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Evaluating Projects and Assessing Sustainable Development
in Imperfect Economies

Summary

We are interested in three related questions: (1) How should accounting prices be
estimated? (2) How should we evaluate policy change in an imperfect economy? (3)
How can we check whether intergenerational well-being will be sustained along a
projected economic programme? We do not presume that the economy is convex, nor
do we assume that the government optimizes on behalf of its citizens. We show that the
same set of accounting prices should be used both for policy evaluation and for
assessing whether or not intergenerational welfare along a given economic path will be
sustained. We also show that a comprehensive measure of wealth, computed in terms of
the accounting prices, can be used as an index for problems (2) and (3) above. The
remainder of the paper is concerned with rules for estimating the accounting prices of
several specific environmental natural resources, transacted in a few well known
economic institutions.
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1 Introduction

Inseveral recent publications, it hasbeen shown that thereisawealth like measurethat can
serveasanindex of intergenerational welfare. Theindex enablesone(a) to check whether welfare
will be sustained along an economic forecast, and (b) to conduct social cost-benefit analysis of
policy reforms(e.g., investment projects). Excepting under special circumstances, however, the
index in questionisnot wealth itself, but an adaptation of wealth. Interestingly, theresultsdo not
require the economy to be convex, nor do they require the assumption that the government
optimizes on behalf of its citizens.

Aneconomy'swealthistheworth of itscapital assets. Asiswidely recognised today, the
list of assets should include not only manufactured capital, but also human capital (health,
knowledge, and skills), and natural capital. Formally, an economy'swealthisalinear combination
of its capital stocks, the weights awarded to the stocks being the latter's accounting prices.

The term accounting prices was used originally in the literature on economic planning
(Tinbergen, 1954). The underlying presumption there was that governments are intent on
maximizing socia welfare. Publicinvestment criteriawere subsequently devel oped for economies
enjoying good governance (Littleand Mirrlees, 1968, 1974; Arrow and Kurz, 1970). Initsturnthe
now-extensive literature exploring various concepts of sustainable development has also been
directed at societies where governments choose policies so as to maximize intergenerational
welfare.?

Sustainability isdifferent fromoptimality. To ask whether collectivewell-beingissustained
along an economic forecast is to ask, roughly speaking, whether the economy's production
possibility set isgrowing. The concept of sustainability isuseful for judging the performance of
economieswherethegovernment, whether by design or incompetence, doesnot choose policiesthat
maximise intergenerational welfare. One can argue, therefore, that the term "sustainable
development” acquires particular bite when it is put to work in imperfect economies, that is,
economies suffering from weak, or even bad, governance. Recently the theory of intertemporal
welfareindices has been extended to such economies.® The theory'sreach therefore now extends
to actual economies. The theory has also been put to use in avaluable paper by Hamilton and
Clemens (1999) for judging whether in the recent past countries have invested sufficiently to
expand their productive bases.* Among the resources making up natural capital, only commercial

! Dasgupta and Maler (2000), Dasgupta (2001a,b), and Section 2 below.

2 For referencesto thetechnical literature on sustainabl e devel opment, see Pezzey and Toman
(2002).

% Dasgupta and Méder (2000), Dasgupta (2001a,b), and Section 2 below.

“ Seragel din (1995) and Pearce, Hamilton, and Atkinson (1996) were early explorations of the
practicalities of estimating a nation's comprehensive wealth.
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forests, oil and minerals, and the atmosphere as a sink for carbon dioxide were included in the
Hamilton-Clemens work. Not included were water resources, forests as agents of carbon
sequestration, fisheries, air and water pollutants, soil, and biodiversity. Nor werediscoveriesof oil
and mineral reservestakeninto account. Moreover, thereisacertain awkwardnessin several of the
steps Hamilton and Clemenstook when estimating changesin the worth of an economy's capital
assets. Our aim in this paper isto clarify a number of issues that arise in putting the theory of
welfareindicesto practical use. Itisour hopethat thefindings documented herewill prove useful
in future empirical work.

Weareinterestedinthreerel ated questions: (1) How should accounting pricesbe estimated?
(2) How should we evaluate policy change in an imperfect economy? (3) How can we check
whether intergenerationa well-being will be sustained along a projected economic programme?

For simplicity, weconfineour analysisuntil Section 14 to adeterministicworld. In Section
2 we rehearse the basic theory.> We prove that the same set of accounting prices should be used
bothfor policy evaluationand for ng whether or not intergenerational welfarealongagiven
economic pathwill be sustained. Weal so show that acomprehensive measure of wealth, computed
interms of the accounting prices, can be used as an index for problems (2) and (3) above. These
resultsdo not requirethat the economy be convex, nor do they depend on the assumption that the
government optimizes on behalf of its citizens subject to constraints.

In Section 3 we use the Ramsey-Sol ow model of national savingin aconvex economy to
illustrate the theory. In Section 4 we show that the theory can be put to use in non-convex
economiesby studying aparticul ar classof ecosystems, namely, shallow |akes. Theremainder of
the paper is concerned with rules for estimating the accounting prices of specific environmental
natural resources, transacted in afew well known economic institutions.

In order to make our findingseasily accessiblefor empirical work, wereport our findings
asacatalogue of results. Rulesfor estimating accounting prices of exhaustible natural resources
under both free and restricted entry arederivedin Section 5. In Section 6 we show how expenditure
toward the discovery of new deposits ought to be incorporated in national accounts. Section 7
devel opsmethodsfor including forest depletion; and in Section 8 we show how the production of
human capital could be taken into account. In Section 9 we study the valuation of global public
goods.

If an economy wereto face exogenous movementsin certain variables, itsdynamicswoul d
not be autonomous in time. Non-autonomy in time introduces additional problems for the
construction of therequired welfareindex, in that the wealth measure requiresto be augmented.
Exogenousgrowthinfactor productivities, for example, isapotential reason for non-autonomous
dynamics. In Section 10 we show that by suitably redefining variables, it is often possible to

> The material in Section 2 has been taken from Dasgupta and Méaler (2000) and Dasgupta
(20014,b).



transform a non-autonomous economic system into one that is autonomous. But such helpful
transformations are not available in many other cases. In Section 11 we show that the required
welfareindex can neverthel essbe constructed, by studyingasmall country exporting an exhaustible
natural resourceat apricethat istime-dependent. Theway defensive expenditure against pollution
ought to be included in national accountsis discussed in Section 12.

The theory developed upto and including Section 12 assumes that population remains
constant. In Section 13 we extend thetheory to cover population change.® In Section 14 we show
how futureuncertainty in commaodity transformation possibilitiescan beincorporated. Section 15
contains concluding remarks.

2. TheBasic Mode
2.1 Preliminaries

We assumethat the economy isclosed. Timeiscontinuousand isdenoted variously by 7
andt (7, t > 0). The horizon istaken to be infinite. For smplicity of exposition, we aggregate
consumptioninto asingle consumption good, C, and let R denoteavector of resourceflows(e.g.,
ratesof extraction of natural resources, expenditure on education and health). Labour issupplied
inelastically andisnormalisedto beunity. Intergenerational welfare (henceforth, "social welfare™)
at t (> 0) istaken to be of the Ramsey-Koopmans form,

W, = J*U(C )exp(- & #t)dT, (6> 0), (1)
where the utility function, U(C), is strictly concave and monotonically increasing.

The state of the economy isrepresented by the vector K, where K isacomprehensivelist
of capita assets. Theeconomy under study facesnot only technological and ecol ogical constraints,
but also awidevariety of institutional constraints. By theeconomy's"ingtitutions’ wemean market
structures, property rights, tax rates, non-market arrangementsfor credit, insurance, and common
property resources, the character of variouslevel sof government, and so forth. Wedo not assume
that the government isnecessarily bent on maximizing social welfare subject to constraints. It could
bethat the government ispredatory, or isat best neglectful, and has objectivesof itsown that are
not congruent with social welfare. Nor doweimagineinstitutionsto be unchanging over time. What
we do assume is that institutions coevolve with the state of the economy (K) in ways that are
understood. It isno doubt atruism that social and political institutionsinfluence the evol ution of
the state of an economy, but it has al so been argued by political scientists (Lipset, 1959) that the
state of an economy (K) influencestheevol ution of social and political institutions. Thetheory we
develop below accommodates this mutual influence.

Let {C, R, K},” be an economic progranme from t to <. Given technological
possibilities, resource availabilities, and the dynamics of the ecol ogical-economic system, the
decisionsmadeby individual agentsand consecutivegovernmentsfromt onwardswill determine

® In a companion paper (Arrow, Dasgupta, and Maler, 2003) we have developed criteriafor
identifying sustainable devel opment under changing population size in optimizing economies.
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C.R,andK, - for 7>t - asfunctionsof K,, 7, and t. Thuslet f(K,, 7, 1), g(K, 7,t), and h(K,
7, 1), respectively, be consumption, thevector of resourceflows, and thevector of capital assetsat
date 7 (> t) if K, isthe vector of capital assets at t. Now write

(6" ={C, R, K} fort>0. )
Let{t, K} denotetheset of possiblet and K, pairs, and { (£,),"} the set of economic programmes
fromt to infinity.

Definition 1 A resource allocation mechanism, ¢, isa(many-one) mapping

a {t K} =~ {(&)T- ©)

It bears emphasis that we do not assume that & maps{t, K;} into to optimum economic
programmes (starting at t), nor even that it maps{t, K;} into efficient programmes (starting at t).
Thefollowing analysisisvalid evenif azisriddled with economic distortionsand inequities. Nor
doweassume, indefining &, that the economy'sinstitutionsarefixed. If institutionsand the state
of the economy were known to coevolve, that coevolution would bereflected in . Notetoo that
we do not assume commaodity transformation possibility setsto be convex. Thisis significant,
because ecol ogical processesinvolvetransformation possibility setsthat arefrequently non-convex;
displaying, for example, threshold effects. The reason we are able to accommodate non-convex
production structuresis that we are devel oping welfare economicsin imperfect economies. we
assume that the government (rather, some honest agency in government) seeks only to institute
policy reform. For an optimizing government the matter would be different. As the Second
Fundamental Theorem of Welfare Economicsmakesclear, production structuresneed to be convex
if the optimum allocation is to be decentralized.

Definition 2 & is time-autonomous (henceforth autonomous) if for all 7> t, £.isa
function solely of K, and ( z-t).

Noticethat if &isautonomous, economic variablesat date 7(> t) arefunctionsof K, and
(z-t) only. @ would be non-autonomousiif, for example, knowledge or the terms of trade (for a
trading economy) wereto change exogenously over time. In certain cases exogenous changesin
population size would mean that & is not autonomous. However, by suitably redefining state
variables, non-autonomous resource allocation mechanisms can sometimes be mapped into
autonomous mechanisms (Sections 10 and 13).

Definition 3 @ istime-consistent if

h(K.,7",7) =h(K,7".t), foral ", 7/, and . 4

Time-consistency impliesaweak form of rationality. Anautonomousresourceallocation
mechanism, however, haslittleto do with rationality; it hasto do with the influence of external
factors(e.g., whether trade pricesare changing autonomously). Inwhat follows, weassumethat &
IS time-consistent.

Definition 4 Thevaluefunctionreflectssocial welfare (equation (1)) asafunctionof initial
capital stocks and the resource allocation mechanism. We write this as



W, = V(K, &, t). (5)
In what follows, we will often write V(K,, &, t) = V..

Let K. betheith capital stock. We assumethat V is differentiablein K.’

Definition 5 The accounting price, p,, of the ith capital stock is defined as

P = MK, &, /K, = N/K,. (6)

Note that accounting prices are defined in terms of hypothetical perturbations to an
economic forecast. Specifically, the accounting price of acapital asset isthe present discounted
valueof the perturbationsto U that would arisefromamarginal increaseinthequantity of the asset.
Given theresource allocation mechanism, accounting pricesat t arefunctionsof K,, and possibly
of taswell (i.e., p, = pi(K,t)). Thepricesdepend al so on the extent to which various capital assets
aresubstitutablefor one another. It should be noted that accounting pricesof private"goods' can
be negative if property rights are dysfunctional, such as those that lead to the tragedy of the
commons. Notetoo that if &isautonomous, accounting pricesare not explicit functionsof time,
and so, p; = p(K).

2.2 Marginal Rates of Substitution vs Market Observables

Using (1) and (6), it can be shown that, if & is autonomous, p, satisfies the dynamical
eguation,

dpit/dt = épit -U I(Ct)éct/%it - Zf}pthA(dKjt/dt)/d(i- (7)
(7) reduces to Pontryagin equations for co-state variables in the case where & is an optimum
resource allocation mechanism. In any event, weshow below that, in order to study theevolution
of accounting pricesunder simpleresourceall ocation mechanisms, itisoften easier towork directly
with (6).

From (6) it alsofollowsthat accounting priceratios (p,/p., b /P, ahd consumption discount
rates(seebelow)) aredefined asmarginal social ratesof substitution between goods. Inan economy
wherethe government maximizessocial welfare, marginal ratesof substitution among goodsand
servicesegual their corresponding marginal ratesof transformation. Asthelatter areobservablein
market economies(e.g. border pricesfor traded goodsin an open economy), accounting pricesare
frequently defined in terms of marginal rates of transformation among goods and services.
However, margina rates of substitution in imperfect economies do not necessarily equal the
corresponding marginal ratesof transformation. A distinction thereforeneedsto be made between
theingredientsof social welfareand " market observables'. Using market observablestoinfer social
welfare can bemisleading inimperfect economies. That wemay haveto beexplicit about welfare

" Differentiability everywhereisastrong assumption. For practical purposes, however, it would
sufficetoassumethat V isdifferentiablein K, almost everywhere. Thelatter would appear to bea
reasonabl e assumption even when production possibilities (including ecological processes) are
realistically non-convex. See Section 4 below. However, if thelocation of these pointsonthe space
of capital stocksisuncertain and the uncertainty a smooth probability distribution, the expected
value of V, would be continuous.



parameters (e.g. d and the elasticity of U) in order to estimate marginal rates of substitution in
imperfect economies is not an argument for pretending that the economies in question are not
imperfect after all. Inprincipleit could be hugely misleading to usethetheory of optimum control
to justify an exclusive interest in market observables.
2.3 Genuine Investment asa M easur e of Sustainable Development

IUCN (1980) and World Commission (1987) introduced the concept of sustainable
development. Thelatter publication defined sustainable development to be"... development that
meetsthe needs of the present without compromising the ability of future generationsto meet their
ownneeds' (World Commission, 1987: 43). Several formulationsare consi stent with this phrase.
But theunderlyingideaisstraightforward enough: we seek ameasurethat would enableusto judge
whether an economy'sproduction possibility setis, inaloose sense, growing. Our analysisisbased
onaninterpretation of sustainability that isbased onthe maintainence of social welfare, rather than
on the maintai nenance of the economy's productive base. Wethen show that the requirement that
economic development be sustainable implies, and is implied by, the requirement that the
economy's productive base be maintained (Theorems 1-3). Theseresultsgiveintellectual support
for the definition of sustainability we adopt here.?

Definition 6 The economic programme {C,, R,, K},” corresponds to a sustainable
development path at t if dV/dt > 0.°

Noticethat theabove criterion doesnot attempt to identify aunique economic programme.
In principleany number of technol ogically and ecol ogically feasi ble economic programmescould
satisfy thecriterion. Ontheother hand, if substitution possibilitiesamong capital assetsareseverely
limited and technol ogical advances are unlikely to occur, it could be that thereis no sustainable
economic programme open to an economy. Furthermore, even if the government were bent on
optimising social welfare, the chosen programmewoul d not correspond to asustainablepathif the
utility discount rate, 0, weretoo high. It could also be that along an optimum path social welfare
declinesfor aperiod and thenincreasesthereafter, in which casethe optimum programme does not
correspond to a sustainable path locally, but does so in the long run.*

Optimality and sustainability arethusdifferent notions. The concept of sustainability helps
usto better understand the character of economic programmes, andisparticularly useful for judging
the performance of imperfect economies.

81tisnot our purposeto review the several waysin which sustainable devel opment can be, and
has been, defined. Pezzey (1992) contains an early, but thorough, classification.

® For convenience we have defined sustainability only for amoment in time. One could insist
on theinfinitely more demanding requirement: dV,/dt > Ofor all t. Readers can confirm that our
results can be rephrased in the obvious manner to be in accordance with this stiffer condition.

19 One of us (KJA) has produced an example of an optimum economic programme displaying
the latter feature.



We may now state

Theorem 1 dV/dt = Xp,dK,/dt + oV/A. (8)
The proof follows directly from equations (5) and (6).

Definition 6 The accounting value of the rate of change in the stocks of capital assetsis
called genuine investment.

If isautonomous, then oV/ct = 0, and so, from equation (8) we have,

Theorem 2 If &is autonomous, then dV,/dt = Xp.dK./dt.* 9)

Equation (9) states that at each date the rate of change in social welfare equals genuine
investment. Theorem 2 givesaloca measure of sustainability. Integrating (9) yieldsanon-local
measure:

Theorem 3 If is autonomous, then, for all T > 0,

Vi - Vo = ZpiKir - poKidl - o[ Zi(dp; /d DK Jd 7. (10)

Equation (10) showsthat in assessing whether or not social welfare hasincreased between
two dates, the " capital gains' onthe assetsthat have accrued over theinterval should be deducted
from the difference in wealth between the dates.

Each of Theorems1, 2 and 3isan equivalenceresult. None sayswhether azgivesrisetoan
economic programme along which social welfare is sustained. For example, it can be that an
economy isincapabl e of achieving asustai nable devel opment path, owingto scarcity of resources,
limited substitution possibilitiesamong capital assets, or whatever. Or it can bethat although the
economy isin principle capable of achieving a sustainable development path, social welfareis
unsustai nabl e along the path that has been forecast because of bad government policies. Or it can
bethat avisoptimal, but that becausethe chosen utility discount rateislarge, socia welfareisnot
sustai ned al ong the optimum economic programme. Or it can bethat along an optimum path social
welfare declines for a period and then increases thereafter.

2.4 What Else Does Genuine I nvestment M easur e?

Genuine investment is related to changes in future consumption brought about by it.
Imaginethat the capital baseat tisnot K, but K+ AK,, where asbefore, 4isan operator signifying
asmall difference. In the obvious notation,

V(a, K+ AK) - V(a, K) = [*U’(C)A(C,)exp(- X T-t))d . (12)
Now supposethat at t thereisasmall changein &, but only for abrief moment, At, after whichthe
resourceall ocation mechanismrevertsback to &. Wewritetheincrement inthe capital baseat t+4t
consequent upon the brief increasein genuineinvestment as AK,. So 4K isthe consequenceof an
increaseingenuineinvestment at t and (K., 4+ AK,) istheresulting capital baseat t+ At. Let Attend
to zero. From equation (11) we obtain

Theorem 4 Genuine investment measures the present discounted value of the changes

1 Pearce and Atkinson (1993) noted this result for optimizing economies.
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to consumption services brought about by it.*
2.5 Project Evaluation Criteria

Theorem 4 providesacriterionfor social cost-benefit analysisof policy reforms. Imagine
that even though the government does not optimize, it can bring about small changes to the
economy by altering the existing resource all ocation mechanismin minor ways. The perturbation
in question could be small adjustmentsto the prevailing structure of taxesfor ashort while, or it
could be minor alterationsto the existing set of property rightsfor abrief period, or it could bea
small public investment project. Call any such perturbation a " policy reform".

Consider as an example an investment project. It can be viewed as a perturbation to the
resource allocation mechanism « for abrief period (the lifetime of the project), after which the
mechanism revertsback toitsearlier form. We consider projectsthat aresmall relativetothesize
of the economy. How should they be evaluated?

For smplicity of exposition, we supposethereisasingle manufactured capital good (K) and
asingleextractive natural resource (S). The aggregate rate of extraction isdenoted by R. Let the
project'slifetimebetheperiod [0, T]. Denotethe project'soutput and inputsat t by thevector (A4Y,,
AL, 4K, 4AR). Weimaginethat if the project is accepted, the project manager would rent AK, at
t for the period t to t+ At.*3

The project'sacceptancewould perturb consumption under ¢. L et theperturbationatt (>
0) beAC.. It would affect U, by theamount U {C)AC,. However, becausethe perturbationincludes
all "general equilibrium effects’, it would be tiresome if the project evaluator were required to
estimate AC, for every project that cameup for consideration. Accounting pricesareuseful because
they enabl e project eval uatorsto estimate AC, indirectly, which meansthat they do not haveto go
beyond project datain order to evaluate projects. Now, it ismost unlikely that consumption and
investment have the same accounting pricein animperfect economy. So wedivide 4Y, into two
parts: changesin consumption andininvestment in manufactured capital. Denotethemas AC, and
A(dK/dt), respectively.

U is the unit of account.** Let w, denote the accounting wage rate. Next, let g, be the

12 Theorem 4 is, of course, familiar for economies where the government maximises social
welfare (see e.g., Arrow and Kurz, 1970).

3| the project has been designed efficiently, we would have:
AY, = (FIK)K, + (cFld) AL, + (FIR) AR,

where F isan aggregate production function (Y = F(K,L,R)). Theanalysisthat followsin thetext
doesnot requirethe project to have been designed efficiently. Asweareimagining that aggregate
labour supply isfixed, AL, usedinthe project would bethe same amount of |abour displaced from
elsewhere.

4 Dasgupta, Marglin, and Sen (1972) and Little and Mirrlees (1974), respectively, devel oped
their accounts of social cost-benefit analysis with consumption and government income as
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accounting price of theextractiveresourceinput of the project and 4, the social cost of borrowing
capital (i.e., 4, = - [dp/dt]/p).®

From the definition of accounting prices, it follows that:

o/"U’(C)AC.exp(-6ndr=

o/ "(U (C)AC Ap. A(dK JdT)-w AL -4 p AK -q. AR )exp(-7)d . (12)
But the RHS of (12) isthe present discounted value of social profits from the project (in utility
numeraire). Moreover, ,/~U (C)AC exp(-d7)dt = AV,, the latter being the change in social
welfareif the project were accepted. We may therefore write (12) as,
AVy = /(U (CHAC+p A(dK /d)-w AL -4 p.AK -G AR exp(-67)d . (13)
Equation (13) leads to the well-known criterion for project evaluation:

Theorem 5 A project should be accepted if and only if the present discounted value of
its social profitsis positive.
2.6 Numeraire

So far we have taken utility to be the unit of account. In applied welfare economics,
however, it has been found useful to express benefits and costsin termsof current consumption.
It will pay to review the way the theory being developed here can be recast in consumption
numeraire. For simplicity of exposition, assume that there isasingle commaodity, that is, an al-
purpose durable good that can be consumed or reinvested for its own accumul ation. Assumetoo
that the elasticity of marginal utility isaconstant, 77. Define p, to be the accounting price of the
asset at t in terms of consumption at t; that is,

p.=p/U (). (14)
It follows from (14) that,
(dp/dt)/p, = (dp/dt)/p, + n(dC/dt)/C.. (15)

Let p, bethesocial rate of discount in consumption numeraire. o, issometimesreferred to asthe
consumption rate of interest (Little and Mirrlees, 1974). From (1),
o= 0+ n(dC/dt)/C,.*° (16)

numeraire. Which numeraire one chooses is, ultimately, not a matter of principle, but one of
practical convenience.

® Thus
¢ =/"U (C,) /R exp(- K rt))dT.

Noticethat if manufactured capital wereto depreciate at aconstant rate, say ¥, the social cost of
borrowing capital would be 4, = 6 + ¥ - (dp/dt)/p..

L et d, bethe accounting price of theresourcein situ. At afull-optimum, p.cF/cR, = g, =4,
andU’(C) = p.

1 To prove (16) notice that, by definition, o, satisfies the equation

12



Using (16) in (15) weobtain therel ationship between the asset's pricesin thetwo unitsof account:

(dp/dt)/p, = (dp/dt)/p, + oy - 6. (17)
2.7 Intragenerational distribution

Thedistribution of well-being within ageneration hasbeenignored sofar. Theoretically it
isnot difficult toincludethis. If there are N peoplein each generation and person j consumesC,,
her welfare would be U(C)).** A simple way to express intragenerational welfare would be to
"concavify" U. Let G be a strictly concave, increasing function of real numbers. We may then
expressintragenerational welfareas X, (G(U(C,))). Somepeoplewoul d bewell-off, othersbadly-off.
Theformul ation ensuresthat at themargin, thewell-being of someonewhoisbadly off isawarded
greater weight than that of someone well-off.

Thesocial worth of consumption services(C) dependsonwho getswhat. To accommodate
thisidea, we have to enlarge the set of commodities so as to distinguish, at the margin, agood
consumed or supplied by one person from that same good consumed or supplied by another. Thus,
apieceof clothing worn by apoor person should beregarded asadifferent commodity from that
same type of clothing worn by someone who is rich. With this re-interpretation of goods and
services, the results we have obtained continue to hold.

3 lllustration, 1: a convex production economy

Itwill proveuseful toillustratethetheory by meansof asimpleexample, based on Ramsey
(1928) and Solow (1956). Asin Section 2.6, imagine that thereis an all-purpose durable good,
whose stock at tisK, (> 0). The good can be consumed or reinvested for its own accumul ation.
There are no other assets. Write output (GNP) as Y. Technology islinear. So Y = uK, where >
0. pisthe output-wealth ratio. GNP at tisY, = uK..

Imagine that a constant proportion of GNP is saved at each moment. There is no
presumption though that the saving rate is optimum; rather, it isabehavioural characteristic of
consumers, reflecting their responseto animperfect credit market. Other than thisimperfection, the
economy isassumed to function well. At each moment expectationsarefulfilled and all markets
other than the credit market clear. Thisdefinesthe resource allocation mechanism, «. Clearly, a
is autonomous in time. We now characterise a explicitly.

Let the saving ratio be s (0 < s< 1). Write aggregate consumption as C,. Therefore,

Ci = (1-9Y, = (1-guK. (18)
Capital is assumed to depreciate at a constant rate ¥ (> 0). Genuine investment is therefore,

U (Cyexp(-dt) = U (Colexp(~] po)dr.
If we differentiate both sides of the above equation with respect to t, (16) follows.
7 Notice that in imperfect economies ¢ and 7 may be unobservable. See Section 2.2.

'8 person-specific factors (e.g., age, health status, gender) can be included in the welfare
function. Thisisroutinely donein applied economics.
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dK/dt = (su- p)K.. (29)
K,istheinitia capital stock. Theeconomy growsif s> ¥, and shrinksif s < y. Toobtain afeel
for ordersof magnitude, suppose ¥ =0.05and 1= 0.25. Theeconomy growsif s> 0.2, and shrinks
if s<0.2.

Integrating (19), we obtain,

K, = Kexp[(su-p) ()], foral randt, >t>0, (20)
from which it follows that,
C,.= (I-9uK, = (1-s) uKexp[(su- Y)(z-t)], for al Tandt, 7>t>0. (21)

If the capital stock was chosen asnumeraire, wealth would be K,, and NNPwould be (-
¥)K,. Each of wealth, GNP, NN P, consumption and genuineinvestment expandsat the exponential
rate (su - y) if su > ¥, they al contract at the exponential rate (¥ - sy) if su < y. We have
introduced capital depreciation intotheexampleso asto provideawhiff (albeit an artificial whiff)
of akey idea, that evenif consumptionislessthan GNP, weal th declineswhen genuineinvestment
is negative. Wealth declines when consumption exceeds NNP.

Current utility is U(C,). Consider the form

U(C) =-C, where 17> 1. (22)
nistheelasticity of marginal utility and disthesocial rateof discount if utility isnumeraire. Let
L, bethe socia rate of discount if consumption is the unit of account. It follows that

p.= 0+ n(dC/d)IC, = 6+ (s - V). (23)
Thesignof p, dependsupon theresourceallocation mechanism &. Inparticular, o, can benegative.
To seewhy, supposethe unit of timeisayear, 6=0.03, ¥=0.04,s=0.10, 77=2, and = 0.20.
Then n[dC/dt]/C, = -0.04 per year, and (23) saysthat p, = -0.01 per year.”

Socia welfareat tis,

V, = JU(C)exp(- K z-t))d . (24)
Using (21) and (22) in (24), we have:

Vi, = (19K ] ~exp(-[(17-1) (s )+ (#0)dT,
or, assuming that [(77-1)(su- $)+9] >0,

Ve = (LK I(1-1) (- )+ 6. (25)
Visdifferentiablein K everywhere. Moreover, &V,/a =0. Equations(20) and (25) confirm Theorem
1.20

We turn now to accounting prices.

(i) Utility Numeraire
Begin by taking utility to be numeraire. Let p, be the accounting price of capital. Now

¥ Thesearenot fanciful figures. Per capitaconsumptioninanumber of countriesin sub-Saharan
Africadeclined over thepast threedecadesat ashigh arateas 1 percent per year, implying that for
small values of &, the consumption rate of interest would have been negative.
2 Asthe economy has a single asset, Theorem 3 istrivialy true.
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P, = MK, = U (C[ /K ]exp(- & r-)d . (26)
Using (25) in (26) we have,

P = ()L P IK [ (17-2) (s )+ . (27)

Using equations(20), (21), (25), and (27) itissimpleto check that p, # U {C,), except when
s= (u+(n-1) y-0)/un. Let s* be the optimum saving rate. From equation (25) we have,

st = (uH(n-1) y-O)lun. (28)

Note that p, < U {(C) if s> s*, which meansthere is excessive saving. Conversely, p, >
U (C) if s<s*, which means there is excessive consumption.
(ii) Consumption Numeraire

Write p, = p/U (C). (29)
Using (26) in (29) yields

p. =/ TU (CHU (][ K ]exp(-&( rt))d . (30)
Now use (21), (22) and (30) to obtain

P = [ (-9 uexpl(-p+(su- )(TH]dT, (31)

where p= 0+ n(su-y).
From (31) we have

p. = (L-s)ul[o-(su- Y] (32)
Observethat p, > 1 (resp. < 1) if s< s* (resp. > s*).2

In order to obtain asense of orders of magnitude, suppose 77 =2, ;£ =0.20, ¥=0.05, and
0 =0. From (28) we have s* = 0.625. Now imagine that s = 0.40 (by Ramsey's criterion, thisis
undersaving!). Using (23) we have p = 0.06 per unit of time. So (32) reducesto p, = 4. In other
words, asaving ratethat isapproximately 30 percent short of the optimum correspondsto ahigh
figurefor theaccounting priceof investment: investment should beval ued four timesconsumption.

Althoughintergenerational equity isnearly alwaysdiscussed intermsof therateat which
future well-being is discounted (see, e.g., Portney and Bryant, 1998), equity would be more
appropriately discussed in terms of the curvature of U. Let the unit of time be ayear. Suppose ¥
=0, 0=0.02, and 12=0.32. Consider two alternativeval uesof 7: 25and 50. Itissimpleto confirm
that s* =0.038if 7=25ands* =0.019if 77="50. Intergenerational equity in both consumptionand
welfare (thelatter isaconcavefunction of theformer) can beincreased indefinitely by making 77
larger and larger: C,becomes"flatter” as nisincreased. Inthelimit, as goestoinfinity, s* tends
to ¥ (equation (28)), which reflects the Rawlsian maxi-min consumption as applied to the
intergenerational context.
4 [llustration, 2: a non-convex ecosystem

2t A special caseof formula(32) appearsin Dasgupta, Marglin, and Sen (1972). However, unlike
our present work, the earlier publication did not provide arigorous welfare economic theory for
imperfect economies.
22 Solow (1974) and Hartwick (1977) are the key articles on this limiting case.
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The Ramsey-Solow economy discussed aboveisconvex. Inthissectionweconfirmthat the
theory presented in Section 2 can be applied to non-convex economies. We do thishy studying a
model of shallow lakes.?

A key determinant of theoverall state of ashallow lakeisphosphorus, whichisanecessary
nutrient for such ecol ogical servicesinthelakeasthosethat provideahabitat for fish popul ations.
But at high levels of concentration phosphorusis a pollutant, causing asit does increased plant
growth, algae blooms, decreasein water transparency, bad odour, oxygen depletion, andfish kills.
Thus, the state of alake can betaken to bethe quantity of phosphorusinthewater column, which
we denote by ascalar, S

Therate of phosphorus inflow into alake isabyproduct of agriculture in the watershed
(e.g., asfertilizer runoff from farms). We bring these considerations together and postul ate that
current utility is a strictly concave and differential function U(C,S), where U is an increasing
function of phosphorusinflow, C. Imaginenext that phosphorushasadel etariouseffect onthelake
at all levelsof concentration (and not just at high levels of concentration); whichisto say that U
isadecreasing function of Sfor all S. This assumption brings into sharp relief those economic
problemswhereaproduced good haspositive social worth asaflow, eventhoughitisapollutant
as astock.

Social welfareat tis

V(S) = J7U(C,,S)exp(- K 7-t))d 7, where Ug < 0 and U.. > 0. (33
4.1 Constant Phosphorus Inflow

Consider the case wheretheresourceall ocation mechanismfor phosphorusinflow issuch
that C, isaconstant, say C. Studies have confirmed that thereis afeedback of phosphorus from
bottom sediments when the density of algaeinthelakeislarge. Thisfeedback isreflected in the
form of recycling - from sediment to thewater column. Experimentssuggest that therecyclingrate,
R, isasigmoid function of S. A simple form of the relationshipis,

R=bS%(1+S%, whereb>D0. (34
The rate of input of phosphorus into the water column is therefore [C + bS?/(1 + S?)].

However, phosphorusisdepleted from thewater col umn owing to sedimentation and water
outflow. Assuming that therate of lossisproportional to S say ¥S(y> 0), the phosphoruscontent
in the lake's water column is governed by the equation,

ds/dt = C+bS(1+ S?) - ¥S. (35
For arange of parameter valuesC, b, and ¥, the curves[C+ bSY(1+ S)] and ySintersect at three
points. Thisisshown in Fig. 1. The upper and lower intersects, S, and S;, are stable stationary
pointsof (35), whereastheintermediateintersect, S,, isunstable. Thus, S, istheunique separatrix
of the dynamical system. S; and S; should be thought of as eutrophic and oligotrophic states,

% For the ecology of shallow lakes, see Scheffer (1997) and Carpenter, Ludwig, and Brock
(1999).

16



respectively. Onusing (35), theresourceall ocation mechanism, &, governingthelake'squality can
be expressed as,

dS/dt=C+bS(1+S? - yS, for > t, for al t, where S isan initial condition(36)

Clearly, « is autonomous and time consistent. It is simple to confirm that V(S) is
differentiablein Severywhere, excepting S,. Itissimpleto confirm aswell that, although V(S) is
discontinuousat S, it possessesboth right- and | eft-hand derivativesthere. Wecan thereforedefine
the accounting price of the lake's quality to be p(S = N/JSat al S # S, and apply the theory
locally for the purposesof project eval uation and sustai nability assessment. It should be noted that
because phosphorusis a pollutant in the lake, p(S) < 0.2
4.2 Optimum Phosphor us Inflow

Theresourceall ocation mechanismdefined by (36) reflectsanimperfect economy. Brock
and Starrett (2003) have studi ed the optimum resourceall ocation mechanism. Toreview their work,
wegeneralize(36). If C,istheinflow of phosphorus, thelake'sdynamicsaregiven by theequation,

dS/dt = C,+ bS¥(1 + S - ¥S, fort > 0, (37)
where S, isgiven as an initial condition.

The problem isto choose {C},” so as to maximize (33), subject to (37).

Clearly, the optimum resource alocation mechanism is both autonomous and time
consistent. Inwhat follows, werestrict ourselvesto the casewherethe optimumisan interior one
(i.e.C,>0). Let p, betheaccounting price of phosphorusinthelake. Brock and Starrett confirmed
that, for { C} .~ to be an optimum, it is necessary that C, and S satisfy not only (37), but also the
Pontryagin conditions,

p,=-Uc (<0), foralt, (38)
and (dp/dt)/p,= 0+ ¥ - UJU. - 2bS/(1+S?)? for all t. (39)

The point therefore isto select p, (equivalently, C,) optimally and allow the dynamical
system to evolve in accordance with equations (37)-(39). The authors showed that, in the (p, S
space, equations(37)-(39) can haveat most acountabl e number of stationary points. They studied
in detail the class of parameter values for which the number of stationary pointsisthree. They
found that two of them (call them S, and S;, with S, < S, corresponding to what could be
interpreted to be the oligotrophic and eutrophic state, respectively) are saddle points, while the
intermediatepoint (call it S,)) isaspiral source(i.e., itisunstable).” Theauthors showed that there
existsavalue of phosphorusstock, S, such that if S, > S, the optimum programme asymptotes to

?* Note too that because the resource alocation mechanism is imperfect, -U. # VIS (see
Section 4.2 below).

# Although, for ease of exposition, we areusing the same notation, thepoints S, S,, and S; here
are not the same asthe points S, S,, and S, in the previous sub-section.
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S,; butif S§,<S, it asymptotesto S,. In short, history matters.?® Itiseasy to confirmthat if, by fluke,
S =S, therearetwo equally desirable optimal programmes, onethat asymptotesto S;, another that
asymptotesto S;. Thislast property can beshowntoimply that V(S), although not differentiable at
S, is continuous at S and possesses both left- and right-derivatives. S is an endogenously
determined separatrix.?’

Sincethe optimum resource all ocation mechanism isautonomous, we may write by p(S)
the optimum policy function. Phosphorusbeing apollutant inthelake, wehavep(S) < 0. It can be
shown that p(S) isdifferentiable everywhere excepting at S. It can al so be demonstrated that p(S)
is discontinuous at S, but is left- and right-differentiable there. Moreover,

p(S) = NIIB(<0), foralS#S. (40)
Writing by [p(S)]s, (resp., [p(9)]s. o) thelimit of p(S) as StendstoSfromtheleft (resp., right), and
similarly for [V, and [V/ A5 s, it can be shown too that [p(S)]s, = [V s, and [p(F)]s:o
=[oVI s, .. Thetheory we have outlined in Section 2 isthusapplicableto the optimum resource
allocation mechanism of this particular non-convex economy.

Havingillustrated thetheory by meansof athree examples, wenow proceedto obtainrules
for estimating accounting prices. We do this by focussing on specific categories of capital assets
and severa well known institutional imperfections.

5 Exhaustible Resour ces: the closed economy

Accounting prices of exhaustible resources when depletion rates are optimal have been
much studied (e.g., Dasguptaand Heal, 1979; seebelow). What i sthe structure of their accounting
prices when resources are instead common pools?

Two property-rightsregimessuggest themsel ves: open accessand restricted entry. They in
turn need to be compared to an optimumregime. Itissimplest if weavoid acomplete capital model.
Soweresort toapartial equilibriumworld: incomeeffectsareassumedtobenegligible. Let R be
the quantity extracted at t. Incomeisthe numeraire. Let U(R) betheareaunder thedemand curve
below R. SoU’(R) istaken to bethe market demand function. U isassumed to beanincreasing and
strictly concavefunction of Rfor positivevaluesof R. Inorder to haveanotation that isconsistent
withtheoneintheforegoing example, wetakethesocial rate of interest to bean exogenoudy given
constant, p. Let § be the stock. Then,

ds/dt = -R. (42)
5.1 The Optimum Regime

% Tothebest of our knowledge, Kurz (1968) wasthefirst to notethat if utility dependsdirectly
on capital stocks, the optimality conditions may possess multiple stationary points. Skiba(1978)
showed that in non-convex economiesthe optimality conditionsmay possess multipl e stationary
pointsevenif theutility functionisindependent of stocks. Themodel of Brock and Starrett (2003)
combines the two features.

2 Brock and Starrett (2003) refer to S as a Skiba point, the reference being to Skiba (1978).
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Inorder to construct abenchmark against which imperfect economiescan beevaluated, we
first study an optimizing economy. Assumethat extractioniscostless(constant unit extraction cost
can be introduced easily). Social welfareat tis,

V.= FUR)exp(-p(T-)d . (42)
Let p;* denotetheaccounting priceof theresourceunderground (equivaently, theHotelling rent,
or the optimum depletion charge per unit extracted). We know that

dp*/dt = pp*. (43)
Thisisthe Hotelling Rule. Moreover, optimum extraction, R*, must satisfy the condition,

U1R)=p* (44)
Assume that

U(R) = -R, where 17> 1. (45)
Then

R* = (ol )Sexp(-pt/ 7). (46)

We next consider the two imperfect regimes.
5.2 Restricted Entry

For vividness, assumethat thereare N identical farmers(i,j =1,2,...,N), drawing froman
unrechargeable aquifer. Extraction is costless. We model the situation in the following way: %

At t, farmer i owns apool of size S;. Each pool is separated from every other pool by a
porousbarrier. Water percolatesfrom the pool whichislarger totheonewhichissmaller. Let 4;
(>0), betherateat which water diffusesfrom pool i to pool j. Weassumethat 4;; = 4. Denote by
R, the rate at which i draws from his pool. There are then N depletion equations:

dS/dt = X[ 4(S; - S)I - Ry, (47)
where"2,,;" denotes summation over all j other thanii.

The payoff function for farmer i at timetis

JUR Jexp(-p(r)d. (48)

Farmersplay non-cooperatively. For tractablity, we study an openloop solution: Farmers
areassumed to be naive (when computing hisown optimum extraction rates, each takesthe others
extraction rates as given).

L et p, bethe(spot) personal accounting priceof aunit of i'sown resourcepool. Thepresent
value Hamiltonian for i's optimization problem would then be,

H, = U(Ryexp(-pt) + [Zn.4(S; - S0 - Rdpwexp(-ot). (49)
It follows from (49) that p,, obeys the equation,

dp,/dt= (o + EN-i/Zji)pit' (50)

For notational simplicity, assumethat A; = A for al i, j. Then (50) reducesto

dp,/dt = (0 + (N-1) A)p,. (52)

% McKelvey (1980) has studied a special case of the model of diffusion developed below.
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Write[,0+ (N-1).4] = . We conclude that the rush to extract because of insecure property rights
amounts to each extractor using an implicit discount rate, £, which isin excess of the social
discount rate 0.
Assumenow that the el asticity of demandisaconstant, 7(>1). Using (46) and (51), we conclude
that the extraction rate from the common pool is

R, = (0 n)Sexp(-A(-t)/ 7)), for al 7> t. (52)
In order to have a meaningful problem, we takeit that /7 > [-p (see below).

Let p, be the resource's (social) accounting price. We know
that p, = oV,/JS. Using (46), it follows that,

p. = J"U (R)[R/ S exp(-p( r-t))d . (53)
Write p, = p/U {(R). Then (51) and (53) imply
p.= BB~ n(fp)> 1. (54)

(Noticethat p, = 1if = p.)

Asanumerica illustration, consider the casewhere 0 =0.06, #=0.10, and 7= 2. Inthis
case, p, = 5, which reflects a considerable imperfection in the resource all ocation mechanismin
guestion: the resource's accounting price is five times its market price.

5.3 Open Access

We next study an open-access pool. To have ameaningful problem, we now assumethat
extraction is costly. For simplicity, let the unit extraction cost be a constant k (> 0). Under open
access, Hotelling rentsaredissipated completely. Therefore, theequilibrium extractionrate, R, is
the solution of the equation,

U1R) =k (55
Equation (55) confirmsthat, for any givenlevel of reserves, thereisexcessiveextraction. LetRbe
the solution of (55). We then have,

ds/dt = -R.

Reserves remain positive for aperiod T = SR. Let us normalize utility by setting U(0) = 0. It
follows that,

V, = JOSORU(R) - kR)exp(-o( 7-t)d . (56)
Let p, be the accounting price of the unextracted resource. Then,
P = N/5 = [(UR - kR)/Rlexp(-pS/R) > 0. (57)

Write p, = p/U (R), which isthe ratio of the resource's shadow price to its unit extraction cost.
Then, from (55) and (57),
P = [(U(R) - kR)/kRlexp(-pS/R) > 0. (58)

#|nthelimit, as A tendstoinfinity, Stendstoinfinity, implyingthat depletionisinstantaneous.
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(58) resembles aformula proposed by El Serafy (1989) for estimating depletion charges.® The
charge is positive because an extra unit of water in the aquifer would extend the period of
extraction. Noticethatp, isbounded above by theratio of theMarshallian consumer surplustototal
extraction cost; furthermore, it increasesasthe aguifer isdepl eted and attainsitsupper bound at the
date at which the pool is exhausted. If reservesarelarge, p, issmall, and free accessinvolves no
great loss - afamiliar result.

What are plausible orders of magnitude? Consider the linear demand function. Assume
therefore that

U(R) = aR - bR, wherea>kand b > 0. (59)
From (55) and (59),

R=(a- k)/2b. (60)
Substituting (59) and (60) in (58),

p. = ((@-k)/2Kexp(-2bpS/(a-k)). (61)
Equation (61) says that

p > Liff oS < ((a-K)/2b)In((a-k)/2kK).
(61) expressesthe magnitude of p intermsof the parametersof themodel. Suppose, for example,
that o = 0.02 per year, SR = 100 years (i.e. at the current rate of extraction, the aquifer will be
exhausted in 100 years), (a-k)/2k = 20 (e.g., k = $0.50 and (a-k) = $20). Then

p = 20exp(-2) = 7. (62)
We should conclude that the value to be attributed to water at the margin is high (about 7 times
extraction cost). Asthedate of exhaustion getsnearer, the accounting pricerisestoitsupper bound,
20.
6 Exploration and Discoveries

How should one account for expenditure on explorations of new deposits of exhaustible
resources? We imagine that the rate at which new reserves are discovered, N, is an increasing
function of (1) current expenditure on explorations, E, and (2) the accumulated expenditure on
explorations, M, but isadeclining function of (3) accumulated extraction, Z,. Denotethediscovery
function be N(E,M,,Z), where

dM/dt = E, (63)
and dz/dt=R. (64)
Werevert to the model containing one manufactured capital good, K, and an exhaustible natural
resource, S. Inthefamiliar notation, Y = F(K, R) istaken to be the aggregate production function.
The remaining equations of motion are,

dKk/dt = F(K, R) - C, - E. (65)

ds/dt = N(E,M,Z) - R. (66)

% See al so Hartwick and Hageman (1993) for afinediscussionthat links El Serafy'sformulato
Hicks formulation of the concept of national income (Hicks, 1942).
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Themodel hasfour capital assetsK, S M, and Z. Their accounting pricesare denoted by py, Ps, Pu
and p,, respectively. Socia welfareis given by (1). From Theorem 1, we have

th/dt = pK[F(Kt!Rt)_Ct_ET] + pS[N(ET!Mt’Zt)_Rt] + puE: + PR (67)

There are two casesto consider:

(A) Assumethat oN/oM = 0 (implying that p,,=0) and AN/JZ < 0 (implying that p,, < 0).
Evenin this case genuine investment is not the sum of investment in manufactured capital and
changes in proven reserves (N-R). This is because new reserves are valued differently from
existing reserves. Note too that exploration costs should not be regarded as investment.

Consider now thespecia casewherethe miningindustry optimizes.* Thenp, = psA\/cE.
If, in addition, pgN, can be approximated by p,E,, one could exclude discoveries of new reserves
from genuine investment, but regard instead exploration costs as part of that investment.

(B) Suppose N/oM > 0. If the industry optimizes, we have

Pk = Pu + PsAN/CE, (68)
and so py > py,. It followsthat genuineinvestment should now include not only new discoveriesand
investment in manufactured capital (asin CaseA), but al so exploration costs, using an accounting
price that is less than that of manufactured capital.

7 Forestsand Trees

As stocks, forests offer amultitude of services. Here we focus on forests as a source of
timber. Hamilton and Clemens (1999) regard the accounting value of forest depletion to be the
stumpage value (price minus logging costs) of the quantity of commercial timber and fuelwood
harvested in excess of natural regeneration rates. Thisisan awkward move, sincethe authorsdo
not say what i sintended to happen to theland being deforested. For example, if thedeforested land
is converted into an urban sprawl, the new investment in the sprawl would be recorded in
conventional accounting statistics.* But if it isintended to betransformed into farmland, matters
would bedifferent: the social worth of theland asafarm should beincluded asan addition to the
economy'sstock of capital assets. In what follows, we consider the simple casewheretheareais
predicted to remain aforest.

L et the price of timber, in consumption numeraire, be unity and let p (assumed constant)
bethesocial rateof discount. Holding all other assetsconstant, if B,isaggregateforestland at, we
may expresssocia welfareasV(B,). Theaccounting priceof forest landisthen &V/cB,, whichwe
write ass.

3 That the industry optimizes does not mean that the economy is following an optimum
programme.

% 1t should be noted though that the value of urban land would be more than just the new
investment: thereisacontributionto theval ue (which could beof either sign) arising from changes
in popul ation density - bothin the newly developed property andin placesof origin of thosewho
migrate to the property.
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Consider aunit of land capabl e of supporting asingletreeand itspossiblesuccessors. If the
landisvirgin, if aseedisplanted at t=0, if F(T) isthetimber yield of atreeaged T, and if Tisthe
rotation cycle, then the present discounted value of the land as a tree-bearer is,

= F(T)exp(-oT)/(1-exp(-pT)). (69)
Supposeinstead that at t=0 the piece of land in question housesatree aged 7. What istheval ue of
the land?

If the cycle is expected to be maintained, we have

S = F(Mexp(-o(T-7))/[1-exp(-(T- 7))]. (70)
If instead thetreeislogged now, but the cycleisexpected to be maintained, the value of theland,
after thetree hasbeen felled, isgiven by (69). Depreciation of theforest, asacapital asset, isthe
difference between (70) and (69).

8 Human Capital

To develop an accounting framework for knowledge acquisition and skill formation,
consider amodified version of thebasic model of Section 2. In particular, the underlying resource
allocation mechanism is assumed to be autonomous. Labour hours are assumed to be supplied
inelastically and population is constant, we may aswell then normalize by regarding the labour-
hours supplied to be unity.

Production of theconsumption good involvesphysical capital, K,,, and human capital, H,,.
Here, H,, isto beinterpreted to be the human capital embodied in those who work in the sector
producing the consumption good. Thus, if Y, is output of the consumption good,

Y, = F(Ky, Hy), (71)
where F is an increasing function of its arguments.

Assume that human capital is produced with the help of physical capital, K,,, and human
capital, H,, and that, owing to mortality, it depreciates at a constant rate, y. Output of human
capital is given by the technology

G(Kai Ha), (72)
where G isanincreasing function of itsargumentsand strictly concave, representing that theinput
of studentsis given.

By assumption, all individual sat agiven moment of time havethe sameamount of human
capital. Therefore, H,/(H,+H,,) isthe proportion of people employed in the sector producing the
consumption good. L et the total quantity of human capital be H. It follows that

Hy + Hy = H,. (73)
Write

Ky + Ky = K. (74)
For simplicity of exposition, weassumethat physical capital doesnot depreciate. Accumulation of
physical capital can be expressed as

dK/dt = F(Ky, Hy) - C, (75)
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and the accumulation of human capital as

dH/dt = G(K,, Hy) - vH. (76)
Since the resource allocation mechanism, ¢, is assumed to be autonomous, we have
V= V&, Ky, Ky, Hy, Hy). (77)

L et p,, and p,, be the accounting prices of physical capital and g, and g, the accounting
pricesof human capital, inthetwo sectors, respectively (i.e., p,,= M/ Ky, Gy = N,/AH,, and so
forth). Therefore, wealth can be expressed as,

Z; = pyuKy + Py + QyHy + GHa
and genuine investment by

l, = pydK,/dt + p,dK,/dt + q,,dH,/dt + g,dH,/dt. (78)

If & were an optimum resource all ocation mechanism, wewould have p,, = p, = p,, Say,
and g,, = gy = g, say. These prices would be related by the optimality conditions

UC)=p; poFIK, = qdGIK;;
and podF/cH; = qdGlcH,.

Estimating qg,, and g, posesdifficult problemsin practice. It hasbeen customary toidentify
human capital with education and to estimateitsaccounting priceintermsof themarket returnon
education (i.e., salariesover and aboveraw labour). But thissupposes, aswehave assumedinthe
abovemodel, that education offersno direct utility. If education doesoffer direct utility (anditis
widely acknowledged to do so), the market return on education is an underestimate of what we
should ideally be after. Furthermore, human capital includes health, which too is both adurable
consumption good and capital good.

Anaternativeisto use estimates of expenditureson health and education for the purpose
in hand. Such aprocedure may be be areasonabl e approximation for poor societies, butitisinall
probability far off the mark for rich societies.

9 Global Public Goods

Countriesinteract with oneanother not only through tradein international markets, but also
via transnational externalities. Hamilton and Clemens (1999) include carbon dioxide in the
atmosphereintheir list of assetsand regard the accounting price (anegative number) of acountry's
emissionto betheamount it would berequiredto pay therest of theworldif carbon emissionswere
theoutcomeof afully cooperative agreement. Their procedureis, consequently, valid only if each
country isengaged in maximising global welfare, an unusual scenario. Inwhat follows, wedevelop
the required analysis.

Let G, bethe stock of aglobal common at t. Weimaginethat G ismeasured intermsof a
"quality" index which, to fix ideas, we shall regard as carbon dioxide concentration in the
atmosphere. Being aglobal common, G isan argument inthe value function V of every country.
For simplicity of notation, we assumethat thereisasingleprivate capital good. L et K bethestock
of the privateasset owned by citizensof country j and let ; bej's (autonomous) resourceallocation
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mechanismand a'thevector of resourceallocation mechanisms. If V isj'svaluefunction, wehave

Vi = Vi(&, K, Gy. (79)
Let p, = oV,/K and g, = AV,/AG,. It may bethat G isan economic "good" for some countries,
whileitisan economic "bad" for others. For theformer, g, > O; for thelatter, g, < 0. Let E,, bethe
emissionratefromcountry kandlet ybetherateat which carbonintheatmosphereissequestered.
It follows that

dG/dt = X,E, - 1G,. (80)

Genuineinvestment inj is,

l, = dV,/dt = p,dK,/dt + g,dG/dt,
which, on using (80), can be expressed as

= pjtdKjt/dt + gjt(ZkEkt - }/Gt) (81)
Noticethat theexpression onthe RHS of (81) isthe samewhether or not &isbased oninternational
cooperation. On the other hand, dK,/dt and dG/dt do depend on how the international resource
allocation mechanismsarearrived at (e.g., whether they are cooperative or non-cooperative); and
they affect the accounting prices, p, and g;,.*

10 Exogenous Productivity Growth

Toassumeexogenousgrowthintotal factor productivity (theresidual) over theindefinite
futureisimprudent. Itishardto believethat serendipity, unbacked by R& D effort andinvestment,
can be a continual source of productivity growth. Moreover, many environmental resources go
unrecorded in growth accounting. If the use of natural capital in an economy has in fact been
increasing, estimates of theresidual could be presumed to be biased upward. Ontheother hand, if
apoor country were ableto makefree use of the R& D successes of rich countries, it would enjoy
apositive residual.

Theresidual can have short bursts in imperfect economies. Imagine that a government
reduces economic inefficiencies by improving the enforcement of property rights, or reducing
centralized regulations (import quotas, price controls, and so forth). Wewoul d expect thefactors
of production to find better uses. As factors realign in a more productive fashion, total factor
productivity would increase.

Inthe oppositevein, theresidual could becomenegativefor aperiod. Increased government
corruption could beacause; the cause could also becivil strife, which destroys capital assetsand
damages a country's institutions. When institutions deteriorate, assets are used even more
inefficiently than before and the residual declines. Thiswould appear to have happened in sub-
Saharan Africa during the past forty years (Collins and Bosworth, 1996).

Wenow study sustainability inthe context of two model sof exogenous productivity growth.

¥ Social cost-benefit analysis, as sketched in Section 2.4, would enable a country to estimate
whether it ought to alter itsemissions. Nordhausand Y ang (1996) have studied international carbon
emissions as the outcome of a non-cooperative equilibrium game among nations.
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10.1 L abour-augmenting Technical Progress

Consider an adaptation of themodel exploredin Section 3. Physical capital and aconstant
labour force together produce a non-deteriorating all purpose commodity. The economy enjoys
labour augmenting technological progressat aconstant raten. If K iscapital and Aisknowledge,
we have in the usual notation,

Y. = F(K, A, (82)
dK/dt = F(K, A) - C, (83)
and  dA/dt= nA,. (84)

There are two capital goods, K and A. Let p, and p,, respectively, be their accounting pricesin
utility numeraire. The sustainability criterion is then p,dK/dt + p,dA)/dt > O, or, equivalently,

dK/dt + gdA/dt > 0, where g, = pA/pk- (85)
Itisingtructiveto study the casewheretheresourceall ocation mechanismisoptimal. Theequations
of motion for p, and p, are,

dp./dt = &p, - pecFIAK, (86)
and  dpy/dt = Jdp, - pcF/AA - np,. (87)
Using (85)-(87) yields,

dg/dt = (/K - n)g, - GFIA. (88)

Suppose F displays constant returnsto scale. Define k = K/A and ¢ = C/A. Write f(k) = F(k, 1).
From (83) and (84) we have

dk/dt = f(k) - nk; - ¢,

or dk/dt = (F/K)k, + HFIA - nk, - c,. (89)
Adding (88) and (89) yields
d(q, + k)/dt = (/K - n)(gi+ k) - . (90)

Itissimpleto confirmthat g+kisthe present value of future consumption (discounted at therate
oF/ oK) divided by A (thecurrent state of knowledge). It followsthat the sustainability criterionat
t (condition (85)), divided by A, is

dk/dt + n(k. + q) > O. (92)
10.2 Resour ce Augmenting Technical Progress

Consider an alternativeworld, where output, Y, isafunction of manufactured capital (K)
andtheflow of an exhaustiblenatural resource(R). Let AR, betheeffective supply of theresource
in production at t and § the resource stock at t. Then we may write,

Y. = F(K, AR), (92)
dK/dt = F(K, AR) - C, (93)
dA/dt = n, (94)
ds/dt = -R. (95)

Therearethreestate variables. But we can reducethemodel to onewith two statevariables. Thus,
write Q, = AR, and X, = AS. Then (93) and (94) become,
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dK/dt = F(K,, Q) - C, (96)
and dX/dt=nX - Q. (97)
Thisisequivalent to arenewabl eresource problem, and the steady stateisthe Green Golden Rule,
with

nX= Q. (98)
L et px and p, bethe accounting pricesof K, and X,, respectively. Then the sustainability condition
is,

pcdK/dt + p,dX/dt > 0. (99)

It isinstructive to study the case where the resource alocation mechanism is optimal.
Suppose a'so that F displays constant returns to scale. Following the approach of the previous
example, let g, = p,/pc. Then it is easy to confirm that

(dg/dt)/q, = oF/K - n. (100)
Moreover, the optimal use of the productivity adjusted natural resource, Q,, isdetermined by the
condition,

oFIAQ = q. (101)
Along the optimal programme, the sustainability condition (99) is,

F(Kv Qt) - Ct + qt(nxt - Qt) > 0, (102)
or (O’F/O‘K)Kt + (d:/d?)Qt - Ct + qt(nxt - Qt) > 0, (103)
or (FIK)K, - C, +ngX, > 0. (104)

Inequality (104) says that consumption must not exceed the sum of capital income and the
sustainable yield.
11 Exhaustible Resour ces: the exporting economy

Theexport of natural resourcesat givenworld pricesraisesissuessimilar tothosewehave
just encountered in our analysis of exogenous productivity change. The exogenous"drift” term,
N/, in equation (8) has to be estimated.

Assume that extraction is costless. Suppose that at time T the world market price of an
exhaustible resourceis q.. If R, isthe volume of export, revenueis q.R..

WriteC,=q R, (105)
Thecountry'sexport policy, being governed by theunderlying &, can beexpressed asR( 7,S,t) for
7 > t. From equation (105) it follows that

dC/dt = qdR/dt = (L /A])dS/dt + q,R/A, (106)
As before, we assume that social welfareat tis,
V, = [*U(C )exp(-p( 7-t))d . (107)

L et p, denotetheresource'saccounting price. Sincethecriterionfor sustainablewell-beingisdVv/dt,
we differentiate both sides of equation (107) with respect to t to obtain,

dVi/dt = -U(C) + pV, + /U (CY[(C/R)dS/dt + g R/ A exp(-p( -t)d 7. (108)
But
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ds/dt = -R.
Therefore, equation (108) reduces to

dv/dt = -U(C) + pV, + pdS/dt + [*U’(C )exp(-po( T-t))(cC / A)d 7. (109)

Define u(z,t) = &L J/dr+ L JA. (120)
M(7t) canberegarded asanindex of theextent towhich theresourceall ocation mechanismisnon-
autonomous. Using equations(105)-(107) and (110), the RHS of equation (109) can bereexpressed
as,

dv/dt = -U(C) + pV, + pdS/dt + J*U’(C)exp(-p( =t) u( T;t)d 7 - /U’ (C,)exp(-o( 7-

t))(cC/ondr. (112)
Onpartialy integrating thelast termonthe RHS of equation (111) and cancelling terms, weaobtain,
dv/dt = pdS/dt + /*U’(Cexp(- X T-t)) u( T,t)d 7. (112)

The integral on the RHS of (112) isthe "drift" term. As (112) shows, the index of sustainable
welfareisthe algebraic sum of genuineinvestment and the drift term. We now proceed to obtain
simplerulesfor estimating theindex in the case of two special non-optimum resource allocation
mechanisms.®
Suppose C is constant.® In this case,
A ldr=CJA=0,
and (7t) =0in (112) is zero, and genuine investment measures changesin social welfare.
Suppose instead R is constant. It follows that

oRJIIT+ RIA =0, (113)
and  (7t) = RA/IT=qR(A/IN/Q.. (114)
Using (113) and (114), we may write,

J7U'(Cexp(- K w0) () T = 216, (115)

where, can beinterpreted asthe average capital gainsontheworld market, asviewed fromtime
t. Formally, (112) can be re-written as,

dv/dt = pdS/dt + /6. (116)
12. Defensive Expenditure

How should defensive expendituretoward pollution control appear in national accounts?
Denote by Q, the stock of defensive capital and X, investment in its accumulation. Let P, be the
stock of pollutants and Y, aggregate output. We may then write,

drP/dt = G(Y,, Q) - 7P, where G(Y,, Q) > 0, &&/JY >0 and AG/AQ < 0. (117)
Moreover, if defensive capital depreciates at the rate &, then

% Asheim (1996), Sefton and Weale (1996), Vincent, Panayotou, and Hartwick (1997),
Aronsson and L 6fgren (1998), and Cairns (2002) have published related findings, but inthe context
of optimising economies.

¥ |nthiscasetheresourcewill beexhaustedinfinitetime. For notational simplicity, wecontinue
to present matters as though the horizon isinfinite.
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dQ/dt =X, - ¥Q, where > 0. (118)
In the usual notation, the accumulation equation is expressed as,

dK/dt = F(K) - C, - X. (119)
Denoteby p, theaccounting priceof K, m that of defensivecapital, andr, (< 0) theaccounting price
of the pollutant. Wealth can then be expressed as,

pth + rntQt + rtPU
and genuine investment at t as,

|, = pdK/dt + mdQ/dt + r dP/dt. (120)
Equation (120) says that defensive expenditure against pollution ought to be included in the
estimation of genuine investment (mdQ/dt), but, then, so should changes in the quality of the
environment be included (r,dP/dt). To include the former, but not the latter, would be a mistake.
13. Population Change and Sustainable Development

How does demographic change affect theindex of sustainable development? Therearea
number of conceptual problemsinherent inthewelfare economicsof reproductive behaviour that
still remain usettled. Such problemshavetypically been bypassed in growth accounting; instead,
it has been customary thereto regard changesin popul ation to be exogenously given. Wefollow
that practice here.*

We seek to determinehow popul ation changeinfluencesthedrift term (&V,/ct) onthe RHS
of equation (8). Anequivalent way of castingthe problemisto regard popul ation asacapital asset.
Oncewedothat, what could appear to be anon-autonomousmodel reducesto an autonomousone.
Toillustrate, we adopt anatural extension of Harsanyi (1955) by regarding social welfaretobethe
average utility of all who are ever born. We formalize this ‘dynamic average utilitarianism’ as
follows:

Let N, bepopulationsizeat t and n(N,) the percentagerate of change of N..*” For notational
simplicity, we ignore intragenerational inequality and changes in the age composition of the
population. Let ¢, denote per capita consumption at t. If C, isaggregate consumption, ¢, = C/N..
Assume as before that labour is supplied inelastically in each period. Current utility of the
representative person is U(c,) and social wefareis,

V, = /"N U(c,)exp(- & =t))d o7, /“N exp(- & z-t))d .* (121)

If V, isto be well-defined, we need to suppose that there exists € > 0, such that (J- €)t >
o/'n(N)d zfor large enough t. Notice though that, once we are given the popul ation forecast, the
denominator in (121) isindependent of the policies that could be chosen at t. This meansthat a

% For adiscussion of such problems and possible resol utionsto the paradoxes that normative
population theory has given rise to, see Dasgupta (2001b).

¥ 1f N, isalogistic function, n(N,) = A(N*-N,), where A and N* are positive constants.
¥ See Dasgupta (2001b) for ajustification of thisform of intergenerational welfare.
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policy deemed to be optimal if (121) were used asthe criterion of choicewould also bejudged to
be optimal if instead socia welfare V, were taken to be of the form,

V, = J*NU(c,)exp(- K ==t))d . (122)
But for assessing whether or not apattern of development sustainsV,, it matterswhether V, istaken
to be (121) or (122).

Let K,, denotethestock of theithtypeof capital good and writek;, = K;/N,. Wenow express
by k, thevector of capital stocksper head. Thestatevariablesarethereforek,and N,. Wetakeit that
a is autonomous. Then equation (121) implies that

V, = V(k, N). (123)

Let the numeraire be utility. Define v, = oV/oN.. It is the contribution of an additional
person at t to social well-being. v, is the accounting price of a person (as distinct from the
accounting price of aperson'shuman capital). Notethat v, can be negative, depending oninitial
conditions at t and on the resource allocation mechanism.

Let p, denote the accounting price of k,. Equation (123) then implies

dv/dt = Xp,dk,/dt + v,dN/dt. (124)
The RHS of equation (124) is genuine investment, inclusive of the change in the size of the
population. It generalizes equation (8). We conclude that Proposition 1 remainsvalid so long as
weal th compari sons mean comparisonsof wealth per capita, adjusted for demographic changes.

In Arrow, Dasgupta, and Maler (2003), we have studied optimal economiesinwhichthe
adjustment term (v, dN,/dt) is not negligible, but nevertheless can be estimated in asimple way.
Dasgupta (2001b) identified aset of circumstanceswheretheterm vanisheseveninanimperfect
economy. Suppose (i) n(N,) isindependent of N;; (ii) all the production processesarelinear; and (iii)
¢, = c(k,), meaning that under theresourceall ocation mechanism ¢, per capita consumptionisnot
afunction of population size. In such circumstances V, isindependent of N, (i.e. v, =0) and, so,
equation (124) reducesto

dv/dt = X.p,dk,/dt. (125)
Thisfinding can be summarised as

Theorem 6 If (i) n(N,) isindependent of N,, (ii) all the production processes are linear,
and (iii) ¢, = c(k,), then social welfareis sustained at a point in timeif and only if the value of
the changes in per capita capital assets at that instant is non-negative.

Theconditionsunderlying Theorem 6 areoverly strong. It istempting neverthel esstoregard
thevalueof changesinthe per capitastocksof capital assetsasafirst approximation of dV,/dt and
then to estimate correction termsthat reflect departuresfrom the conditionsunderlying thetheorem.
That investigation is left for future work.*

14. Uncertain Productivity

¥ |n Dasgupta (2001b) Theorem 6 wasinvoked to assess whether the world's poorest regions
have experienced sustainable development in the recent past.
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How does future uncertainty in the productivity of capital assets influence accounting
prices?Inorder to study thisquestioninthesimplest possibleway, werevert to the Ramsey-Solow
model of Section 3 and assumethat the productivity of thesingleasset isuncertain. Analytically
itiseasiest toimaginethat theunderlying stochastic processgeneratesareturn oninvestment that
isindependently and identically distributed (iid) in each period. For conveniencewenow suppose
that timeisdiscrete(t=0,1,2,...). Inwhat followsweindicatethat avariableisrandom by placing
atildeover it. Let usdenotethe uncertain productivity of investment at datet by /7. We assumethat
M, isnon-negative and that the distribution of £ is atomless.

Population is assumed to be a constant and aggregate saving is taken to be a constant
proportion, s, of wealth, where 0 < s< 1. At each t the size of the capital stock that has been
inherited fromthe previousperiodisaknown quantity. Consumptionisafixed proportion (1-s) of
that inherited stock. Therefore, assuming that capital does not deteriorate, the discrete time,
stochastic counterpart of the accumulation equation (19) is,

Kle = (Kt - Ct)lljt’
from which we conclude that

K1 = siK, t>0,
and thus,

C.= (19K [""(s)],  for z>t> 0. (126)
Writing by U(C) theutility of consumption, wetakeit that socia welfare (V) istheexpected value
of the sum of discounted utilitiesover time. L etting E denotethe expectation operator, thismeans
that

V, = E[[2"U(C)A™], where = 1/(1+J) and 0> 0. (127)

Suppose utility isiso-elastic. Let 77 bethe elasticity of marginal utility. We consider the
empirically interesting case, 7 > 1.* We write U as:

U(C)=C""(1-n7, wheren>1. (128)
In (128), U is bounded above, but is unbounded below.

Write E(Z*7) = E(@™™). If V, isto be well-defined, we must now suppose that

P IE(EM) < 1., (129)
Using (126) and (128), and noting that the seriesin (127) isabsol utely convergent, we can rewrite
(127) as

Vi = -(1-9 K EMY(-1)[1 - FEIE(EE)],
and, so, deduce that the asset's accounting priceis

po= NIAK, = (1-9F 7KL - SSPEE)]. (130)

How would changesin thedistribution of &, (7 > t) affect p,? To study this, imagine that

O Estimates of the elasticity of marginal utility obtained from consumer behaviour, or,
alternatively, from consumer responsesto questions, havetypically beenintherange1.5-2.5. The
evidencethusacquired doesnot of coursereflect what we mean by 77here, but itisclose enough.
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log(4Z) isnormally distributed with mean mand variance ¢®. Denote the mean of £, by . Inthat
case, we know that

4 =exp(m+ ¢?2), (131)
E(@*”) = g% exp(-n(1-1) 0°12), (132)
and  var(d) = @exp() - 1]. (133)

From (130)-(133) weconfirmthat, holding var (i) constant, dp,/di < 0. To study theeffect
of anincreaseinvar(() on p,, whilekeeping & constant, wemust allow gtoincreaseinsuchaway
that (m+ 0°/2) remainsunchanged. Itisnow asimplematter to confirmthat cp/A 0°) >0. And so,
we have

Theorem 7 Other things the same, (i) if the expected return on investment were to
increase, theassets accounting pricewould decrease, and (i) if theunderlyingriskintheasset's
productivity were to increase, so would its accounting price increase.

Part (i) of Theorem 7 says that an increase in the expected rate of return on investment
would |lead to adecreasein the asset's accounting price, other thingsthe same. But Part (ii) isalso
consistent with intuition. From (128) we know that utility, while bounded above, is unbounded
below. We would then expect V, to be particul arly sensitiveto the downsiderisk in 4. Part (ii) of
Theorem 7 saysthat if therisk inZ weretoincrease, the asset (at the margin) would becomemore
valuable- other thingsthe same. The Theorem's message should be expected to be even stronger
if theunderlying transformation possi bilitiesamong goods and serviceswereto display thresholds,
or, moregenerally, ecol ogical non-convexitiesof thekindthat ispresentinthemodel of theshallow
lake (Section 4).*

Of course, consumers could be expected to respond to an increase in the mean return on
investment, or to anincreasein uncertainty inthereturn. What would betheir response?\We cannot
tell unless we model the economic environment in which various parties make their saving
decisions. The simplest placeto look isan environment where the saving rateis optimal. There,
people'sresponsetoachangeinriskisalsooptimal. Levhari and Srinivasan (1969) have shownthat
inthe model economy being studied here, if U ishomogeneous of degree (1-7) in C, the optimal
saving ratio (s*) is the solution of the equation,

s" = BE(AT"). (134)
L et uscontinueto assumethat 7> 1. From (130) and (134) we concludethat if the saving rateis
optimal, then, other things the same, an increase in the expected return on investment leadsto a
declineintheaccounting priceof capital (i.e., dp/du < 0), and anincreaseintheriskynessof return

! The reader can confirmthat if 0 < 77< 1in (128), then dp/du > 0 and dp/do? < 0; and if 77
=1 (i.e, U(C) = log C), then dp/du = dp/do?® = 0. See the following footnote for an intuitive
explanation for these resullts.
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leads to an increase in the accounting price (i.e., dp/do® > 0).*

Accounting pricesof capital assets(asopposed totheir market prices) arerarely estimated;
but when they are, the estimates are mostly made on the basis of economic models that eschew
uncertainty. The general moral of our finding hereisthat such studies underestimate the social
worth of those assets.

15 Concluding Remarks

In this paper we have explored the way welfare analysis can be conducted in imperfect
economies. In Sections 2-3 it was confirmed that the same set of accounting prices should be used
both for the evaluation of policy reforms (e.g., project evaluation) and for assessing whether the
economic programme being pursued sustainsintergenerational welfare. In Sections5-14westudied
the properties of accounting prices of environmental natural resources under a variety of
ingtitutional arrangements. We showed that for anumber of casesit is possibleto derive simple
formulaefor accounting prices. It wasfound that under plausibleva uesof therelevant parameters,
accounting prices of goods and services can be substantially different from their market prices.

A largeempirical literaturein ecology and epidemiology offers evidence that ecol ogical
processes are driven by non-convex transformation possibilities.” We note here in passing that
metabolic processesal soinvolve non-convex functional relationshi psbetween nutritionintakeand
nutritional status.** It was confirmed that accounting prices can be used in non-convex
environments (Section 4). Our hopeisthat the methods devel oped herewill be of usenot only in
environmental and resource economics (our focus of concern here), but also in nutrition and
epidemiological studies.

“2The reader can confirmthat if 0< 77< 1in (128) and (134), then dp,/du > 0 and dp,/do® < 0.
To understand the result, note that if 0 < 77 < 1, then U is unbounded above, but bounded below.
n=1correspondsto thecasewhere U(C) =log C. Inthiscase s* isindependent of both 1z
and &2, and so dp,/du = dp,/do*= 0. The opposite pullsarising fromthe unboundedness of U at both
endscancel each other. SeeHahn (1970) for anintuitive explanation for theway ninfluencesthe
relationship between o and s*.

3 See, for example, Murray (1993).
“4 On this see Dasgupta (1993).
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