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1 Introduction

The relationship between business taxation and financial stability has been
extensively studied in the scientific literature. Comincioli et al. (2021) have
investigated how this interaction can affect a representative firm’s value, its
capital structure, as well as the welfare generated. In this study, the authors
have analyzed the behavior of a mature firm (which no longer makes an
investment and just faces the risk of default). Here we focus instead on
start-up firms, since financial stability can also affect their behavior. In this
study we therefore introduce a real-option model aimed at investigating how
a start-up option is affected by taxation and, at the same time, measuring
expected tax revenue and welfare loss.

More specifically, we study how the value and the capital structure of
a representative firm, together with the expected timing of exercise of the
real option, are affected by: the relevant tax rate; profit volatility; the cost
of default; and the start-up investment cost. Moreover, we compare these
results to those obtained by Comincioli et al. (2021), dealing with a mature
firm. This comparison is aimed at highlighting how the investment decision
affects the firm’s key indicators.

The remaining part of this article is structured as follows. Section 2
presents the start-up decision of a new entrepreneurial business activity and
measures the net present value (NPV) of the investment project, the corre-
sponding tax revenue, welfare, together with the welfare loss and the dead-
weight loss. To gain more insights, Section 3 provides a numerical example,
with the aim of comparing three companies at different stages of their exis-
tence, i.e. a start-up firm, an enterprise investing at time 0 and a mature
one, in line with Comincioli et al. (2021), to highlight the different effects of
tax policy and financial instability. Section 4 summarizes our findings and

discusses their policy implications.



2 The model

2.1 Random process

Let us consider a representative economic agent with an option to start a
firm. By assumption, investment entails a sunk cost. After the investment
is made, the new firm starts earning a cash flow. For simplicity, we assume
that the economic agent is not subject to personal taxation and chooses
her/his investment timing. The attractiveness of this investment opportunity
depends on future earnings, that is on Earning Before Interest and Taxes
(EBIT).

In line with Goldstein et al. (2001), we let the EBIT be driven by the
following Geometric Brownian Motion (GBM):!

dll = plldt + olldz, (1)

where IIy > 0 is its initial level, u and o are the drift and diffusion coefficients,
respectively, and dz is the increment of a Wiener process. In line with Dixit
and Pindyck (1994), we assume that § = r — u > 0.2 Moreover, in line with

Comincioli et al. (2021), we introduce the following:

Assumption 1 While starting the business, the firm can borrow resources,

thereby paying a non-renegotiable coupon C'.

Assumption 2 If EBIT decreases to a certain trigger 11, default occurs. If
so, the firm is expropriated by the lender and loses access to credit market,

but continues to operate.

IThis choice rules out negative EBIT. However, this is not a relevant problem since the
model is such that default occurs before EBIT falls to zero.

2 As the expected growth rate is set equal to § — r, we refer to this framework as a risk
neutral world. As a consequence, according to Lucchetta et al. (2019), by replacing the
actual growth rate of cash flows with a certainty-equivalent growth rate, it is possible to
evaluate any contingent claim on an asset. In addition, according to Shackleton and Sgdal
(2005), this condition is needed to allow the early exercise of the start-up option.



Assumption 3 After default, the default cost is borne by lenders and 1is
proportional to EBIT. We let former lenders become shareholders, earning a
portion 1 — «, with a € (0,1), of the before-default EBIT.

Assumption 1 means that the firm sets a coupon and then computes
market value of debt.? For simplicity, we assume that debt cannot be rene-
gotiated: this means that we apply a static trade-off approach, where the
firm’s financial policy cannot be reviewed later.*

Assumptions 2 and 3 introduce default risk and its cost, respectively.
More in detail, if the firm’s EBIT falls to the threshold value II, the firm is
expropriated by the lender, who becomes the new shareholder. The cost of
default, whose impact is driven by the parameter «, is borne by the lender.
For further details on these assumptions see, e.g., Goldstein et al. (2001) and
Panteghini (2007a).

2.2 The start-up decision

As pointed out, our economic agent maximizes the expected discounted NPV
of the investment project:
_ —rT

ymax = E e NPV (II)] (2)
where [ is the expected value operator. The control variables are investment
timing 7" and the fixed non-renegotiable coupon C| respectively. Recall that
NPV (IT) = V (IT)— 1, that is the value function V (II) less cost 1.5 Following
Panteghini (2007b), V' (II) denotes the firm’s value function at the unknown

establishing time 7', i.e. the discounted present value of all future after-tax

cash flows generated from T onwards:

3Without arbitrage, this is equivalent to first setting the book value of debt and then
calculating the effective interest rate.

4We leave this point for future research.

S5For simplicity, we assume that no tax credit is ensured to cost I.
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T
As shown in Appendix A.1, using dynamic programming, V' (II) can be
rewritten as:

V(H):%—FTQ— {(1—7)a§+7€} (E)BQ, (4)

T T II
where II is the level of EBIT below which default occurs, derived in Appendix
A.2. According to Panteghini (2007b), we assume II = C, namely, EBIT is
such that default occurs when it hits C.%
Notice that choosing an optimal investment timing is equivalent to setting
the optimal level of EBIT, IT*, above which the investment is optimal. As
shown by Harrison (1985), the relationship between 7" and II* is such that

the equation:
I B1
Ele ] = — 5

holds. This means that finding the optimal control of the former is equivalent
to finding that of the latter. Hence, using equations (4) and (5), problem (2)

can then be rewritten as:
(1 —7)II*

H ﬁl O H* 52
120,020 <ﬁ> 5Ty Re (?) - I] ’ (6)

where, kK = (1 — 7) @' +7r~!. As shown in Appendix A.3, solving problem
(6) leads to the optimal values of IT* and C, defined as:

1
m=— A I
l+m(r,k)pr—11—71

(7)

and:

6The relaxation of this assumption is left for future research.



1

i T Bl 1 T By
C_1+m(7,/<;)51—11—71(7’/@(1—52)) ’ (®)

1
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From equation (7) we easily notice that II* is increasing in 7, as %~ > 0.

Given these results, we can introduce the following:

Lemma 1 The expected time to exercise the option to invest, which depends
not only on the GMB parameters but also on its initial value and on invest-
0.2

ment trigger, under the condition that p > %, is:

E[T}:lng—;(u_";)_l. ()

Proof. See: Wong (2007). m
It is worth noting that the wider the gap between II* and Ilj, the farther
the first passage time is. Finally, to better understand the effects of taxation

on a firm’s decisions, we calculate the probability of default as follows:

Lemma 2 The probability that I1 hits the default trigger I = C within 6
periods after the start-up decision, that is over the [T, T + 0] interval, is

o In 17, — <0 10
R

equal to:

c)iéq) llnn%+c9

PDy = —
’ (Ho oVl

wheregz,u—%2>0.

Proof. See: Carini et al. (2020). m

Note that, as the probability of default before the start-up decision is
nil, the probability (10) is equal to the probability of default in the [0, 7" + 0]
interval. The optimal investment trigger (7) and the expected time to exercise
(9), together with the probability of default (10), will be further analyzed in
Section 3.2.



2.3 Tax revenue and welfare under investment decision

As shown in Comincioli et al. (2021), given the value function (4) we can
calculate the tax revenue R (II). Then, the welfare function W (II), given by
the sum of value function and tax revenue, immediately follows.” Thereafter,
the difference between the maximum possible value of W (II), reached with
7 = 0, and W (II) measures the welfare loss WL (II). Finally, following
Sogrensen (2017), we use the ratio between WL (IT) and R (IT) to measure the
deadweight loss. In this Section we analyze these functions in a real option

setting. Accordingly, given (4) and (5), the expected NPV is:

N n\"lqg-nmr ¢ I\ *
NPV (II)= | =— _ — = — —1I|. 11
Vv (IT) (H*) 5 + 7 " kC ( C ) (11)
where (%)Blmeasures the value of 1 Euro contingent on the future invest-

ment project. Using this definition,® we can also measure the present value

I O (1 a), (I
) r r 90 C

Then, using (3) and (12) we obtain:

of tax revenue:

(12)

W (11) = NPV (IT) + R (IT) = (Hﬂ)ﬁ

Finally, the calculation of welfare loss is straightforward:
WL (1) = W (I = — TV (I1) . (14)

Dividing (14) by (12) gives the deadweight loss:

“In doing so we rule out consumer surplus for simplicity.
8Notice that the part in square brackets of (11), except for I, corresponds with the
value function of a mature firm studied in Comincioli et al. (2021).



—_ WL (IT
D () = L0 (15)
R (IT)
Since taxation has a nonlinear impact on equations (11) to (15), we there-

fore need a numerical analysis based on realistic parameter values.

3 A numerical analysis

The goal of our numerical analysis is twofold. Firstly, we aim at investigating
the role of exogenous variables representative of financial instability, that is
the cost of default o and EBIT volatility . More in detail, we study the
influence of these variables on both (i) the investment decision process and
(ii) the NPV of the investment project and the consequent welfare. In the
first case, we analyze how the investment trigger II* and the probability of
default within 6 periods after the start-up decision PDy, are influenced by
financial instability. In the second case, we focus on the effects that changes
in a and ¢ induce on the welfare loss WL (II), on tax revenue R (II) and the
deadweight loss DW L (IT). These results are collected in Sections 3.2 and
3.3 respectively.’

Secondly, to highlight the effects of the possibility of postponing the in-
vestment, we compare a start-up firm with another firm, which cannot decide
when to invest and rather is obliged to invest at time 0. Moreover, we add
a third mature firm, which is assumed to be indefinitely active and to have
fully amortized its investment cost. The comparison between these cases
is helpful to understand the heterogeneous impact of taxation on different

firms, in line with Sinn (1991). To perform this analysis we focus on the

9In addition to the results shown below, the following analyses were also executed. On
the one hand, we studied how the investment cost I impacts the investment decision and
the consequent welfare, noting an effect quite similar to that of . On the other hand, we
evaluated the effects of financial instability also on the expected investment timing E [T
which, not surprisingly, which reacts in the same way as IT*. Since these analyses produced
results entirely comparable to previous ones, we preferred to omit them for brevity. They
are however available upon request.
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Figure 1: Diagram showing when the mature (top), the obliged (amid) and
the start-up (bottom) firms enter the market.

NPV of the three firms, the corresponding tax revenue, and welfare, together
with the welfare loss and the deadweight loss. This is dealt with in Section
3.4.

Figure 1 shows the status of three firms object of analysis. The mature
firm (top) is assumed to be active indefinitely and to have amortized its
investment cost. The obliged firm (amid) is forced to enter the market at

= 0 by paying the investment cost. This allows us to better understand the
effect of investment flexibility, which is the main feature of start-up firms.
The start-up (bottom) can choose optimal investment timing ¢t = 7', defined
in equation (9). It is worth noting that, depending on exogenous parameters,
the optimal investment timing may be equal to 0: in this case the scenarios

of the obliged and start-up firm coincide.

3.1 The relevant parameter values

In our analysis, we let the statutory tax rate range from 0 to 0.30. This range
is in line with the empirical evidence.

Table 1 contains the benchmark values of the other parameters used in our
study. Firstly, we set the risk-free interest rate r equal to 0.025, in line with

Sgrensen (2017). Secondly, we arbitrarily set EBIT initial value II; equal to



Variable Value

r  Risk-free interest rate  0.025
II, EBIT initial value 2.5

o EBIT drift 0

I Investment cost 25
60  Periods before default 10
o Cost of default 0.20
o EBIT diffusion 0.20

Table 1: Benchmark values of parameters used in the numerical simulations.

2.5, s0 as to normalize the ratio I1y/r to 100. Thirdly, in line with Comincioli
et al. (2021), we set u = 0. This allows us to compare the effects of both
mature and start-up firms. Then, we set [ = 25 which is calibrated with
respect to the magnitude of I1y.!° Finally, in line with Carini et al. (2020),
we study the probability that the default occurs within # = 10 periods.!!

To run our sensitivity analysis, we first set a benchmark value of both
«a and o. The benchmark value chosen for the cost of default is a = 0.20,
that is a good average of those proposed in the relevant literature.'? Con-
sidering the two additional levels, the values of a used for our sensitivity
analysis are {0.10,0.20,0.30}. Moreover, we set 0 = 0.20 as benchmark
value, which is again in line with the literature (see, e.g., Dixit and Pindyck
(1994)). We also consider two additional scenarios, so the values of ¢ used
are {0.15,0.20,0.25}.

3.2 Effects on investment decision

Let us next focus on the investment trigger level and the probability of default

(PD). Of course, in order to have an immediate indication as to wether the

10Tt implies that, without taxation, investment can be paid back on average in 10 periods.

1'We also ran a robustness check with r = 5% and with p = 0.01, in line with Dixit and
Pindyck (1994). The quality of results, available upon request, is unaffected.

12For example, Andrade and Kaplan (1998) estimates distress costs from 0.10 to 0.23
of firm value, Davydenko et al. (2012) proposes 0.22, while Glover (2016) expects 0.45.

10
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Figure 2: Effects on investment trigger (top panels) and probability of default
within 10 periods after the exercise of the start-up option (bottom panels),
expressed as functions of effective tax rate 7, of different values of default’s
cost « (left panels) and of EBIT diffusion o (right panels).

option can be immediately exercised, we compare II* with EBIT initial value
I1p.

As shown in Figure 2, IT* is always increasing in 7. This is due to the
fact that, coeteris paribus, a rise in 7 reduces net profit. Since a higher EBIT
is needed to make investment profitable, the investment project is delayed.
When however 7 is sufficiently low, an increase in taxation dramatically
increases the PD. However, beyond a certain level of 7 depending on other

parameters, we notice that an increase of 7 has a slightly negative effect on

11



the PD. As pointed out by Carini et al. (2020), this happens because an
increase in 7 reduces the default trigger and hence PDj.

The left panels focus on the effects of @ and show that both IT* and
E [T] are slightly increasing in a: the more costly the default, the lower the
expected profitability for any EBIT level. To offset the increase in «, a higher
IT* is needed. The intuition is as follows: the higher the default cost, the
higher the loss contingent to this event. This latter effect has a negative
impact on the value of a feasible investment project. Moreover, we see that
« has a remarkable negative effect on the PD: this is due to the fact that the
coupon is also decreasing in « as, the higher the cost of default, the lower the
optimal level of debt. Therefore, the lower the coupon, the lower the default
trigger and thus the probability that EBIT will reach it. For example, given
7 = 0.15, a rise in a from 0.20 to 0.30 leads to an increase of II* of 0.34%
and reduces PDy by —13.62%. Instead a drop of o from 0.20 to 0.10 reduces
IT* by —0.64% and rises PDy by 4.78%.

The right panels show the effects of o. This parameter has a positive effect
on both II* and PDy. The rationale behind this effect is straightforward: the
higher the volatility, the further the expected investment time. In addition,
the higher the volatility, the higher the probability that II hits the default
trigger and thus the PD. For example, given 7 = 0.15, a rise of o from
0.20 to 0.25 leads to an increase of both IT* and PDy by 22.82% and 8.65%
respectively. Instead a drop from 0.20 to 0.15 reduces IT* by —19.63% and
PDy by —19.10%.

3.3 Sensitivity analysis

Let us next focus on the welfare loss (14), the tax revenue (12) and the
deadweight loss (15). The purpose of this analysis is to isolate the effect
of changes in a or ¢ in a real options context, i.e. relative to the start-up.
This allows us to complement the analysis focused on mature firms shown in

Comincioli et al. (2021). Results are shown in Figure 3.

12
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Figure 3: Effects on welfare loss (top panels), tax revenue (middle panels) and
deadweight loss (bottom panels), expressed as functions of effective tax rate
7, of different values of default’s cost « (left panels) and of EBIT diffusion o

(right panels).
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The top panels focus on WL (IT). First of all, we notice that, except for
small values of 7 where the effect is negligible, W L (II) is positively influenced
by changes in . This happens because the higher the loss contingent on the
case of default, the lower the value function (4) on which NPV (II) is based
and then, as a consequence, R (II). These two joint effects reduce overall
welfare and then increase WL (II). For example, given 7 = 0.15, a rise of a
from 0.20 to 0.30 increases WL (IT) by 4.22%, while a drop from 0.20 to 0.10
reduces WL (IT) by —22.17%. Moreover, we see that WL (II) is negatively
correlated with o. This is due to the combined dynamics of NPV (II) and
R (IT), which is increasing in o. The former takes benefit from an increase of
o, as, under the real option framework that allows to postpone the market
entry, a higher ¢ may lead to hit the investment trigger earlier. The latter
behaves oppositely, as it is decreasing in o, however failing to offset the rise of
the NPV. For example, given 7 = 0.15, a rise of o from 0.20 to 0.25 WL (II)
by —32.84%, while a drop from 0.20 to 0.15 increases WL (IT) by 108.20%.

The middle panels focus on R (II) and show its obvious mechanical rise
following an increase in 7. In addition, when financial instability, i.e. a or o,
increases, we observe a reduction in tax revenue. As anticipated in Section
3.2, this happens because financial instability causes a postponement of the
start-up decision, thus the firm’s operations and eventually the generation
of taxable profit. In other words, the expected value of tax base decreases.
For example, given 7 = 0.15, a rise of a from 0.20 to 0.30 reduces R (II)
by —13.72%, while a drop from 0.20 to 0.10 increases R (IT) by 34.34%.
Similarly, a rise of ¢ from 0.20 to 0.25 reduces R (II) by —17.75%, while a
drop from 0.20 to 0.15 increases R (II) by 68.29%. Looking at these data
we can argue that the maximum impact on R (II) occurs when passing from
low values of o to average levels, as the marginal effect of an increase of o is
decreasing.

The bottom panels finally focus on the deadweight loss DW L (IT), which

is increasing in « (except for small values of 7) and decreasing in o. Given

14



Variable Firm 7=0.10 7=020 7=0.30

Mature 92.17 86.32 81.05

NPV Obliged 61.22 48.02 36.25
Start-up 56.11 35.52 24.64

Mature 6.40 10.94 15.38

R Obliged  7.40 475 22.82
Start-up  10.05 20.48 29.19

Mature 98.57 97.26 96.43

%4 Obliged 68.62 62.77 59.08
Start-up  66.16 56.00 53.83

Mature 1.43 2.74 3.57

WL Obliged 6.38 12.23 15.92
Start-up 18.31 28.48 30.64

Mature 0.22 0.25 0.23
DWL Obliged 0.86 0.83 0.70
Start-up 1.82 1.39 1.05

Table 2: NPV, tax revenue, welfare function, welfare loss and deadweight
loss relative to the case of a mature, obliged and start-up firm, for different
values of effective tax rate 7. All other parameters are set to their benchmark
value.

the dynamics described above, on the one hand the positive effect of « is
easily explained by changes in WL (II) and R (IT), which are increasing and
decreasing in « respectively. On the other hand, the negative effect of o is
due to the fact that WL (I) decreases faster that R (IT). For example, given
7 =0.15, a rise of « to its highest level increases W LR (IT) by 20.79%, while
a drop to its lowest level reduces W LR (II) by —42.06%. Conversely, a rise
of o from 0.20 to 0.25 reduces W LR (IT) by —18.35%, while a drop from 0.20
to 0.15 increases W LR (II) by 23.72%.

3.4 Comparing start-ups, obliged and mature firms

Let us now focus on the comparison between a start-up, an obliged firm and a
mature one, studying their NPV and their corresponding welfare indicators.

Table 2 shows the numerical results obtained with the benchmark param-

15
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Figure 4: Net present value (top left), welfare loss (bottom left), tax revenue
(top right) and deadweight loss (bottom right) of a mature, obliged and
start-up firm. All parameters are set to their benchmark value.

eter values, regarding the three firms object of investigation. In addition,
Figure 4 provides a graphical representation of the NPV (11), welfare loss
(14), tax revenue (12) and deadweight loss (15) of the three firms. Notice
that the case of the mature firm refers to the scenario outlined in Comincioli
et al. (2021).

As can be seen, the NPV of all three firms is obviously always decreasing
in 7. More specifically, in the case of mature and obliged firm, the decrease
is almost linear, due to the reduction of net profit, with a difference mainly

attributable to the investment cost paid by the obliged firm. The start-up

16



case shows a different trend: the decrease appears more (less) marked for low
(high) values of 7. This is due to the fact that an increase in the tax rate both
reduces the after-tax profit and postpones investment. This postponement
is greater if 7 is low enough. For example, given 7 = 0.15, the NPV of a
start-up is 50.33% and 18.60% lower than those of a mature and an obliged
firm respectively.

Let us first focus on the tax revenue which is always increasing in 7.
Moreover we see that no Laffer curve is therefore found. In addition, we
notice that the highest level of tax revenue is generated by the start-up firm.
This happens because of the effect of both an increase in future cash flow and
investment delay, the former of which dominates the latter. This happens
because, the higher 7, the higher the investment trigger (see: Figure 2) and
thus the more delayed the market entry. However, although postponing the
investment decision delays the generation of tax revenue, this negative effect
is offset by the higher level of taxable profit after operations start. For
example, given 7 = 0.15, a start-up firm generates 75.95% and 39.77% more
tax revenue than a mature and an obliged firm respectively.

Let us now focus on the welfare loss. As can be seen, it is always increasing
in in 7. As outlined in Comincioli et al. (2021), this happens because the
negative effect on the NPV offsets the positive one on tax revenue, thereby
causing a deadweight loss. When the real option is available, however, the
increase in the welfare loss is first smoothed and then interrupted. This
happens as the slowed down decrease of the NPV, due to the possibility of
postponing the investment decision, is finally offset by the benefit of tax
revenue. More precisely, the growth of the welfare loss stops at around 7 =
0.3: above this level welfare starts to grow, thanks to tax revenue increase.
Because of the sharp decrease in the start-up’s NPV there are huge differences
between the three welfare losses of the three firms. For example, given 7 =
0.15, the welfare loss of a start-up case is more than ten times (four times)

larger than faced with a mature (obliged) firm.
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Finally, we deal with the deadweight loss, defined by the ratio between
welfare loss and tax revenue. As can be seen, its maximum value is reached
when 7 = 0.09. Below (above) this level the increase in welfare loss offsets
(is offset by) the tax revenue rise. Given current business taxation, policy-
makers are aware of the present deadweight loss (15). It is then possible to
calibrate fiscal policy in order to reduce the deadweight loss. In addition,
policy-makers are able to know how much this benefit derives from a greater
NPV or tax revenues. Also in this case, the differences among the three firms
are significant. For example, given 7 = 0.15, the deadweight loss caused by a
start-up firm is more than six times larger (twice as big) than the one caused

by a mature (obliged) firm.

4 Conclusion

This study represents the natural development of the model described in
Comincioli et al. (2021). The assumption of a start-up option is motivated
by the fact that financial stability and business taxation influence not only
the behavior of existing firms, but also the decisions of new entrepreneurs.
For this reason, we have studied how the economic environment affects invest-
ment timing and all the indicators of benefit arising from a firm’s operations,
for this purpose redefined to be consistent with this extended framework.

As we have shown, the default cost is a relevant burden that is almost al-
ways disregarded by the tax literature. In fact, together with profit volatility,
it affects both investment decision and welfare measures. More specifically,
they both postpone market entry and reduce tax revenue, while the cost of
default (profit volatility) increases (reduces) welfare loss and then the dead-
weight loss.

Moreover, we have shown that an aggressive tax policy, despite the greater
tax revenue, increases the welfare loss. This damage is particularly relevant

in the case of start-ups, as a tightening of taxation forces them to postpone
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their market entry. The effect on deadweight loss is however twofold: it is
increasing (decreasing) in business taxation when it is sufficiently low (high),
as welfare loss offsets (is offset by) tax revenue. The most relevant deadweight
loss is faced when start-up firms are considered: this is due to the fact that
they must postpone investment.

These results, regarding financial instability, welfare effects and invest-

ment decisions, are a useful tool to better shape fiscal policy.

A Appendix

A.1 The value of the firm

Since the firm’s value function is given by the sum of the net present value
of equity and debt, they have to be firstly computed.

Following Comincioli et al. (2021), at any time the value of equity before
default (b.d.) is equal to the sum of its immediately preceding value, the
instantaneous net profit and the expected capital gain, while after default

(a.d.) its value falls to zero. The value of equity can then be defined as:

() = { (1—=7)(IT=C)dt + e "™E[D (1 + dII)] b.d. (16)

B 0 a.d.

Recalling that e = (1 — rdt) when dt — 0 and after having applied
[t6’s lemma to define the increment dF (II) and some rearrangements, we

obtain the following second order differential equation:!?

2
%HzE”—i—uHE’—rE—i—(l—r)H— (1-7)C =0, (17)

whose solution can be guessed to be in the form F = Hy+ H,I1+ AII?. Then,

by substituting into equation (17) the guessed solution and its primes, we

13The dependency of E on II is henceforward omitted to lighten the notation. Moreover,
we denote the two first derivatives of E with respect to IT as E’ and E” respectively.
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find that:

(1 —7') 2 Bi
I — C+> An% (18)
=1

where 57 > 1 and (8, < 0 are defined as:

1w " 1\> 2r
=—-—-—= — — = —.
frz 2 o2 \/(02 2) - o?

By letting A; = 0 to avoid the presence of financial bubbles and setting

E (ﬁ) = 0 to derive Ay, we finally find the net present value of equity:

E(H):ugﬂn_(l;%_{(15%_(1;7)0] (%)ﬁ (19)

Again following Comincioli et al. (2021), at any time the value of debt
b.d. is equal to the sum of its immediately preceding value, the instantaneous
coupon and its expected increment. It is worth noting that, a.d., the value
of D (II) does not fall to zero: as from Assumption 2, the firm continues to
produce. In this case, the lender will benefit from the future net profit flow,
reduced proportionally to «, according to Assumption 3. The value of debt

can then be defined as:

D) - { Cdt + e "E [D (I + dII)] b.d. 20)

(1—a) (1 —7)Idt + e ™E[D (11 +dII)] a.d.

By executing the same procedure described for the case of equity, we

obtain the two following second order differential equations:**

CI2D" + ullD' — rD +C =0 b.d.
{ 5 + 1 re) + 7 (21>

CI2D" + pllD —rD+(1—a) (1 -7)II=0 ad.

14The dependency of D on II is henceforward omitted to lighten the notation. Moreover,
we denote the two first derivatives of D with respect to I as D’ and D" respectively.
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whose solutions can be guessed to be in the form D = Hy + BII® and D =
H,\T1+ FTI? respectively. Then, by substituting into equation (21) the guessed

solutions and their primes, we find that:

C 2 ;
+ 32 BIIS b.d.
D (H) { r Z’L:l

= 22)
—a)(1-7 22 ; ! (
%II + 7;:1F1L4||Bz a“d‘

where 31 2 are the same as the case of equity. To calculate B; and Fj, three
boundary conditions are needed. Firstly, we set By = F; = 0 to avoid the
presence of financial bubbles. In addition, we assume that if the profit falls
to zero, so does the lender’s claim a.d., namely D (0) = 0. For this reason
we can set F1 = 0. To derive the value of the only not null constant D, we
must equate the value of debt b.d. and a.d., in correspondence of II. After

that, we find the net present value of debt:
C [(l—a)é(l—T)ﬁ_ %} ( )ﬁz b.d.

D(I=¢ " . 2
1 U)oy a.d. )

==

Finally, we can compute the firm’s value function, shown in equation (4).
This result is obtained by simply adding up the net present value of equity
and debt, as shown in equations (19) and (23) respectively.

A.2 Optimal default trigger and optimal coupon

The problems solved by shareholders and lenders, to find the optimal controls
for default trigger and coupon, are defined as maxg E (II) and maxqc V' (II)
respectively, where the value of equity and the firm’s value function are those
defined in equations (19) and (4). The FOC of the first problem is:

-2 ) -2 )

from which it easily follows that:
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_ 5
H(H):;ﬁfil .

Then, exploiting this result, we find the FOC of the second problem:

1 (7B —1\" BC (Trp—1\" Ly
5(53 B ) _57<55 B ) o

=—|(1-7)

GV (H) T 52
oC r aﬁg —1 * T:|

which finally leads to the optimal coupon:

22,82—1 T
o [ (1—15) [(1—T)ozﬁfil+7']

¢ (1)

A.3 Optimal investment trigger

The objective function of problem (6) is the NPV defined in equation (11).
The FOCs of this problem are then defined as:

and:
% _ (HE)B (1 . ) _ 5, (%)ﬁrl _ %N(H,C) — 0 (25)

respectively. Rearranging equation (24), it easily follows that:

ir - <1—_) (26)
(1= 5)

Then, substituting this result into equation (25) and rearranging thus
yields equation (7) that, using (26) and after some rearrangements, finally
leads to (8).
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