition.

Proposition 5 In the KMMGC), there are no subgame perfect Nash equilibria in pure
strategies.
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Therefore, the discrete actions case does not represent a generalization of the binary
actions case. The reason for this result is that in KM M GC the sharing rule parameters
sustaining second-period equilibria must ensure that both upward and downward devi-
ations are not profitable, for them to be equilibria, not just upward or downward ones,
as in the binary actions setup. This difference translates into more restrictive conditions
over the a parameters, so that there are intervals over R x R not sustaining second-period
equilibria.

7 Conclusions

In this paper, we innovate on the existing literature by characterizing the entire set of
second-period pure strategy Nash equilibria in binary max-min group contest with a
private good prize. Moreover, we computationally characterize the set of within-group
symmetric subgame perfect pure Nash equilibria. Depending on the size of the private
good prize with respect to groups’ size, we find conditions such that both the set of
first-period equilibria in pure strategies and the set of within-group symmetric subgame
perfect Nash equilibria in pure strategies have the cardinality of the continuum, i.e. there
is indeterminacy. Our results show the interplay between the complementarities induced
by the weakest-link impact function and the selective incentives set by the endogenous
sharing rule. Then, we check the consequences of expanding the set of second-period
actions from the binary case to any subset of the natural numbers with cardinality at
least equal to three. In this case, we are able to show that subgame perfect equilibria in
pure strategies do not exist. Finally, regarding one of the main contributions to the all-pay
auction under complete information literature brought by the work of Chowdhury et al.
(2016), that is the existence of within-group symmetric pure strategies Nash equilibria in
a deterministic group contest with the weakest-link impact function, we do confirm the
robustness of this result in case of a private good prize, as it was conceived by the authors
themselves.

Finally, we stress that our theoretical framework has many applications in settings
where actions are binary and within-group complementarities are a salient feature of
competition between groups for rival and excludable goods, as discussed in the introduc-
tion.
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9 Appendix

9.1 Representation of Second-Period Nash Equilibria in pure strate-
gies

1 - 2y +1) 7] 2,

nj
1 — 2(1——)
v v (n—1)v v

[€%))

_____ (0,0)

(1,0)

_____ o1
¥, 0)
(&)

W v-5)

Figure 7: Intervals of a; sustaining second-period equilibria Yo > 2 - max {n;,n_;}
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9.2 Codes

In this subsection we present the codes written in MATLAB to retrieve the set of first-
period equilibria and the set of WGS subgame perfect Nash equilibria in pure strategies
for the leading case v > 2{ny,n2} . The lines of code for the remaining cases are available
online at https://sites.google.com/view /andreasorrentino .

%%y ALL-PAY, WEAKEST-LINK, BINARY ACTIONS, GROUP CONTEST

Y A A A S A A YA S YA
TERIBALTRRRAIAALLS v > 2mazAn_1,n_2 } CASE LUAAIKRAIGIIIRRIBGSIRRALY
Y A A A A A A

4% Let's create the matrices needed to get all possible payoffs combinations
Q1 = strings(1,2) ;
Q2 = strings(1,3) ;
Q3 = strings(1,2) ;
Q4 = strings(1,3) ;
Q5 = strings(1,4) ;
Q6 = strings(1,3) ;
Q7 = strings(1,3) ;
Q8 = strings(1,3) ;
Q9 = strings(1,2) ;

4% Let's fill the matrices above with the corresponding payoffs

QL(1,1) = "1, ;
QL(1,2) = '(1,00" ;
Q2(1,1) = '(1,1)" ;
Q2(1,2) = '(0,00" ;

Q2(1,3) = '(1,0)"' ;

Q3(1,1) = '(1,1)" ;
Q3(1,2) = '(0,0)"' ;
Qa(1,1) = '"(1,1)" ;
Q4(1,2) = '(1,0)' ;
Q4(1,3) = '(0,1)" ;
Q5(1,1) = '(1,1)" ;
Q5(1,2) = '(0,0)"' ;
Q5(1,3) = '(1,0)' ;
Q5(1,4) = '(0,1)" ;
Q6(L1,1) = "(L,1)"'

Q6(1,2) = '(0,00" ;
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Q6(1,3) = '(0,1)" ;
Q7(1,1) = '"(1,1)' ;
Q7(1,2) = '(1,0)" ;

Q7(1,3) = '(0,1)" ;

Q8(1,1) = '(1,1)" ;
Q8(1,2) = '(1,00" ;
Q8(1,3) = '(0, 10" ;

Qo(1,1) (1,1
Q9(1,2) = '(0,1)" ;

[gridl, grid2 , grid3, grid4, gridb, grid6, grid7, grid8, grid9] = ndgrid(Q1l, Q2,
Q3, Q4, Q5, Q6, Q7, Q8, Q9); 7 grid structure to perform the cartesian product
result = [grid1(:), grid2(:), grid3(:), grid4(:), grid5(:), grid6(:), grid7(:),
grid8(:), grid9(:)]; % cartesian product to obtain all possible payoff profiles

A4iLet's create the 7776 payoff matrices
JiFor cycle

pmatrix = strings(length(result)*3,3);
counter = 1;

for i= 1:length(result)
pmatrix(counter,1:3) = result(i,1:3);
pratrix(counter+1,1:3) = result(i,4:6);
pratrix(counter+2, 1:3) = result(i,7:9);
counter = counter + 3;

end

disp(pmatrix);

4% Let's find the set of first-period equilibria and the set of subgame perfect equilibria.

/i Remember:
% For group 1: (1,0) > (0,0) > (1,1) > (0,1)
A For group 2: (0,1) > (0,0) > (1,1) > (1,0)

bri_opt = strings(length(result)*3,3); /7 matriz to collect best responses from group 1
br2_opt = strings(length(result)#*3,3); /7 matriz to collect best responses from group 2
alphaeq_opt = strings(length(result)*3,3); // matriz to collect first-stage equilibria
sgeq_opt = strings(length(result)*3,6); /7 matriz to collect SGP equilibria

4% THE SET OF BEST-RESPONSES FOR GROUP 1
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for i=1:length(result)*3

for j=1:3
if pmatrix(i,j) == '(1,0)"
bril_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(0,0)' &% all(pmatrix(i,1:3) "= '(1,0)")
brl_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(1,1)' && all(pmatrix(i,1:3) "= '(1,0)') &&
all(pmatrix(i,1:3) = '(0,0)")
bril_opt(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(0,1)"' && all(pmatrix(i,1:3) "= '(1,0)') &&
all(pmatrix(i,1:3) “= '(0,0)') && all(pmatrix(i,1:3) ~= '(1,1)")
bril_opt(i,j) = pmatrix(i,j);
end
end
end
%% THE SET OF BEST-RESPONSES FOR GROUP 2
for j=1:3
for i= 1:3:length(result)*3-2
for g=0:2
if pmatrix(i+q,j) == '(0,1)'
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(0,0)"' && all(pmatrix(i:i+2,j) = '(0,1)")
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,1)' && all(pmatrix(i:i+2,j) "= '(0,1)') &&
all(pmatrix(i:i+2,j) ~= '(0,0)")
br2_opt(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,0)' &% all(pmatrix(i:i+2,j) "= '(0,1)') &&
all(pmatrix(i:i+2,j) "= '(0,0)"') && all(pmatrix(i:i+2,j) ~= '(1,1)")
br2_opt(i+q,j) = pmatrix(i+q,j);
end
end
end
end

%% THE SET OF FIRST-PERIOD EQUILIBRIA AND SUBGAME PERFECT EQUILIBRIA

for i= 1:3:length(result)*3-2
eq_1 = 0;
for k =i:i+2
for j = 1:3
if bri_opt(k,j) == br2_opt(k,j) && bri_opt(k,j) ~= ""
eq_1 = eq_1 + 1;
alphaeq_opt(k,j) = bri_opt(k,j); Zbri_opt without loss of generality
end
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end

end

if eq.1 > 1 || eq_1 == 1
sgeq_opt(i:i+2 ,1:3) = alphaeq_opt(i:i+2,1:3);
sgeq_opt(i:i+2 ,4:6) = pmatrix(i:i+2,1:3);

end

end

4%% LET'S SPLIT THE MATRICES AND REPRESENT THEM IN A MORE INTUITIVE WAY

sgeq = strings(length(result)*3,6);

for i=1:length(result)*3

for j=1:6
if sgeq_opt(i,j) == ""
sgeq(i,j) = '.';

elseif sgeq_opt(i,j) ~= ""
sgeq(i,j) = sgeq_opt(i,j);
end
end
end

4% CAVEAT: here we assume closed intervals [1 - 2n_j3/((n_j-1)v) , 2(1-n_j5/v)].
% It is possible to consider open intervals, so that we would have:

A (“\infty, 1 - 2n_35/((n_g-1)v)] ; (1 - 2n_35/((n_j-Dv) , 2(1-n_j5/v));

Z [2(1-n_j/v), \infty)

% Or again:

% a) (“\infty, 1 - 2n_5/((n_j-1)v)) ; [1 - 2n_j5/((n_j5-Dv) , 2(1-n_5/v));

% [2(1-n_j/v), \infty)

4 b) (“\infty, 1 - 2n_j5/((n_j-1)v)] ; (1 - 2n_j5/((n_j-Dwv) , 2(1-n_j/v)];

Z [2(1-n_j/v), \infty)

for i=1:3:length(result)*3-2
if sgeq(i,1) ~= '.'

sgeq(i,1) = ' a1 < 1 -2n_1/((n_1 - 1)v) and a_2 > 2(1 - n2/v) ' ;
end
if sgeq(i,2) ~= '.'
sgeq(i,2) = "1 - 2n_1/((n_1 - 1)v) <= a_1l <= 2(1 - nl1/v) and
a_2 > 2(1 - n2/v) ' ;
end
if sgeq(i,3) "= '.'
sgeq(i,3) = ' a_1 > 2(1 - n1/v) and a_2 > 2(1 - n2/v) ';

end
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if sgeq(i+i,1) ~= '.

sgeq(i+1,1) = ' a1 < 1 - 2n_1/((n_1 - 1)v) and
1 -2n_2/((n_2 - 1v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq(i+1,2) "= '.!
sgeq(i+1,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1l <= 2(1 - nl/v) and
1 -2n.2/((m_2 - 1v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq(i+1,3) ~= '.!
sgeq(i+1,3) = ' a_1 > 2(1 - n1/v) and
1 -2n_2/((m_2 - 1v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq(i+2,1) = '.!
sgeq(i+2,1) = ' a_1 < 1 - 2n_1/((n_1 - 1)v) and
a2< 1-2n2/((n_2 - 1Dv) ';
end
if sgeq(i+2,2) "= '.!
sgeq(i+2,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1 <= 2(1 - nl1/v) and
a_2< 1-2n_2/((n_2 - DW)';
end
if sgeq(i+2,3) ~= '.!
sgeq(i+2,3) = ' a_1 > 2(1 - n_1/v) and
a2< 1-2n2/((n_2 - Dv)';
end
end
sgeq_opt = sgeq_opt(sgeq_opt(:,4) “= '',:); / cleaning the matriz
% used to get SGP equilibria
sgeq = sgeq(sgeq(:,4) "= '.',:); / cleaning the matriz of SGP equilibria

disp(['There are ' num2str(length(sgeq)/3) ' continuation-payoffs matrices
containing equilibria.'])

4% Check in order to verify whether the set of first-stage equilibria is RzR or not
Check = zeros(3,3);

/4 Are there first-row elements not being an equilibrium
% in any continuation payoff matriz?

Check(1,1:3) = all(sgeq(1:3:length(sgeq) -2,1:3)==".");
/% Are there second-row elements not being an equilibrium
4 in any continuation payoff matriz?

Check(2,1:3) = all(sgeq(2:3:1length(sgeq) -1,1:3)==".");
/% Are there third-row elements mot being an equilibrium
4 in any continuation payoff matriz?

Check(3,1:3) = all(sgeq(3:3:1length(sgeq),1:3)==".");
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Y A A A A Y A Y A S A YA
WARKIRBIIRIREIII IS v = 2maxdn_1,n_2F = 2n_1 CASE JLALRIRIIRKIIIRIAIL T
Y A A A A A Y A

4% Let's find the set of first-stage equilibria and the set of subgame perfect equilibria.
/4 Remember:

% For group 1: (1,0) == (0,0) > (1,1) == (0,1)
% For group 2: (0,1) > (0,0) > (1,1) > (1,0)

brl_opt_b = strings(length(result)*3,3); 4/ matriz to collect best responses from group 1
br2_opt_b = strings(length(result)*3,3); // matriz to collect best responses from group 2
alphaeq_opt_b = strings(length(result)*3,3); /7 matriz to collect first-stage equilibria

sgeq_opt_b = strings(length(result)*3,6); 7/ matriz to collect SGP equilibria
%% THE SET OF BEST-RESPONSES FOR GROUP 1

for i=1:length(result)*3

for j=1:3
if pmatrix(i,j) == '(1,0)' | pmatrix(i,j) == '(0,0)"'
bri_opt_b(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(1,1)"' | pmatrix(i,j) == '(0,1)' &&
all(pmatrix(i,1:3) "= '(1,0)"') && all(pmatrix(i,1:3) = '(0,0)")
brl_opt_b(i,j) = pmatrix(i,j);
end
end

end

4% THE SET OF BEST-RESPONSES FOR GROUP 2

for j=1:3
for i= 1:3:length(result)*3-2
for q=0:2
if pmatrix(i+q,j) == '(0,1)'
br2_opt_b(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(0,0)' &&
all(pmatrix(i:i+2,j) “= '(0,1)")
br2_opt_b(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,1)' &&
all(pmatrix(i:i+2,j) "= '(0,1)') && all(pmatrix(i:i+2,j) ~= '(0,0)")
br2_opt_b(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,0)' && all(pmatrix(i:i+2,j) "= '(0,1)') &&
all(pmatrix(i:i+2,j) "= '(0,0)"') && all(pmatrix(i:i+2,j) ~= '(1,1)")
br2_opt_b(i+q,j) = pmatrix(i+q,j);
end
end
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end
end

%% THE SET OF FIRST-PERIOD EQUILIBRIA AND SUBGAME PERFECT EQUILIBRIA

for i= 1:3:length(result)*3-2
eq_1 = 0;
for k =i:i+2
for j = 1:3
if bril_opt_b(k,j) == br2_opt_b(k,j) && bri_opt_b(k,j) = ""
eq_1 = eq_1 + 1;
alphaeq_opt_b(k,j) = bri_opt_b(k,j); Zbri_opt without loss of generality
end
end
end
if eq.1 > 1 || eq_1 ==
sgeq_opt_b(i:i+2 ,1:3)
sgeq_opt_b(i:i+2 ,4:6)
end
end

alphaeq_opt_b(i:i+2,1:3);
pmatrix(i:i+2,1:3);

4hk LET'S SPLIT THE MATRICES AND REPRESENT THEM IN A MORE INTUITIVE WAY

sgeq_b = strings(length(result)*3,6);

for i=1:length(result)*3
for j=1:6
if sgeq_opt_b(i,j) == ""
sgeq_b(i,j) = '.';
elseif sgeq_opt_b(i,j) "= ""
sgeq_b(i,j) = sgeq_opt_b(i,j);
end
end
end

4% CAVEAT: here we assume closed intervals [1 - 2n_j5/((n_j-1)v) , 2(1-n_j5/v)].
4 It is possible to consider open intervals, so that we would have:

s (“\infty, 1 - 2n_j5/((n_g-1Dv)] ; (1 - 2n_35/((n_5-Dv) , 2(1-n_35/v));

% [2(1-n_j3/v), \infty)

% Or again:

Z a) (-\infty, 1 - 2n_j3/((n_j-1Dv)) ; [1 - 2n_35/((n_j-Dv) , 2(1-n_j5/v));

A [2(1-n_j/v), \infty)

% b) (“\infty, 1 - 2n_j5/((n_j-Dv)] ; (1 - 2n_j5/((n_j-Dwv) , 2(1-n_j/v)];
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A [2(1-n_j/v), \infty)

for i=1:3:length(result)*3-2
if sgeq_b(i,1) = '.!
sgeq_b(i,1) "a 1< 1-2n_1/((mn_1 - 1)v) and a_2 > 2(1 - n2/v) ' ;
end
if sgeq_b(i,2) "= '.'
sgeq_b(i,2) "1 -2n_1/((n_1 - 1)v) <= a_1 <= 2(1 - n1/v) and
a_2 > 21 - n2/v) '

end
if sgeq_b(i,3) "= '.'
sgeq_b(i,3) = ' a_1 > 2(1 - n1/v) and a_2 > 2(1 - n2/v) ';
end
if sgeq_b(i+1,1) ~= '.!
sgeq_b(i+1,1) = ' a1 < 1 -2n_1/((n_1 - 1)v) and
1 -2n_2/((m_2 - 1)v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_b(i+1,2) = '.'
sgeq_b(i+1,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1 <= 2(1 - nl/v) and
1 -2n.2/((n_2 - 1)v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_b(i+1,3) = '.'
sgeq_b(i+1,3) = ' a_1 > 2(1 - nl/v) and
1 -2n.2/((n_2 - Dv) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_b(i+2,1) ~= '.!
sgeq_b(i+2,1) = ' a_1 < 1 - 2n_1/((n_1 - 1)v) and
a_2< 1-2n2/((n.2-1v) ';
end
if sgeq_b(i+2,2) "= '.'
sgeq_b(i+2,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1l <= 2(1 - n1/v) and
a_2< 1-2n2/((n_2 - 1Dv)';
end
if sgeq_b(i+2,3) "= '.!
sgeq_b(i+2,3) = ' a_1 > 2(1 - n_1/v) and a_.2 < 1 - 2n_2/((n_2 - 1Hv)';
end
end
sgeq_opt_b = sgeq_opt_b(sgeq_opt_b(:,4) "= '',:); J cleaning the matriz
% used to get SGP equilibria
sgeq_b = sgeq_b(sgeq_b(:,4) "= '.',:); / cleaning the matriz of SGP equilibria

disp(['There are ' num2str(length(sgeq_b)/3) ' continuation-payoffs matrices
containing SGP equilibria.'])
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4% Check in order to verify whether the set of first-stage equilibria is RzR or not
Check_b = zeros(3,3);

/4 Are there first-row elements not being an equilibrium

/% in any continuation payoff matriz?

Check_b(1,1:3) = all(sgeq_b(1:3:length(sgeq_b) -2,1:3)==".");
% Are there second-row elements not being an equilibrium

%4 in any continuation payoff matriz?

Check_b(2,1:3) = all(sgeq_b(2:3:1length(sgeq_b) -1,1:3)==".");
/4 Are there third-row elements not being an equilibrium

% in any continuation payoff matriz?

Check_b(3,1:3) = all(sgeq_b(3:3:length(sgeq_b),1:3)==".");

Y A A A A A Y A
TITRTIRTRIIIIRGGGAS v = 2mazdn_1,n_2F = 2n_2 CASE JLAAAIAAAAALLIASSLL]
Y Y A A S A Y A S YA S YA

4k Let's find the set of first-stage equilibria and the set of subgame perfect equilibria.
/i Remember:

% For group 1: (1,0) > (0,0) > (1,1) > (0,1)
A For group 2: (0,1) == (0,0) > (1,1) == (1,0)

bril_opt_c = strings(length(result)*3,3); /7 matriz to collect best responses from group 1
br2_opt_c = strings(length(result)*3,3); %/ matriz to collect best responses from group 2

alphaeq_opt_c = strings(length(result)*3,3); // matriz to collect first-stage equilibria
sgeq_opt_c = strings(length(result)*3,6); // matriz to collect SGP equilibria

4% THE SET OF BEST-RESPONSES FOR GROUP 1

for i=1:length(result)*3

for j=1:3
if pmatrix(i,j) == '(1,0)"
bril_opt_c(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(0,0)' && all(pmatrix(i,1:3) ~= '(1,0)")
bri_opt_c(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(1,1)"' && all(pmatrix(i,1:3) "= '(1,0)') &&
all(pmatrix(i,1:3) ~= '(0,0)")
bri_opt_c(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(0,1)' && all(pmatrix(i,1:3) "= '(1,0)') &&
all(pmatrix(i,1:3) "= '(0,0)') && all(pmatrix(i,1:3) “= '(1,1)")
bril_opt_c(i,j) = pmatrix(i,j);
end
end

end
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A% THE SET OF BEST-RESPONSES FOR GROUP 2

for j=1:3
for i= 1:3:length(result)*3-2
for g=0:2
if pmatrix(i+q,j) == '(0,1)' | pmatrix(i+q,j) == '(0,0)'
br2_opt_c(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,1)' | pmatrix(i+q,j) == '(1,0)' &&
all(pmatrix(i:i+2,j) "= '(0,1)"') && all(pmatrix(i:i+2,j) ~= '(0,0)")
br2_opt_c(i+q,j) = pmatrix(i+q,j);
end
end
end
end

%% THE SET OF FIRST-PERIOD EQUILIBRIA AND SUBGAME PERFECT EQUILIBRIA

for i= 1:3:length(result)*3-2
eq_1 = 0;
for k =i:i+2
for j = 1:3
if bri_opt_c(k,j) == br2_opt_c(k,j) && bri_opt_c(k,j) ~= ""
eq_1 = eq_1 + 1;
alphaeq_opt_c(k,j) = brl_opt_c(k,j); /bri_opt without loss of generality
end
end
end
if eq.1 > 1 || eq_1 ==
sgeq_opt_c(i:i+2 ,1:3)
sgeq_opt_c(i:i+2 ,4:6)
end

alphaeq_opt_c(i:i+2,1:3);
pmatrix(i:i+2,1:3);

end

Ahk LET'S SPLIT THE MATRICES AND REPRESENT THEM IN A MORE INTUITIVE WAY

sgeq_c = strings(length(result)*3,6);

for i=1:length(result)*3

for j=1:6
if sgeq_opt_c(i,j) == ""
sgeq_c(i,j) = '."';

elseif sgeq_opt_c(i,j) "= ""
sgeq_c(i,j) = sgeq_opt_c(i,j);
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end
end
end

4% CAVEAT: here we assume closed intervals [1 - 2n_j/((n_j-1)v) , 2(1-n_j/v)].
It is possible to consider open intervals, so that we would have:

(-\infty, 1 - 2n_5/((n_j-1)v)] ; (1 - 2n_j/((n_j5-1)v) , 2(1-n_j5/v));
[2(1-n_j5/v), \infty)

Or again:

a) (-\infty, 1 - 2n_j5/((n_j-1)v)) ; [1 - 2n_35/((n_5-Dv) , 2(1-n_5/v));
[2(1-n_35/v), \infty)

b) (-\infty, 1 - 2n_j5/((n_j-Dv)] ; (1 - 2n_j/((n_j-1Dv) , 2(1-n_j5/v)]1;
[2(1-n_j5/v), \infty)

IR

for i=1:3:length(result)*3-2
if sgeq_c(i,1) "= '.!
sgeq_c(i,1) "al1< 1-2n_1/((n_1 - 1v) and a_2 > 2(1 - n2/v) ' ;
end
if sgeq_c(i,2) ~= '.'
sgeq_c(i,2) "1 -2n_1/((n_1 - 1)v) <= a_1 <= 2(1 - n1/v) and
a_2 > 2(1 - n2/v) ' ;

end
if sgeq_c(i,3) "= '.'
sgeq_c(i,3) = ' a_1 > 2(1 - ni1/v) and a_2 > 2(1 - n2/v) ';
end
if sgeq_c(i+1l,1) = '.!
sgeq_c(i+1,1) = ' a_.1 < 1 - 2n_1/((n_1 - 1)v) and
1 -2n2/((@_2 - Dv) <= a_2 <=2 - n2/v) ';
end
if sgeq_c(i+1,2) "= '.!
sgeq_c(i+1,2) = ' 1 - 2n_1/((n_1 - 1v) <= a_1 <= 2(1 - nl1/v) and
1 -2n2/((n_2 - Dv) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_c(i+1,3) "= '.!
sgeq_c(i+1,3) ="' a1l>2(1 - nl/v) and
1 -2n_2/((m_2 - 1)v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_c(i+2,1) = '.!
sgeq_c(i+2,1) = ' a_1 < 1 - 2n_1/((n_1 - 1)v) and
a_2< 1-2n2/((n_2 - 1Dv) ';
end
if sgeq_c(i+2,2) = '.!
sgeq_c(i+2,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1 <= 2(1 - n1/v) and
a2 < 1-2n2/((n_.2 - Dw)';
end
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if sgeq_c(i+2,3) "= '.!'
sgeq_c(i+2,3) = ' a_1 > 2(1 - n_1/v) and a_ 2 < 1 - 2n_2/((n_2 - 1v)';
end

end

sgeq_opt_c = sgeq_opt_c(sgeq_opt_c(:,4) "= '',:); J cleaning the matriz
% used to get SGP equilibria
sgeq_c = sgeq_c(sgeq_c(:,4) "= '".',:); / cleaning the matriz of SGP equilibria

disp(['There are ' num2str(length(sgeq_c)/3)
containing SGP equilibria.'])

continuation-payoffs matrices

4% Check in order to verify whether the set of first-stage equilibria is RzR or not
Check_c = zeros(3,3);

% Are there first-row elements not being an equilibrium

4 in any continuation payoff matriz?

Check_c(1,1:3) = all(sgeq_c(1:3:1length(sgeq_c) -2,1:3)==".");
/4 Are there second-row elements not being an equilibrium

% in any continuation payoff matriz?

Check_c(2,1:3) = all(sgeq_c(2:3:1length(sgeq_c) -1,1:3)==".");
% Are there third-row elements not being an equilibrium

4 in any continuation payoff matriz?

Check_c(3,1:3) = all(sgeq_c(3:3:length(sgeq_c),1:3)==".");

Y A A A A A A Y A
TIRAATTTRIRAIASS v = 2maz{n_1,n_2F = 2n_1 = 2n_2 CASE JIXAIALIIIRILY
Y Y Y Y A A A A S YA

4% Let's find the set of first-stage equilibria and the set of subgame perfect equilibria.
/i Remember:

A For group 1: (1,0) == (0,0) > (1,1) == (0,1)
%A For group 2: (0,1) == (0,0) > (1,1) == (1,0)

brl_opt_d = strings(length(result)*3,3); %/ matriz to collect best responses from group 1
br2_opt_d = strings(length(result)*3,3); %/ matriz to collect best responses from group 2

alphaeq_opt_d = strings(length(result)*3,3); // matriz to collect first-stage equilibria
sgeq_opt_d = strings(length(result)*3,6); /% matriz to collect SGP equilibria

4% THE SET OF BEST-RESPONSES FOR GROUP 1
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for i=1:length(result)*3

for j=1:3
if pmatrix(i,j) == '(1,0)' | pmatrix(i,j) == '(0,0)"'
bri_opt_d(i,j) = pmatrix(i,j);
elseif pmatrix(i,j) == '(1,1)' | pmatrix(i,j) == '(0,1)' &&
all(pmatrix(i,1:3) "= '(1,0)"') && all(pmatrix(i,1:3) ~= '(0,0)")
bri_opt_d(i,j) = pmatrix(i,j);
end
end

end

4% THE SET OF BEST-RESPONSES FOR GROUP 2

for j=1:3
for i= 1:3:length(result)*3-2
for q=0:2
if pmatrix(i+q,j) == '(0,1)' | pmatrix(i+q,j) == '(0,0)'
br2_opt_d(i+q,j) = pmatrix(i+q,j);
elseif pmatrix(i+q,j) == '(1,1)' | pmatrix(i+q,j) == '(1,0)' &&
all(pmatrix(i:i+2,3j) = '(0,1)"') && all(pmatrix(i:i+2,j) "= '(0,0)"')
br2_opt_d(i+q,j) = pmatrix(i+q,j);
end
end
end
end

4% THE SET OF FIRST-PERIOD EQUILIBRIA AND SUBGAME PERFECT EQUILIBRIA

for i= 1:3:length(result)*3-2
eq_1 = 0;
for k =i:i+2
for j = 1:3
if bri_opt_d(k,j) == br2_opt_d(k,j) && bri_opt_d(k,j) ~= ""
eq_1 = eq_1 + 1;
alphaeq_opt_d(k,j) = bri_opt_d(k,j); Jbri_opt without loss of generality
end
end
end
if eq_1 > 1 || eq_1 ==
sgeq_opt_d(i:i+2 ,1:3)
sgeq_opt_d(i:i+2 ,4:6)
end

alphaeq_opt_d(i:i+2,1:3);
pmatrix(i:i+2,1:3);

end

59



A%% LET'S SPLIT THE MATRICES AND REPRESENT THEM IN A MORE INTUITIVE WAY

sgeq_d = strings(length(result)*3,6);

for i=1:length(result)*3
for j=1:6
if sgeq_opt_d(i,j) == ""
sgeq_d(i,j) = '.';
elseif sgeq_opt_d(i,j) ~=""
sgeq_d(i,j) = sgeq_opt_d(i,j);
end
end
end

4% CAVEAT: here we assume closed intervals [1 - 2n_j5/((n_j-1)v) , 2(1-n_j5/v)].
It is possible to consider open intervals, so that we would have:

(-\infty, 1 - 2n_35/((n_g-1)v)] ; (1 - 2n_35/((n_j5-1)v) , 2(1-n_j5/v));
[2(1-n_j5/v), \infty)

Or again:

a) (-\infty, 1 - 2n_5/((n_j-Dv)) ; [1 - 2n_5/((n_j-Dv) , 2(1-n_j/v));
[2(1-n_j5/v), \infty)

b) (-\infty, 1 - 2n_j5/((n_j-Dv)] ; (1 - 2n_35/((n_j-Dv) , 2(1-n_j/v)];
[2(1-n_j/v), \infty)

BN NN NN

for i=1:3:length(result)*3-2
if sgeq_d(i,1) "= '.!
sgeq_d(i,1) '"a_,l1< 1 -2n_1/((n_1 - 1v) and a_2 > 2(1 - n2/v) ' ;
end
if sgeq_d(i,2) = '.'
sgeq_d(i,2) "1 -2n_1/((n_1 - 1v) <= a_1l <= 2(1 - n1/v) and
a_2 > 2(1 - n2/v) ' ;

end
if sgeq_d(i,3) = '.'
sgeq_d(i,3) = ' a_1 > 2(1 - n1/v) and a_2 > 2(1 - n2/v) ';
end
if sgeq_d(i+1,1) ~= '.'
sgeq_d(i+1,1) = ' a_1 < 1 - 2n_1/((n_1 - 1)v) and
1 -2n.2/((n_2 - 1)v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_d(i+1,2) = '.!
sgeq_d(i+1,2) = ' 1 - 2n_1/((n_1 - 1v) <= a_1 <= 2(1 - nl/v) and
1 -2n_2/((n_2 - 1v) <= a_2 <= 2(1 - n2/v) ';
end
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if sgeq_d(i+1,3) "= '.!'

sgeq_d(i+1,3) = ' a_1 > 2(1 - n1/v) and
1 -2n_2/((n_2 - 1v) <= a_2 <= 2(1 - n2/v) ';
end
if sgeq_d(i+2,1) = '.!'
sgeq_d(i+2,1) = ' a_.1 < 1 - 2n_1/((n_1 - 1)v) and
a2< 1-2n2/((n_2- 1Dv) ';
end
if sgeq_d(i+2,2) "= '.!'
sgeq_d(i+2,2) = ' 1 - 2n_1/((n_1 - 1)v) <= a_1l <= 2(1 - n1/v) and
a_2< 1-2n2/((n_2 - Dw)';
end
if sgeq_d(i+2,3) "= '.!
sgeq_d(i+2,3) = ' a_1 > 2(1 - n_1/v) and
a_2< 1-2n2/((n_2 - DHv)';
end
end
sgeq_opt_d = sgeq_opt_d(sgeq_opt_d(:,4) "= '',:); J cleaning the matriz
/4 used to get SGP equilibria
sgeq_d = sgeq_d(sgeq_d(:,4) "= '.',:); / cleaning the matriz of SGP equilibria

disp(['There are ' num2str(length(sgeq_d)/3) ' continuation-payoffs matrices
containing SGP equilibria.'])

4% Check in order to verify whether the set of first-stage equilibria is RzR or not
Check_d = zeros(3,3);

% Are there first-row elements not being an equilibrium

%4 an any continuation payoff matriz?

Check_d(1,1:3) = all(sgeq_d(1:3:length(sgeq_d) -2,1:3)==".");
% Are there second-row elements not being an equilibrium

4 in any continuation payoff matriz?

Check_d(2,1:3) = all(sgeq_d(2:3:1length(sgeq_d) -1,1:3)==".");
/4 Are there third-row elements not being an equilibrium

%4 an any continuation payoff matriz?

Check_d(3,1:3) = all(sgeq_d(3:3:length(sgeq_d),1:3)==".");
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