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1 Introduction

Assessing optimal measures to tackle climate change is a prominent example for the
evaluation of long-term investments. The consumption discount rate plays a crucial
role in this context, since long time horizons amplify the discount rate’s significance in
determining an investment’s desirability. Seemingly small differences in the discount
rate have a major impact on suggested climate policy, as exemplified by the debate
surrounding the Stern Review on the Economics of Climate Change and William
Nordhaus’ integrated assessment model DICE. Stern (2007), whose consumption dis-
count rate of 1.4% is rather small, calls for ‘strong and early action’ to tackle climate
change. Nordhaus (2008) matches his discount rate to a comparatively high interest
rate of 4.1% and consequently argues for a more conservative ‘climate policy ramp’.
This discordance arises from differences in the pure rate of time preference and the
intertemporal elasticity of substitution, which, together with the economic growth
rate, determine the consumption discount rate in a deterministic setting.

Both, the Stern Review on the Economics of Climate Change and Nordhaus’ DICE
model lack a comprehensive treatment of uncertainties and the evaluation thereof.
Uncertainties, however, loom large in the context of climate change. The natural sci-
ences as well as the economic side of the evaluation contribute a considerable number
of uncertainties, e.g. on climate sensitivity, the damage function, economic growth,
investment payoffs, future preferences, and so on. How these uncertainties affect the
assessment of climate policy does not only depend on their number and magnitude,
but also on policy makers’ attitude towards risk. A priori it is not clear whether
increases in risk aversion impact investments positively, out of a precautionary or
insurance motive, or whether a more risk averse policy maker invests less for future
generations to avoid putting resources at risk. The effect from a change in the de-
cision maker’s degree of risk aversion on the discount rate may thus be positive or
negative.

The present paper clarifies the link between changes in risk aversion and the effect on
the consumption discount rate. For this purpose I develop a general framework that
can cope with very diverse forms of uncertainty. I show within this framework that
the direction of the effect from a change in the decision maker’s risk attitude on the
discount rate depends on some fundamental properties of the uncertainty accounted
for.! These fundamental properties are then explored within a simple two-period
endowment economy for three specific types of uncertainty, namely uncertain pref-
erences, uncertain income, and uncertainty on an investment project. I consider a
decision maker with Risk-Sensitive preferences (Hansen and Sargent, 1995), which,
like Epstein-Zin preferences (Epstein and Zin, 1989), are a special case of the pref-
erence representation developed by Kreps and Porteus (1978) and Selden (1978).
Contrary to the standard additive expected utility framework, as e.g. employed in
the Stern Review and the DICE model, Risk-Sensitive preferences (and Epstein-Zin

T do not draw a distinction between risk and uncertainty. Both words are used in the sense of
Knightian risk. Knightian uncertainty is not considered.



preferences) allow for the disentanglement of risk and time preferences and thus ren-
der it possible to study the effect of a change in risk aversion alone. I enlarge upon the
reasons for employing Risk-Sensitive preferences rather than Epstein-Zin preferences
in subsection 2.2.

Related research on uncertainty and risk aversion has been conducted in the con-
sumption/savings literature long before climate change was a widely studied topic
in economics. Kihlstrom and Mirman (1974) and Kimball and Weil (2009) examine
the effects of changes in risk aversion in the presence of uncertainty on investment
returns and labour income, respectively. Bommier et al. (2012) explore the role of
risk aversion in a non-parametric approach and investigate their results in context of
income as well as return uncertainty.? Insights from the consumption/savings liter-
ature have more recently been applied to discounting in climate economics. Gollier
(2002) complements the discounting debate by accounting for the effect of uncer-
tainty on economic growth and in addition provides indication on the role of risk
aversion. Traeger (2012) studies changes in risk aversion more explicitly, account-
ing for uncertainty on economic growth as well as return uncertainty.®> The role of
risk aversion given uncertainty on future preferences has neither been studied in the
consumption/savings nor in the environmental economics literature. Beltratti et al.
(1998) and others, however, analyze the effect of increases in preference uncertainty
on the preservation of a non-renewable resource.

Similar to Gollier (2002) and Traeger (2012), the present paper adds to the discount-
ing debate through a comprehensive treatment of risk aversion. One difference to
their frameworks lies in the preference representation and the assumptions imposed
on the size and distribution of the uncertainties. Gollier establishes the connection
between the discount rate and risk aversion for a decision maker with general Kreps-
Porteus-Selden preferences in a setting with small uncertainties. Traeger assumes
normally distributed uncertainty and Epstein-Zin preferences. The present paper
features Risk-Sensitive preferences and imposes no assumptions on the size or distri-
bution of the uncertainties. Another difference to the contributions of Gollier and
Traeger lies in the types of uncertainty accounted for. I account for preference un-
certainty in addition to uncertainty on income and uncertainty on the investment
project.

The paper’s general result on the link between changes in risk aversion and the
discount rate is developed in section 2 after describing the setting, the preference
representation and the derivation of the consumption discount rate. This general
result is then applied to specific types of uncertainty in section 3, which also provides

2The effects of increases in income and investment return uncertainty on optimal savings are
analyzed by, e.g., Leland, 1968, Sandmo, 1970, Selden 1979, Dréze and Modigliani, 1972, Kimball,
1990, Bleichrodt and Eeckhoudt, 2005.

3The role of risk aversion is also analyzed in the wider environmental economics literature. Knapp
and Olson (1996) and Epaulard and Pommeret (2003) analyze the response of optimal resource
management to changes in risk aversion if net return, technological progress or stock dynamics are
uncertain. Ha-Duong and Treich (2004) study the role of risk aversion in context of uncertainty
about the damage from a pollution stock.



interpretations and relates to existing literature. Section 4 concludes.

2 Theory

2.1 Setting

The theoretical analysis is conducted for a decision maker (DM) who is altruistic
towards people living in the present (¢ = 1) and the future (¢t = 2). His utility
is derived from the felicity of the present and the future generation, which is in
turn derived from consumption. The DM’s purpose is the evaluation of a marginal
investment in a two period endowment economy. The economy is deterministic in
the first period but uncertainty enters the framework in the second period.

The first generation has exogenous income y; and invests an amount e in a project
with rate of return r. Certain first period consumption is thus ¢; = y; — e. The
second generation consumes the exogenous income y, and the payoff (1 + 7)e from
the investment project. The exogenous future income as well as the investment
payoff may be diminished by the random factors 7, and 7., respectively. Uncertain
second period consumption is therefore é; = 4,y + 7, (1 +7) e. The decision maker
evaluates the desirability of increasing project investment e by the marginal amount
g, such that first and second period consumption are ¢; = y; — (e +¢) and é =
Yyy2 + 5. (1 +7) (e +¢). In addition to the two uncertainties entering the evaluation
through 7, and 7., I introduce a third random variable in the next subsection, namely
a, which accounts for uncertainty on future felicity. Throughout the paper it is
assumed that yo,7,a > 0, y; > e >0and 0 < Vo Ve < 1.

The variables 7,, 7, and & are discrete random variables. Formally, a discrete random
variable T is a mapping 2 — R, where () is the set of states of the world. For
simplicity, §2 is assumed to be finite. Each state w = 1,2...N € () realizes with a
given probability [, where Ziv [ = 1. The value of the random variable Z when state
w is realized is denoted by 2*. The expectation of 7 is defined by Fj [7] = SN 1«2
and the covariance between two discrete random variables T; and Z, derives from
cov; [i’l, i‘g] = El [.i'li'g] — El [i’l] El [i‘g]

2.2 Preferences

The standard framework to evaluate uncertain consumption streams (¢, é;) is the in-
tertemporally additive expected utility setting. This preference representation, how-
ever, presupposes that the intertemporal elasticity of substitution (1 ES) is the inverse
of the coefficient of Arrow-Pratt relative risk aversion (RRA). An increase in risk
aversion thus entails a decrease in the I ES and cannot be studied individually. In
order to study the effect of a change in risk aversion alone, the additive expected



utility framework must be abandoned and a more flexible preference representation
is required.

A possibility to achieve such flexibility involves the preference representations devel-
oped in Kreps and Porteus (1978) and Selden (1978). Selden provides a preference
representation over certain x uncertain consumption pairs that allows for the disen-
tanglement of risk and time preferences in a two period choice problem. Kreps and
Porteus axiomatize Selden’s preference representation for a T-period setting. Their
recursive preference representation includes Selden’s specification as the two-period
special case. Key to the disentanglement of risk aversion and the intertemporal
elasticity of substitution in the these frameworks is the differentiation between a car-
dinal atemporal expected utility function v (-) that represents risk preferences and
an ordinal intertemporal utility function U (-) that represents time preferences. In a
two-period setting, the general representation of Kreps-Porteus-Selden preferences is

U(c1, @) = u(cr) + Bo™ (B [¢ (u(E2)))) (1)

where § > 0 is the utility discount factor. The definition v (-) = ¢ (u(-)) (with
¢ >0,¢" <0,0,u >0 and v, u" < 0) facilitates the disentanglement of risk and
time preferences: Increasing the concavity of ¢ (-) enhances the DM’s risk aversion
through increasing the concavity of v (-) without affecting the curvature of u (-), and
thus without affecting the DM’s time preferences.! If ¢ (+) is linear, i.e. if v (-) = u (+),
equation (1) reduces to the standard additive expected utility representation in which
time and risk preferences are entangled. A decision maker is called temporally risk
averse if ¢ (+) is strictly concave, and temporally risk neutral if ¢ (-) is linear.

In the present paper, the ‘Risk-Sensitive preferences’ specification ¢ (z) = — exp (—kz)
(Hansen and Sargent, 1995) is employed to parameterize the general Kreps-Porteus-
Selden preferences as represented by equation (1). A more prevalent parameteriza-
tion is the isoelastic utility specification used by Epstein and Zin (1989) (’Epstein-Zin
preferences’) in their extension of Kreps and Porteus (1978) to the infinite horizon
setting. The Epstein-Zin parameterization is, however, not monotonic with respect
to first-order stochastic dominance, as already discussed in Chew and Epstein (1990),
p. 68. Kimball and Weil (2009) illustrate that this may bring about perverted results
when studying the role of risk aversion. In particular they show that increasing risk
aversion can induce less precautionary savings if the risk on labour income is not
restricted to be small. Bommier et al. (2012) ascribe this finding to the Epstein-Zin
parameterization’s failure to be ‘well ordered in terms of risk aversion’. The non-
compliance of this specification with ordinal dominance may imply agents that prefer
first-order stochastically dominated lotteries. Within the set of stationary preferences
that allow for a disentanglement of the intertemporal elasticity of substitution and
risk aversion, Bommier and Le Grand (2013) identify the Risk-Sensitive preference
parameterization, as employed in the present paper, as the only specification that is

4For a more detailed description of the disentanglement of risk and time preferences through the
preferences of Kreps and Porteus (1978) and Selden (1978) see, e.g., Traeger (2009).



well ordered in terms of risk aversion.’

The framework described so far only incorporates uncertainty that enters through the
argument ¢, of the second generation’s felicity u (-). Uncertainty may, however, also
exist on the contribution of the future generation’s felicity to the DM’s intertemporal
utility. Such uncertainty can be thought of as uncertainty about future preferences,
i.e. uncertainty about the felicity that the future generation gains from a given
consumption level or, as in the setting of Beltratti et al. (1998), from a given level
of natural resources. The felicity derived from future consumption is then au (é;),
where the random multiplicator & determines whether the second generation values
a given level of consumption more or less than the present generation. In particular,
for u(-) > 0 and if ¥ > 1 (a¥ < 1), the second generation values a given level
of consumption more (less) than the present generation. This relation is inverted if
u(-) <O0.

Parameterizing equation (1) with the Risk-Sensitive preference specification ¢ (z) =
—exp (—kz) and accounting for uncertainty on future preferences, as represented by
@, yields

Uler,é) =ul(cy) — gln (E; [exp (—kau (¢9))]), (2)

which is the preference representation upon which the subsequent analysis builds.
Under this Risk-Sensitive preference specification, a decision maker is temporally
risk averse if £ > 0 (¢ (+) strictly concave) and temporally risk neutral if &k — 0 (¢ ()
linear). Increasing k enhances the degree of risk aversion of the DM without affecting
his time preferences.

2.3 Discounting

The consumption discount rate informs the desirability of conducting the additional
marginal investment . Formally, a DM with preferences as represented by equation
(2) considers investing ¢ desirable if

8U (Cl, 62)

>0
Oe -

that is if investing an additional amount ¢ in the project increases his intertemporal
utility. Solving this derivative yields

r>0

where
u (1) E) [exp (—kau (é,))]

B Eilexp (=kau (&) (Y.au' (&2))]|.—g

5= 1 (3)

®Note that the Epstein-Zin preference parameterization intersects with Hansen and Sargent’s
Risk-Sensitive preferences for IES = 1 and thus for u(-) = In(-). In this special case Epstein-Zin
preferences are well ordered in terms of risk aversion.



with & = 92 + 7. (1+7)e. A marginal investment ¢ is desirable if its rate of
return r exceeds the consumption discount rate §, as defined in equation (3). The
consumption discount rate reflects the marginal rate of substitution between an ad-
ditional unit ¢ of consumption in the first and in the second period, evaluated at
the point where the additional investment is not yet conducted. This marginal rate
of substitution gives account of the assumptions made on preferences, such as the
degree of the DM’s risk aversion, and assumptions on the economic setting, e.g. with
respect to the considered uncertainties. The consumption discount rate constitutes a
convenient tool to measure changes in the desirability of the investment € in response
to a change in risk aversion.

The term 4,au’ (¢3), which I refer to as the effective marginal utility, is an essential
part of equation (3). It is the state-dependent marginal utility gained by the decision
maker in the second period if investments are increased. The higher the effective
marginal utility is expected to be, ceteris paribus, the more valuable is an additional
investment, as reflected in a lower discount rate. The expected size of the effective
marginal utility does not only depend on the distribution of the states of the world
and the state-dependent effective marginal utility itself, but also on the preferences of
the Risk-Sensitive decision maker. A temporally risk averse decision maker modifies
the (statistical) expectation of the effective marginal utility in such a way that the
probabilities of occurrence of good states of the world are undervalued, whereas the
probabilities of bad states of the world are overvalued. The more risk averse the
decision maker is, the more the probabilities are modified. How good or bad a state
of the world is perceived to be depends on a second essential part of equation (3), the
effective utility au (¢3). I show in the next subsection that the interrelation between
the effective utility and the effective marginal utility is key in determining the effect
of a change in risk aversion on the consumption discount rate.

To clarify the role of (temporal) risk aversion in the determination of the discount
rate 0, I rewrite equation (3) in terms of a weighted sum:

1 u’ (Cl> —1 with 7% =. €xp (_k&wu (CLQU))

§=— .
B2, (v (¢5)) o 1 exp (—kavu ()

(4)

The weights 7 adjust the statistical probabilities [“ to account for temporal risk
aversion. These weights are interpretable as probabilities since 0 < 7% < 1 V w
and ) 7 = 1. I call ¥ a risk aversion adjusted probability. The fraction in the
equation for 7 is greater than 1 in the worst state of the world (a*u (¢%) lowest)
and smaller than 1in the best state of the world (a*wu (¢%) highest). This suggests
that the risk aversion adjusted probabilities 7 overvalue the statistical probabilities
of bad states and undervalue those of good states. This adjustment is amplified
as k increases, i.e. as the decision maker becomes more risk averse. Note that
7w approaches the statistical probability [“ for a temporally risk neutral decision

6 A more detailed derivation of the discount rate § can be found, e.g., in Gollier (2002).



maker (k — 0).7 Equation (4) is then the discount rate of a DM with additive
expected utility preferences. Such a decision maker is averse towards uncertainty on
the argument of second period felicity u (), yet he is neutral towards uncertainty that
affects u (-) multiplicatively, such as a.

2.4 Changes in risk aversion

The effect on the decision maker’s evaluation of the intertemporal trade-off in response
to a change in his degree of risk aversion is reflected in the derivative of the discount
rate 0 (eq. 3) with respect to k:
L uw (1) (5)
Ok B - (B [exp (—kau (%)) (Feau' (&))])*
( By exp (—ka (2))] By [exp (—kau (7)) (7,60 (&) (0 (72))] )
—Ey [exp (—kau (¢2)) (u (¢2))] £y [exp (—kau (¢2)) (0w’ (62))] )

Using the risk aversion adjusted probabilities 7 to define the risk aversion adjusted
expectation operator Ey [g(%)] = Y. 7¢g (z¥) for a random variable # and some
function g (%), equation (5) can be written as

B _ )
O~ B (BB @) )

(Ex [(au (G2)) (Foau' (€2))] — Ex [6u (&2)] Ex [oau' (62)]) -

In this paper, a covariance that is constructed from a risk aversion adjusted expecta-
tion operator, i.e. cov, (g1 (Z1), 92 (T2)] = Ex (91 (Z1) g2 (Z2)] — Ex [91 (Z1)] Ex [92 (Z2)],
is called a risk aversion adjusted covariance. In accordance with this denotation, the
second line of equation (6) is the risk aversion adjusted covariance between au (¢2) and
F.au' (é): covy [au (C2) ,7.au’ (¢2)]. If the two random variables ‘effective utility’ and
‘effective marginal utility’ satisfy a specific interrelation, the sign of this risk aversion
adjusted covariance is determinate. Lemma 1 below identifies the comonotonicity
characteristics (definition 1) of au (¢y) and 7,au’ (o) as this particular interrelation.®
The proof of lemma 1, which is a close analogue to theorem 43 in Hardy et al. (1934),
is relegated to appendix 6.1.

Definition 1 (Strict comonotonicity and strict countercomonotonicity).
Consider two random variables Zy and Zs that are strictly monotonic transformations

"The notion of ‘risk aversion adjusted probabilities’ reminds of the concept of ‘risk neutral prob-
abilities’ in asset pricing. Yet the two concepts are not equivalent. In the present paper, the ‘risk
aversion adjusted probabilities’ 7 differ from the statistical probabilities [* only if the agent is not
temporally risk neutral (k # 0). If k = 0, however, then 7 = [¥. In asset pricing in the contrary,
a decision maker with £ = 0 may employ ‘risk neutral probabilities’ that are not equivalent to the
respective statistical probabilities.

8 Comonotonicity (and countercomonotonicity) is defined in various ways in the literature. The
definition provided here is based on McNeil et al. (2005), pp. 199, 200.
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of a single random variable T :

(Z1,22) = (g1 (%) , 92 (T)) -

If g1 and go are strictly increasing in T, then Zy and Zs are called comonotonic.
If g1 s strictly increasing and go is strictly decreasing in T, or vice versa, then Z;
and Zy are called countercomonotonic.

Lemma 1 (Risk aversion adjusted covariance inequality).
Consider two random variables Zy and Zy that are strictly monotonic transformations
of a single random variable T. If Z; and Zs are strictly comonotonic, then

covy [ Zy, Zs) > 0.

The inequality is reversed if Z; and Zs are strictly countercomonotonic.

Applying the insight of lemma 1 to equation (6) links the effect of a change in risk
aversion on the consumption discount rate to the comonotonicity characteristics of
the effective utility and the effective marginal utility. This relation is summarized in
proposition 1.°

Proposition 1 (Effect of a change in risk aversion on 6).

If the effective utility (Gu(C2)) and the effective marginal utility (7.0u’ (¢2)) are
comonotonic, then the discount rate increases in response to an increase in risk aver-
sion (92> 0).

If the effective utility (au (¢2)) and the effective marginal utility (y.au’ (¢9)) are coun-
tercomonotonic, then the discount rate decreases in response to an increase in risk
aversion (2 < 0).

Proof. The sign of equation (6) is the same as that of cov, [au (&2),7.0u' (¢2)]
since 8, v (¢1), (Ex[y.,00/ (¢,)])* > 0. By application of lemma 1, the sign of
covy [au (E9) , 7,00’ (¢2)] follows from the comonotonicity characteristics of au (és)
and y,0u' (Gz). m

Proposition 1 constitutes a general result that is not restricted to specific forms of
uncertainty. Information on the comonotonicity characteristics of the effective utility
and the effective marginal utility suffices to determine the direction of the effect of
a change in risk aversion on the consumption discount rate. The comonotonicity
characteristics, however, are conditional on the type of uncertainty accounted for. In
the next section I explore the comonotonicity characteristics for three different types
of uncertainty and provide an example involving multiple uncertainties.

9Proposition 1 is derived for the case of a finite set of states of the world. The proof of lemma 3
in Bommier and Le Grand (2013) shows, however, that lemma 1 of the present paper also holds for
continuous random variables. The general result of proposition 1 is thus extendable to the case of
continuous uncertainty.



3 Application to specific types of uncertainty

The examination of the comonotonicity characteristics of the effective utility and the
effective marginal utility is initially conducted for individual types of uncertainty,
i.e. assuming that the remaining random variables are deterministic. Linking the
results of this examination to proposition 1 yields insights on the effect of a change
in risk aversion on the consumption discount rate in the presence of different types
of uncertainty. The effective utility corresponding to the three different types of
uncertainty is specified as follows:

case 1 (& uncertain, v,, 7, deterministic) : d&u(cz) with co =y, 52 +7,.(1+7)e
case 2 (7, uncertain, v,, « deterministic) : au(é) with & =4,12 +7,(1+7)e
case 3 (7, uncertain, v,, « deterministic) : au(¢) with ¢ =v,12 +7. (1 +7)e.

These three cases represent uncertain future preferences (case 1), uncertainty on
future income (case 2) and uncertainty on the investment project’s payoff (case 3).

In order to assign the comonotonicity characteristics of the effective utility and the
effective marginal utility one needs to analyze whether they are increasing or de-
creasing in the considered random variable. The effective utility is increasing in the
random variable 4, and, if u(-) > 0, in & . For e > 0, it is also increasing in 7,.
The effective marginal utility is increasing in ¢, decreasing in 7, and non-monotonic
in 7,..1° Combining the insights on the comonotonicity characteristics, which follow
from definition 1, with the general result of this paper (proposition 1) then yields
proposition 2.

Proposition 2 (Effect of a change in risk aversion on § for specific uncertainties).
The effect of a change in risk aversion on the discount rate is as follows:

Case 1: If uncertainty exists only on future preferences and if the decision maker
1s risk averse with respect to this uncertainty, then the discount rate increases in
response to an increase in risk aversion.'!

Case 2: If uncertainty exists only on future income, then the discount rate decreases
in response to an increase in risk aversion.

Case 3: If uncertainty exists only on the investment project’s payoff and if e > 0,
then the response of the discount rate to a change in risk aversion depends on the size
of the intertemporal elasticity of substitution relative to a threshold:

If IES > —Jeldre g w, the discount rate increases with risk aversion.
YyY2t+Te(1+7)e

IfIES < _elline g w, the discount rate decreases with risk aversion.
YyY2tie(1+7)e

The following subsections discuss these results and connect to the literature.

10Gee appendix 6.2.

HRisk aversion with respect to preference uncertainty means that the decision maker prefers E [&]
to &. Given k > 0, this is the case whenever w () > 0. The relation in proposition 2 (case 1) is
inverted for a DM who is risk loving with respect to &, see appendix 6.2, 1.
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3.1 Uncertainty on preferences

At the heart of all evaluations of intertemporal trade-offs lies the attempt to secure the
well-being of generations living at different times. To this end, a decision maker may
want to redistribute resources between present and future generations. The default
assumption that underlies such evaluations is that agents living at different times gain
the same well-being from a given amount of consumption. Rapid societal changes
in the past suggest, however, that such an assumption is overly simplistic, especially
if the far future is considered. Whether future developments yield an increase or a
decrease in the valuation of produced or natural resources is unclear. Yet the mere
presence of uncertainty on future preferences is without much doubt. Solow (1992)
emphasizes the relevance of this issue in the context of sustainability. The notion
of sustainability, which involves the quest for a level of future well-being that is not
below ours, he argues, is problematic and vague by nature as we do not know how
the well-being of future generations will be determined.

The utility multiplicator & considered in this paper can be interpreted as uncertainty
about future felicity from consumption. People living in the future could be more
dependent on produced goods and thus attach a higher value to their consumption, or
they prefer to live more simply and thus have a lower valuation. Similarly, the felicity
derived from the consumption of natural resources could be higher in the future as
new insights on their usability are gained, or lower as substitutes are discovered.
Would a risk averse decision maker who faces such uncertainty invest more for the
future generation as his risk aversion increases, to insure for the possibility of an
increased valuation? Proposition 2 (case 1) suggests that he would not. Uncertainty
on future preferences implies that resources allocated to the future are put at risk
since their valuation is insecure. An increasingly risk averse Risk-Sensitive decision
maker therefore allocates more consumption to the present generation since he is
certain about their valuation.

A small group of authors has studied the effect of uncertain preferences on the op-
timal allocation of a nonrenewable resource. Beltratti et al. (1998) consider the
effect of uncertainty on future preferences as specified in the present paper. Yet the
intertemporal trade-off in their approach is evaluated by a decision maker with ad-
ditive expected utility preferences. The authors find that symmetric uncertainty on
future preferences, i.e. mean preserving uncertainty in the sense of Rothschild and
Stiglitz, does not affect the optimal consumption/preservation stream.!?

It follows from proposition 2 (case 1) that Beltratti et al.’s (1998) results are not
robust to changes in risk aversion. A simplified two-period version of their model
can be nested in the framework of the present paper, where it constitutes the special
case of temporal risk neutrality (K — 0). Going from a temporally risk neutral to

12More complex forms of preference uncertainty are taken into account by Ayong Le Kama &
Schubert (2004), who analyze the effect of uncertainty on the preference for environmental quality
relative to the preference for consumption, and Cunha-E-Sa & Costa-Duarte (2000) and Ayong Le
Kama (2012), who consider endogenous uncertainty about future preferences.
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a temporally risk averse DM (i.e. increasing risk aversion) then induces an increase
in the discount rate, which, in the setting of Beltratti et al., implies a decrease in
the preservation of a non-renewable resource. The result of Beltratti et al. is thus
extended: If the decision maker is temporally risk neutral, symmetric uncertainty
about future preferences does not affect the optimal preservation of a non-renewable
resource. Yet if the decision maker is temporally risk averse, then uncertainty on
future preferences affects the preservation of a non-renewable resource negatively.

3.2 Uncertainty on income, investment payoff, or both

The dimension of economic growth is inherently uncertain. This uncertainty about
future income levels is even increased by the possibility of detrimental effects from
climate change on productive capacities. A forward-looking decision maker may
thus want to take measures to insure against these negative effects on future gen-
erations, such as investing in the economy’s productive capacity or in research on
and development of abatement and adaptation capacities. Yet the payoff to such
investments may be uncertain itself, for example due to uncertainty on technological
advancements that determine the effectiveness of abatement and adaptation or due to
uncertainty on damages from climate change that decrease the investment project’s
payoff multiplicatively.

Proposition 2 (cases 2 and 3) clarifies how an increase in the DM’s risk aversion
affects his willingness to invest for the future in the presence of uncertainty on future
income or on the payoff from the investment. If only uncertainty on future income is
accounted for (case 2), then increasing the DM’s risk aversion unambiguously induces
higher precautionary savings, as reflected in a decreasing discount rate. The more
risk averse the decision maker is, the more he overvalues the statistical probability
of bad states in which the effective marginal utility in the future is relatively high.
The increasingly risk averse decision maker therefore allocates more resources to the
uncertain future and thus insures against the possibility of low income levels in the
second period. If only uncertainty on the investment payoff is accounted for (case 3)
and if e > 0, then the effect of an increase in risk aversion is ambiguous. The direction
of the effect on the discount rate depends on the value of the DM’s intertemporal
elasticity of substitution relative to the state dependent value of a threshold. An
increase in risk aversion induces an increase in the discount rate if the I E'S is higher
than the value of the threshold in the best state of the world.!® This is always the case
if TES > 1. An increase in risk aversion then amplifies the DM’s aversion to putting
resources at risk by investing more in a project with uncertain payoff. Consequently,
the DM transfers less resources to the future. If the IES is smaller than the value
of the threshold in the worst state of the world, the discount rate is decreasing in

13Note that the threshold % is increasing in 7,. The state-dependent threshold thus
¥ .

reaches its highest (lowest) level in the best (worst) state of the world, i.e. when 4, is highest
(lowest). If the IES exceeds (goes below) the threshold in the best (worst) state of the world, it also
exceeds (goes below) the thresholds in the other states of the world.
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risk aversion. A small [ES implies a relatively high desire to smooth deterministic
consumption over time. A DM with a relatively low I FES thus aims to maintain the
future generation’s certainty equivalent consumption. As the certainty equivalent
consumption is decreased by an increase in risk aversion he allocates more resources
to the future. If the I E'S lies between the threshold evaluated in the best state of the
world and the threshold evaluated in the worst state of the world we cannot make a
statement on the sign of %. Note that the result of proposition 2 (case 3) crucially
depends on assuming e > 0. In a setting where initial project investment is nil (e = 0)
and uncertainty exists only on the investment project’s payoff, the discount rate is
unaffected by changes in risk aversion.

So far different uncertainties have only been considered individually, i.e. assuming
that all other variables are deterministic. If some assumptions on the relationship
between the considered uncertainties are made, it is possible to use the general result
of proposition 1 to analyze the role of risk aversion in the presence of multiple uncer-
tainties. In the context of climate change we may assume that the uncertainties on
diverse variables are linked to a random variable that represents future climatic con-
ditions. The comonotonicity characteristics of the effective utility and the effective
marginal utility then depend, among other conditions, on the comonotonicity char-
acteristics of the uncertain variables with respect to the random variable ’climate
conditions’. Consider, for example, that the future income as well as the payoff of
the investment are uncertain due to their dependence on random climate conditions
Z. A high realization of the random variable Z represents an unchanged climate and
a low T stands for detrimental climate change. Countercomonotonicity of v, and v,
in (v, (%) > 0, 7, (¥) < 0) is given if the economic income is highest in a world
with an unchanged climate while the payoff from an investment project is highest
under very bad climate conditions. In this case, and if economic income varies more
strongly with climate conditions than the project’s payoff, an increase in risk aver-
sion unambiguously amplifies the valuation of future consumption (see appendix 6.3,
1). Yet if v, and 7, are comonotonic in & (v, (¥) > 0, v, (%) > 0), i.e. if both the
economic income as well as the payoff from the investment project are high in good
states of the world, then the sign of the derivative of the discount rate with respect
to risk aversion depends on the relative magnitudes of the I E'S, the overall variation
in consumption and the variation in the project payoff (see appendix 6.3, 2).

A result that is consistent with proposition 2 (case 2) is implicit in Gollier’s (2002)
examination of the effect of growth uncertainty on the socially optimal discount rate,
yet his result is derived under the assumption that the uncertainty on future income
is small. Similarly, Traeger (2012) shows that an increase in temporal risk aver-
sion decreases the social discount rate for mitigation policies in an isoelastic utility
framework if uncertain growth is accounted for. In addition, and in accordance with
my remarks on proposition 2 (case 3) regarding the case e = 0, Traeger shows that
temporal risk aversion with respect to an uncertain marginal investment project has
no independent effect on the discount rate. Related to my example on multiple un-
certainties, he shows that correlated uncertainty on the investment project induces
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ambiguous reactions of the discount rate in response to risk aversion changes, depend-
ing on the sign and degree of the correlation with growth uncertainty, the variances
of both uncertain variables, and the IES. Uncertainty on future income as well as
uncertainty on the marginal investment project are assumed to be (jointly) normally
distributed in Traeger’s analysis. The earlier mentioned contribution of Kimball and
Weil (2009) suggests, however, that results derived for normal (or small) uncertain-
ties in an isoelastic utility setting may not be extendable to the case of less restricted
uncertainties. In particular they show that results on the role of risk aversion in an
isoelastic utility setting may be perverted if large uncertainty on future income is
considered. The present paper averts these problems -and thus represents an exten-
sion of Gollier’s and Traeger’s results- since I do not make use of the isoelastic utility
specification but rather employ Risk-Sensitive preferences. No assumptions on the
size or distribution of the uncertainty are therefore necessary to derive the results on
the effect of changes in risk aversion. My results are consistent with Bommier et al.
(2012), who point out that the effect of risk aversion changes in presence of income
uncertainties is monotonic if preferences are well ordered in terms of risk aversion, and
in light of Bommier and Le Grand (2013), who identify the Risk-Sensitive preference
specification to be well ordered in terms of risk aversion.

4 Conclusions

The prevalent frameworks to assess optimal climate policy, like the Stern Review
and Nordhaus’ DICE model, assume a degree of risk aversion that is too low in view
of empirical evidence.'* Changing the degree of risk aversion in these frameworks,
however, distorts the intertemporal elasticity of substitution at the same time. A
number of recent contributions have tackled this issue by developing recursive versions
of DICE in order to study the effects of different types of uncertainty under empirically
substantiated assumptions on risk and time preferences. Ackerman et al. (2013) do so
considering climate uncertainty, Cai et al. (2013) investigate the effect of uncertainty
on the economic impact of climate tipping events, Jensen and Traeger (2013) are
interested in long term growth uncertainty and Crost and Traeger (2011) look at
damage uncertainty. The comparison of the results from these recursive DICE models
to the results of the standard DICE model yields insights on the policy implications
of increased risk aversion. These recursive DICE models are rather complex, however,
and account for only individual uncertainties at a time. It is thus difficult to expose
the role of risk aversion and to attribute the direction of effects to specific features
of the uncertainty.

The framework of the present paper is a two-period endowment economy in which

“The default assumption in the DICE model is a degree of relative risk aversion of 2 and an
intertemporal elasticity of substitution of 0.5. Empirical evidence from the asset pricing litera-
ture suggests, however, a degree of relative risk aversion of 5-10 and an intertemporal elasticity of
substitution of 1-1.5 (Bansal and Yaron, 2004, Vissing-Jgrgensen and Attanasio, 2003).
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different uncertainties can be accounted for, individually as well as simultaneously.
The simplicity of the approach allows for a general result on the link between changes
in the decision maker’s risk aversion and the consumption discount rate by which the
direction of the effect is ascribed to specific characteristics of the considered uncer-
tainties. In particular I show that the direction of the effect from a change in risk
aversion on the consumption discount rate depends on the comonotonicity character-
istics of the effective utility and the effective marginal utility. The comonotonicity
characteristics in turn differ between the types of uncertainties. This implies that
increases in risk aversion may have very diverse effects on the evaluation of an in-
tertemporal consumption trade-off, and thus on optimal climate policy.

The application of the general result yields a new result on the effect of risk aversion
changes in the presence of preference uncertainty and extends existing results with
respect to the presence of income and investment payoff uncertainties. In contrast to
Beltratti et al. (1998), I find that preference uncertainty does affect the discount rate
positively - if a temporally risk averse rather than a temporally risk neutral decision
maker is considered. This effect is amplified as the degree of risk aversion is increased.
Regarding income and investment payoff uncertainty, the application of the general
result confirms previous results of Gollier (2002) and Traeger (2012), yet under less
restrictive assumptions on the size or distribution of uncertainty. This extension of
Gollier’s and Traeger’s results is rendered possible by employing the Risk-Sensitive
preference representation.
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6 Appendix

6.1 Proof of lemma 1

Consider two random variables Z; and Z, that are strictly monotonic transforma-
tions of a discrete random variable Z. Denote these functions as ¢; () and ¢ (%)
respectively. The risk aversion adjusted covariance between Z; and 7, is then

covr [ 21, Zs] = covr [g1 (2), 92( )]
where covr [g1 (T), 92 ()] = Ex [91 (7) g2 (2)] — Er [91 (2)] Ex [92 (2)]  (7)

with E ZT[' g(x

The risk aversion adjusted probabilities 7 are defined by equation (4). After some
rearrangements equation (7) can be written as

covy [g1 (T) , 92 (T Z Z T (gy (2%9) — g1 (29)) (g2 (29) — go (27)) .

wl—l wj;=1

By definition 1, strict comonotonicity between the random variables Z; and Zs implies
that g1 (Z) and g (Z) are both strictly increasing in #, which in turn implies that

(g1 (x*7) — g1 (7)) (g2 (2*7) — g2 (7)) > 0

and thus
covy [q1 (%), g2 (Z)] = covy [Z1, Za] > 0.

Equivalently, strict countercomonotonicity between the random variables Z; and Z,
implies that either of the functions ¢; () and go (Z) is strictly increasing in Z, while
the other is strictly decreasing in Z. This in turn implies that

(g1 (x*7) — g1 (7)) (g2 (7)) — g2 (7)) <O

and thus
covy [g1 (%), g2 ()] = cov [Z1, Zo] < 0.

U
6.2 Comonotonicity characteristics of au (¢;) and 7.au’ (é)

To determine whether au (é;) and §,au’ (¢2) are comonotonic or countercomonotonic,
I specify the type of uncertainty in the future. I consider the three different types of
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uncertainty introduced in the main part of the paper:

case 1 (& uncertain, v,, v, deterministic) : d&u(c2) with co = v,y2 +7.(1+71)e
case 2 (7, uncertain, v,, « deterministic) : au(G) with é& =,y2 +7,.(1+7r)e
case 3 (7, uncertain, v,, o deterministic) : au(é) with & = v,y2 +7.(1 +7)e.

The variables au (¢2) and 7.au’ (¢3) are comonotonic if they are both increasing (or
both decreasing) in a random variable &, 7,, or 7,. They are countercomonotonic if
either of them is increasing while the other one is decreasing in the random variable.
Summarizing the results from the comonotonicity examinations of 1.-3. below and
combining with proposition 1 yields proposition 2 in section 3.

L au (co) with co = v, 12 +7,.(1 +1)e
&Xg—éc"’) =u(c2) >0 (for u(-) > 0)
P — i (3) > 0
If u(-) < 0, then au (é;) and F.au' (G2) are countercomonotonic. In this case,
by proposition 1,we have < 0.

Given k>0, u(-) <0 Whenever the DM is risk loving with respect to &.

2. au (&) with &, = 3,12 +7.(1 +1)e

wau*fz)—au( C2)ya >0

Oy au'(é
LD _ ot (), <

3. au (&) with & = v,12 + 7.(1 + r)e (assume e > 0)

—aaauf(EQ) =au' (é)(1+7r)e>0

0y .au

Dol @) — ou! (&) + F,0u” (G2) (1+7)e

then+@>0®au (G2) + F.au” (&) (1+7)e = 0

' (G2) +u (G2) yyye + 0 (G2) Fe(1 +1)e Z U (E2) 7,
u" (G2) (42 + Fe(1 +1)e) Z U (@2) Y42 — 0 (C2)

< VY2 u' (&) Yy Y2
1= ¥ — = y IES
> vyetie(lr)e W (@) (v v i (14r)e) T Vyy2tTe(ltre T

Fe(ltr)e <
vyy2+ve(1+r)e > IES

0F.au’(é2) > Fe(14r)e <
Thus —7=—= = 0 < T IES VY w.

6.3 Uncertainty on several variables
Suppose 7,,, 7, and «a are strictly monotonic functions of a discrete random variable

& > 0, such that we can write v, (¥), 7, (7), a (7). Future consumption, the derivative
of the effective utility with respect to z and the derivative of the effective marginal
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utility with respect to = are then

G = 7, (F)y2 +7. (@) (L+r)e
)

dutdulte) — MQVW@+a@)%@wf%@
o x
) @) (14 e "
T)olx)u (C 6y
PL@oEW @) () o () 28 4 o (5) 7, () u” (7) o VBU

)u C
+ o (@) v’ (¢ ) o (%) 5, (@) u" (&) (1 +7)e] ZeE - (9)

Suppose now that o (Z) = 0 and v}, (Z) y2 > |7. (Z) (1 +7)e| V w.

L. If v, (Z) > 0 and v (Z) < 0, equations (8) and (9) yield:
aag_i@) = au' (&) (7, (Z) y2 +7. () (L+7r)e) >0
w:%(j ' (G2) 4 7, (&) au” (&2) (7, (2) y2 + 7, (Z) (L +r)e) ;0
Ve (D) (&) (7, (F) yo + 7. (2) (1 +7)e) Z =L (2) ' (E2)

Yy @ y2+7e(F) (1+7)e

Ty @vz e @Fre > u'(Z2) —
1) < u”(@)(vy<fc)y2+n<a~:>(1+r>e) TES
Oy (@)ond (&) > (@) /() >

thus o= =0 o < (x)/%(x) = IES Y w.

5@)/5@) |

This implies: If v (7) > 0, 7, (Z) < 0: P <0 since IES > 0> TR

With e = 0: aa“(cz) = au' (&) v, (T) y2 > 0 and

D7 (@)ou! (G2) > (@) /7, >
Jo Z0s 2 (Wv o 2 IES VY w.

2. If v, (¥) > 0 and 7, (Z) > 0, equations (8) a
fotee) — o (&) (7, (%) v + 72 (F) (14 7)e) >
D) — o (F) ! (E) + 7, (B) a” (&) (v ()y2+%()(1+7“))§0
Ve (@) (E2) (7, (2) ya + 7% (7) (L +7)e) 2 =72 (2) ' (&)
vy @) y2+7e (@) (14r)e

’Yy(a_j)y2+"/e(i)(l+7")e S _ ’U/(EQ) -
= — IES

% u//(52)(”/y(f?)y2+’ye(i)(1+r)e)

nd ( ) yield:

e (&)o' (E2) > (@) /2@ <
thus o = 0< TG S TESY w
)

This implies: If v, (Z) >0, 4. (%) > 0: % < (>) 0if IES < (>) i/z((;z)){jzi )

2N

YV w.

N

With e = 0: aau(c ) = au! (&) Yy (T) y2 > 0 and

07 (T)au/ (C2) > /'7 (z <
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