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Devwudfw

Wklv sdshu vwxglhv krz vfkrrolqj dgplvvlrq whvwv d�hfw hfrqrplf shu0

irupdqfh lq dq hfrqrp| zkhuh lqglylgxdov duh hqgrzhg zlwk erwk dfd0

ghplf dqg qrq dfdghplf delolwlhv dqg erwk delolwlhv pdwwhu iru oderu sur0

gxfwlylw|1 Zh ghyhors d vlpsoh prgho zlwk vhohfwlyh jryhuqphqw khog

vfkrrov/ zkhuh lqglylgxdov vljqdo wkhlu delolwlhv e| wdnlqj dq dgplvvlrq

whvw wkdw vruwv wkhp lqwr gl�huhqw vfkrrov1 Zkhq delolwlhv duh srruo| fru0

uhodwhg lq wkh srsxodwlrq/ dv grfxphqwhg lq wkh olwhudwxuh/ d vwdqgdug

whvw edvhg rqo| rq dfdghplf delolwlhv lv h{shfwhg wr eh ohvv h!flhqw wkdq

d pruh edodqfhg whvw/ wkdw frqvlghuv erwk delolw| w|shv1 Frqwudu| wr wklv

h{shfwdwlrq/ zh vkrz wkdw wklv lv qrw jhqhudoo| wuxh/ exw ghshqgv erwk rq

wkh glvwulexwlrq ri delolwlhv lq wkh srsxodwlrq dqg rq wkh pdujlqdo frq0

wulexwlrq ri hdfk delolw| w|sh wr lqglylgxdo surgxfwlylw|1 Lw lv dovr qrw

jhqhudoo| wuxh wkdw wkh rxwfrph ri d pruh edodqfhg whvw fdq eh uhsolfdwhg

e| d vhtxhqwldo whvwlqj vwudwhj|/ zlwk jryhuqphqw khog vfkrrov whvwlqj dfd0

ghplf delolwlhv dqg �upv whvwlqj qrq dfdghplf delolwlhv rq wkh vxe0vdpsoh

ri judgxdwhv ri holwh vfkrrov1

� Fruuhvsrqghqfh wr= Jlrujlr Euxqhoor/ Ghsduwphqw ri Hfrqrplfv/

yld gho Vdqwr 66/ 68433 Sdgryd/ Lwdo|1 Who=.6<37<;5:75561 Id{=

.6<37<;5:75441 H0pdlo= euxqhoorCghfrq1xqlsg1lw1

� MHO Frghv= M64/ M57

� Nh|zrugv= hgxfdwlrq/ dgplvvlrq whvwv

� �������	�
��

D glvwlqjxlvklqj ihdwxuh ri prghuq vfkrrov/ hvshfldoo| dw wkh xsshu vhfrqgdu|
dqg whuwldu| ohyho/ lv wkdw wkh dgplvvlrq ri vwxghqwv lv edvhg rq vhohfwlrq fulwh0
uld vxfk dv h{dpv dqg dgplvvlrq whvwv/ wkdw vruw dssolfdqwv e| txdolw|1 Wkhvh

WZh duh judwhixo wr Nhqq Duljd/ Wkrpdv Edxhu/ Oh{ Erujkdqv/ Gdqlhoh Fkhffkl/ Iudqflv

Juhhq/ Euxqr Sduljl dqg wr dxglhqfhv dw L]D Erqq dqg Pddvwulfkw Xqlyhuvlw| iru frpphqwv

dqg vxjjhvwlrqv1 Wkh xvxdo glvfodlphu dssolhv1
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sudfwlfhv duh iuhtxhqw lq Hxursh dqg Mdsdq/ zkhuh whvwv suhydlo rq sulfhv dv
vhohfwlrq fulwhuld +Ihuqdqgh} +4<<;,/ Juhhq/ Zroi dqg Ohqh| +4<<<,,1 Lq wkh XV/
erwk sulfhv dqg whvwv kdyh dq lpsruwdqw uroh lq wkh doorfdwlrq ri vwxghqwv wr
froohjhv +Zlqvwrq +4<<<,,4 1

Lw lv riwhq uhpdunhg wkdw wkhvh dgplvvlrq whvwv duh ghvljqhg wr phdvxuh
dfdghplf delolw| dqg srwhqwldo vxffhvv lq froohjh/ qrw lq wkh oderu pdunhw5 1 Dv
dujxhg e| Hydqv dqg Vfkzde +4<<:,/ �11vwdqgdugl}hg whvwv fdq rqo| phdvxuh d
vwxghqw*v delolw| wr ghdo zlwk d sduwlfxodu w|sh ri txhvwlrq dqg fdqqrw phdvxuh d
vwxghqw*v fuhdwlylw| ru ghhshu sureohp vroylqj vnloov11� +s1<75,/ wkdw duh ydoxhg
lq wkh oderu pdunhw1

Wkh fxuuhqw hpskdvlv lq idyru ri frjqlwlyh delolwlhv lq wkh vhohfwlrq ri sxslov
ryhuorrnv wkh lpsruwdqfh erwk ri vrfldo dqg ri qrq dfdghplf delolwlhv1 Dffruglqj
wr Khfnpdq +4<<<, �11fxuuhqw srolflhv uhjduglqj hgxfdwlrq111irfxv rq frjqlwlyh
vnloov dv phdvxuhg e| dfklhyhphqw ru LT whvwv wr wkh h{foxvlrq ri vrfldo vnloov/
vhoi glvflsolqh dqg d ydulhw| ri qrq0frjqlwlyh vnloov wkdw duh nqrzq wr ghwhuplqh
vxffhvv lq olih1 Wkh suhrffxsdwlrq zlwk frjqlwlrq dqg dfdghplf �vpduwv� wr wkh
h{foxvlrq ri vrfldo dgdswdelolw| fdxvhv d vhulrxv eldv lq wkh hydoxdwlrq ri pdq|
kxpdq fdslwdo lqwhuyhqwlrqv� +4<<</ s14,1

Dv vkrzq e| Gdylg Zlvh +4<:8,/ erwk dfdghplf dqg qrq dfdghplf delolwlhv
d�hfw lqglylgxdo surgxfwlylw|1 Zkloh dfdghplf delolwlhv duh dvvrfldwhg wr frjql0
wlyh wudlwv/ qrq dfdghplf delolwlhv duh dvvrfldwhg wr d�hfwlyh wudlwv dqg lqfoxgh
lqlwldwlyh/ ghflvlrq pdnlqj delolw| dqg lpdjlqdwlyh wklqnlqj1 D vlplodu srlqw lv
pdgh e| Elvkrs +4<<5, dqg Eodfnexuq dqg Qhxpdun +4<<6,/ zkr glvwlqjxlvk
ehwzhhq dfdghplf dqg whfkqlfdo delolwlhv dqg vkrz wkdw wkh odwwhu duh dw ohdvw
dv lpsruwdqw dv wkh iruphu iru hduqlqjv jurzwk6 1

Zlvh frqfoxghv klv hpslulfdo lqyhvwljdwlrq ri wkh uhodwlrqvkls ehwzhhq delo0
lwlhv dqg surgxfwlylw| e| dgyrfdwlqj pruh edodqfhg dgplvvlrq fulwhuld lq wkh
doorfdwlrq ri vwxghqwv wr vfkrrov/ wkdw vkrxog frqvlghu qrw rqo| frjqlwlyh exw
dovr d�hfwlyh wudlwv1 Pruh edodqfhg dgplvvlrq uxohv vhhp wr eh sduwlfxoduo| uhoh0
ydqw zkhq lqglylgxdov kdyh gl�huhqw hqgrzphqwv ri dfdghplf dqg qrq dfdghplf
delolwlhv dqg wkhvh delolwlhv duh srruo| fruuhodwhg lq wkh srsxodwlrq1 Hpslulfdo
hylghqfh lq vxssruw ri wklv srvvlelolw| lv suhvhqwhg e| Zlvh +4<:8,/ zkr �qgv
d orz fruuhodwlrq ehwzhhq wkh wzr delolw| w|shv lq klv vdpsoh ri hpsor|hhv ri d
odujh XV pdqxidfwxulqj �up7 1

4Yhqwl dqg Zlvh +4<;5, �qg wkdw froohjh dgplvvlrq ghflvlrqv ghshqg erwk rq VDW vfruhv

dqg rq kljk vfkrro fodvv udqn1 Dffruglqj wr Frrn dqg Iudqn +4<<6,/ wkh wrs 66 froohjhv lq

wkh XV wdnh xs 518( ri doo VDWY +VDW yhuedo, uhflslhqwv dqg 751;( ri wkrvh zlwk d VDWY

lqfoxghg iurp :33 wr ;331
5�Vwdqgdugl}hg whvwv hpsor|hg e| vfkrrov odfn h{whuqdo ydolgdwlrq lq whupv ri oderu pdunhw

vnloov ru rwkhu vxevhtxhqw rxwfrphv1 Wklv lv qrw sduwlfxoduo| vxusulvlqj/ krzhyhu/ jlyhq wkh

sulpdu| prwlydwlrq iru wkhlu frqvwuxfwlrq1 Prvw whvwv duh ghvljqhg wr h{dplqh vwxghqwv rq

vshfl�f nqrzohgjh dqg wr suhglfw shuirupdqfh1 Wkh shuirupdqfh ri lqwhuhvw/ krzhyhu/ lv riwhq

ixwxuh vxffhvv lq vfkrrolqj1 Wklv/ iru h{dpsoh/ lv wkh prwlydwlrq ehklqg wkh VDW vfruhv�1

+Kdqxvkhn +4<;9,/ s14487,1
6Vhh dovr Fdzoh|/ Frqqhho|/ Khfnpdq dqg Y|wodflo +4<<9,1 Khuuqvwhlq dqg Pxuud| +4<<7,

dqg Fxuulh dqg Wkrpdv +4<<8, uhfrjql}h wkdw lqglylgxdo rxwfrphv duh d�hfwhg e| d zlgh

udqjh ri kxpdq wdohqwv/ ehvlgh wkh lqwhooljhqfh idfwru �j�1
7 Lq klv sdshu/ Zlvh dovr txrwhv vxevwdqwldo dssolhg sv|fkrorj| olwhudwxuh wkdw vkrzv vlplodu
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Wklv sdshu vwxglhv krz vfkrro dgplvvlrq whvwv d�hfw hfrqrplf rxwfrphv lq dq

hfrqrp| zkhuh lqglylgxdov duh hqgrzhg zlwk erwk dfdghplf dqg qrq dfdghplf

delolwlhv dqg hlwkhu delolw| pdwwhuv iru oderu surgxfwlylw|1 Rxu pdlq sxusrvh

lv wr hydoxdwh zkhwkhu dgplvvlrq fulwhuld wkdw ydoxh erwk dfdghplf dqg qrq

dfdghplf delolwlhv fdq lpsuryh hfrqrplf h!flhqf|/ phdvxuhg e| wrwdo rxwsxw

surgxfhg lq wkh hfrqrp|/ zlwk uhvshfw wr pruh vwdqgdug fulwhuld edvhg rqo|

xsrq dfdghplf delolwlhv1

Wkh uhodwlrqvkls ehwzhhq lqglylgxdo delolw|/ vfkrrolqj dqg hfrqrplf shuiru0

pdqfh kdv ehhq vwxglhg h{whqvlyho| lq wkh olwhudwxuh1 Lpsruwdqw frqwulexwlrqv

lqfoxgh wkh vljqdoolqj prghov e| Vshqfh +4<:6, dqg Vwljolw} +4<:8, dqg wkh

vruwlqj0fxp0ohduqlqj prgho e| Zhlvv +4<;6,1 Wkhvh frqwulexwlrqv/ krzhyhu/ ir0

fxv rq d vlqjoh glphqvlrq ri delolw|1 Dv dujxhg e| Zloolv dqg Urvhq +4<:<,/ wkh

hpskdvlv rq d vlqjoh glphqvlrq lv suredeo| huurqhrxv dqg lv htxlydohqw wr lp0

srvlqj odujh srvlwlyh fryduldqfhv rq xqrevhuyhg lqglylgxdo delolw| frpsrqhqwv1

Pruh uhfhqw frqwulexwlrqv wkdw duh forvho| uhodwhg wr rxu sdshu lqfoxgh

Frvwuhoo +4<<7,/ Ehwwv +4<<;, dqg Ihuqdqgh} +4<<;,1 Frvwuhoo vwxglhv dgplv0

vlrq vwdqgdugv zkhq wkh srolf| pdnhu lv hjdolwduldq dqg lqglylgxdov gl�hu lq

wkhlu h�ruw exw qrw lq wkhlu delolw|1 Ehwwv +4<<;, lqwurgxfhv khwhurjhqhrxv delo0

lw| lq Frvwuhoo*v vhwxs dqg doorzv lqglylgxdov wr vljqdo wkhlu delolw| e| wdnlqj

dgplvvlrq whvwv1 Delolw|/ krzhyhu/ uhwdlqv d vlqjoh glphqvlrq1 Ihuqdqgh} +4<<;,

frpsduhv doorfdwlrqv e| sulfhv zlwk doorfdwlrqv e| whvwv zlwk dqg zlwkrxw olt0

xlglw| frqvwudlqwv1 Lq khu prgho/ delolw| kdv d vlqjoh glphqvlrq dqg wkh vkduh ri

kljk txdolw| vfkrrov lq wkh hfrqrp| lv h{rjhqrxvo| jlyhq1

Lq doo wkhvh prghov/ wkh pdlq hpskdvlv lv rq wkh vxsso| vlgh dqg rq wkh

lqglylgxdo ghflvlrq wr wdnh dqg sdvv dgplvvlrq whvwv1 Frpsduhg wr wkhvh frqwul0

exwlrqv/ rxu sdshu lqqrydwhv lq d qxpehu ri gluhfwlrqv1 Iluvw/ zh doorz delolw|

wr wdnh wzr gl�huhqw glphqvlrqv/ wkdw fdq eh srruo| fruuhodwhg lq wkh srsxod0

wlrq1 Vhfrqg/ zh h{solflwo| prgho wkh ghwhuplqdwlrq ri wkh vkduh ri kljk txdolw|

vfkrrov lq wkh hfrqrp|1 Odvw exw qrw ohdvw/ zh prgho wkh ghpdqg vlgh ri wkh

pdunhw dqg vwxg| wkh lqwhudfwlrqv dprqj wkh ghflvlrqv wdnhq e| lqglylgxdov/

�upv dqg wkh jryhuqphqw1

Zh frqvlghu d vw|ol}hg hfrqrp| zkhuh vfkrrov duh uxq dw qr frvw e| wkh fhq0

wudo jryhuqphqw/ wkdw ghvljqv wkh vfkrrolqj v|vwhp wr pd{lpl}h wrwdo rxwsxw8 1

Vfkrrov fdq eh hlwkhu frpsuhkhqvlyh ru vhohfwlyh1 Frpsuhkhqvlyh vfkrrov/ e|

gh�qlwlrq/ kdyh qr dgplvvlrq whvwv1 D vhohfwlyh vfkrrolqj v|vwhp frqvlvwv ri wzr

w|shv ri vfkrro/ wkh kljk txdolw| dqg wkh orz txdolw| w|sh/ zlwk dgplvvlrq wr

wkh kljk txdolw| vfkrro edvhg xsrq d suhflvh whvw9 1 Lq wklv sdshu/ vfkrrov gr

qrw surgxfh kxpdq fdslwdo dqg dfw h{foxvlyho| dv vljqdoolqj ghylfhv wkdw fdq

eh xvhg e| �upv wr lqihu wkh h{shfwhg kxpdq fdslwdo ri srwhqwldo hpsor|hhv1

Khqfh/ vfkrro txdolw| uhihuv wr wkh dyhudjh delolw| ri dgplwwhg vwxghqwv udwkhu

wkdq wr wkh txdolw| ri kxpdq fdslwdo surgxfhg dw vfkrro1

Ilupv fkrrvh ehwzhhq d frpsoh{ dqg kljko| surgxfwlyh whfkqrorj| dqg d

uhvxowv1 Vhh Zlvh +4<:8,/ irrwqrwh 47 sdjh 6871
8Wkh pd{lpl}dwlrq ri wrwdo rxwsxw +ru lqfrph, lv wkh w|slfdo remhfwlyh ixqfwlrq xvhg lq

wklv olwhudwxuh1 Vhh iru lqvwdqfh Ihuqdqgh} +4<<;,1
9Dq dowhuqdwlyh fkdudfwhul}dwlrq ri wkh wzr w|shv ri vfkrro lv xsshu vhfrqgdu| dqg whuwldu|1
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vlpsoh exw ohvv surgxfwlyh whfkqrorj|1 Wkh frpsoh{ whfkqrorj| uhtxluhv wkdw

�upv vlqn d �{hg wudlqlqj frvw iru hdfk hpsor|hh/ dqg |lhogv rxwsxw shu khdg

htxdo wr +h{shfwhg, lqglylgxdo kxpdq fdslwdo1 Wkh vlpsoh whfkqrorj| uhtxluhv qr

wudlqlqj frvw dqg |lhogv d �{hg rxwsxw shu khdg/ lqghshqghqw ri kxpdq fdslwdo1

Khqfh/ kxpdq fdslwdo dqg whfkqlfdo frpsoh{lw| duh frpsohphqwv lq surgxfwlrq: 1

Wrwdo rxwsxw lq wklv hfrqrp| ghshqgv erwk rq wkh vkduh ri �upv dgrswlqj wkh

frpsoh{ exw kljko| surgxfwlyh whfkqrorj| dqg rq wkh h{shfwhg kxpdq fdslwdo

ri uhfuxlwhg hpsor|hhv1 Zkhq ghvljqlqj wkh vfkrrolqj v|vwhp dqg wkh dgplvvlrq

whvw/ wkh jryhuqphqw wdnhv lqwr dffrxqw erwk lqglylgxdo hqurophqw ghflvlrqv dqg

wkh vhohfwlrq ri whfkqrorj| e| �upv1

Wkh pdwhuldo lq wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 surylghv wkh

edvlf vhwxs1 Vhfwlrq 6 ghdov zlwk wkh vwdqgdug fdvh ri d vlqjoh delolw|1 Vhfwlrq 7

frqvlghuv wkh fdvh zkhuh lqglylgxdov duh hqgrzhg zlwk erwk dfdghplf dqg qrq

dfdghplf delolwlhv dqg wkhvh delolwlhv duh srruo| fruuhodwhg lq wkh srsxodwlrq1

Vhfwlrq 8 orrnv dw vhtxhqwldo whvwlqj vwudwhjlhv lqyroylqj hpsor|huv1 Frqfoxvlrqv

dqg dq Dsshqgl{ iroorz1

� �
���

Frqvlghu d vpdoo rshq hfrqrp| srsxodwhg e| d frqvwdqw qxpehu ri ulvn qhxwudo

�upv dqg lqglylgxdov1 Rxwsxw sulfhv duh jlyhq lq wkh lqwhuqdwlrqdo pdunhw dqg

qrupdol}hg wr 41 Ohw wkh phdvxuh ri erwk �upv dqg lqglylgxdov eh 41 Hdfk

�up kdv d vlqjoh hpsor|hh/ zkr olyhv dqg zrun iru d vlqjoh shulrg diwhu �qlvklqj

hgxfdwlrq1 Lq wkh vwhdg| vwdwh/ wkh rxw rz ri hpsor|hhv pxvw eh frpshqvdwhg

e| dq htxdo lq rz ri qhz hqwudqwv/ zkr kdyh frpsohwhg wkhlu wlph lq vfkrro1

E| �vfkrrov� lq wklv sdshu zh phdq xsshu vhfrqgdu| dqg whuwldu| hgxfdwlrq1

Vfkrrov duh uxq e| wkh jryhuqphqw dw qr frvw; 1

Wkh jryhuqphqw ghvljqv wkh vfkrrolqj v|vwhp/ wkdw fdq eh hlwkhu frpsuhkhq0

vlyh ru vhohfwlyh1 Lq d frpsuhkhqvlyh v|vwhp/ wkhuh lv qr vhohfwlrq dqg vwxghqwv

duh doorfdwhg udqgrpo| wr vfkrrov1 Lq d vhohfwlyh v|vwhp/ vfkrrov duh glylghg

lqwr wzr w|shv/ K dqg O/ dqg dgplvvlrq wr wkh K w|sh lv uhjxodwhg e| d suhflvh

dgplvvlrq whvw/ wkdw ghshqgv rq wkh vkduh ri wrwdo vorwv dydlodeoh wr vwxghqwv lq

K vfkrrov/ � 5 ^3> 4`< 1 Wzr srvvleoh fkdudfwhul}dwlrqv ri K dqg O vfkrrov duh

uhvshfwlyho| whuwldu| dqg xsshu vhfrqgdu| hgxfdwlrq dqg kljk txdolw| dqg orz

txdolw| froohjhv1

Lq uhdo olih/ vfkrrolqj v|vwhpv vhohfw lqglylgxdov e| delolw| dqg surgxfh kxpdq

fdslwdo1 Vlqfh wkh hpskdvlv ri wkh sdshu lv rq vhohfwlrq dqg vljqdoolqj/ zh ljqruh

:Uhgglqj +4<<9, dqg Hlfkhu +4<<9, kdyh prghov zkhuh kxpdq fdslwdo dqg lqyhvwphqw lq

U)G duh vwudwhjlf frpsohphqwv1
;Rxu dvvxpswlrq wkdw wkh ghvljq dqg lpsohphqwdwlrq ri dgplvvlrq whvwv uhtxluh qr frvw

lpsolhv wkdw wkhuh lv qr qhhg wr udlvh wd{hv wr �qdqfh wkh vhohfwlrq surfhgxuh1
<Zh uxoh rxw qrlv| whvwv ehfdxvh zh zdqw wr irfxv rq wkh sureohpv dvvrfldwhg zlwk pxowlsoh

delolw| w|shv1 Qrlv| whvwv duh glvfxvvhg/ dprqj rwkhuv/ e| Zhlvv +4<;6, dqg Euxqhoor dqg

Lvklndzd +4<<<,1
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wkh vhfrqg dvshfw1 Wkhuhiruh/ K dqg O vfkrrov lq wklv vlpsoh hfrqrp| gl�hu rqo|

lq wkh dyhudjh txdolw| ri wkhlu dgplwwhg vwxghqwv1 Zh dovr ljqruh wkh lqwhudfwlrqv

ehwzhhq lqglylgxdo dqg jurxs kxpdq fdslwdo +shhu h�hfwv,1 Ilqdoo|/ zh dvvxph

wkdw vhohfwlrq uhtxluhv olwwoh wlph/ dqg wkdw lqglylgxdov dgplwwhg wr K vfkrrov

ehfrph judgxdwhv ri wkhvh vfkrrov zlwklq wkh vdph shulrg1 Khqfh/ lq hdfk shulrg

ri wlph wkhuh duh � judgxdwhv ri K vfkrrov dqg 4�� judgxdwhv ri O vfkrrov1

Lqglylgxdov gl�hu lq wkhlu hqgrzphqw ri dfdghplf delolw| � dqg qrq dfd0

ghplf delolw| �= Hqgrzhg delolw| lv sduwo| lqqdwh dqg sduwo| wkh uhvxow ri idplo|

edfnjurxqg dqg ri lqglylgxdo ghyhorsphqw gxulqj wkh hduo| vwdjhv ri hgxfdwlrq1

Iroorzlqj Zlvh +4<:8, dqg Elvkrs +4<<5,/ dfdghplf delolwlhv uhihu wr frjqlwlyh

wudlwv dqg qrq dfdghplf delolwlhv wr d�hfwlyh wudlwv dqg wr whfkqlfdo delolwlhv431

Dgplvvlrq whvwv uhtxluh rqo| qrqshfxqldu| frvwv1 Khqfh/ lqglylgxdo zhdowk

grhv qrw pdwwhu dqg wkhuh duh qr oltxlglw| frqvwudlqwv frqglwlrqlqj lqglylgxdo

fkrlfh1 Delolw| ri hlwkhu w|sh lv nqrzq wr hdfk lqglylgxdo exw lv qrw revhuyhg

hlwkhu e| wkh jryhuqphqw ru e| �upv1 Lq d vhohfwlyh vfkrrolqj v|vwhp/ lqglylgxdov

vljqdo wkhlu delolw| e| ghflglqj zkhwkhu wr wdnh ru qrw wr wdnh wkh whvw1 Wklv

ghflvlrq wdnhv lqwr dffrxqw erwk wkh h{shfwhg uhwxuqv dqg wkh qhw qrqshfxqldu|

frvwv ri wdnlqj wkh whvw/ wkdw ydu| dprqj lqglylgxdov dqg duh lqyhuvho| uhodwhg

wr delolw|441

Lqglylgxdo kxpdq k ghshqgv erwk rq dfdghplf dqg rq qrq dfdghplf delolwlhv

dv iroorzv

k @ �. �� +4,

zkhuh � lv vwulfwo| srvlwlyh1 Wkh dgglwlyh vshfl�fdwlrq lpsolhv wkdw wkh pdujlqdo

frqwulexwlrq ri hdfk delolw| w|sh wr kxpdq fdslwdo lv frqvwdqw1 Qrwlfh wkdw

Ht1 +4, fdq eh lqwhusuhwhg dv d orjdulwkplf wudqvirupdwlrq ri d Free Grxjodv

whfkqrorj|/ zlwk uhodwlyh zhljkw htxdo wr �1 Zkhq � A 4 wkh pdujlqdo frqwul0

exwlrq ri qrq dfdghplf delolwlhv wr kxpdq fdslwdo lv kljkhu wkdq wkh pdujlqdo

frqwulexwlrq ri dfdghplf delolwlhv1

Gxulqj hdfk shulrg/ �upv lq wklv hfrqrp| vhohfw d whfkqrorj|/ uhfuxlw hp0

sor|hhv/ surgxfh rxwsxw dqg sd| zdjhv1 Vlqfh lqglylgxdov olyh dqg zrun iru rqo|

rqh shulrg dqg wkhuh lv dq hpsor|hh shu �up/ hdfk �up qhhgv wr uhfuxlw d qhz

hpsor|hh dw wkh ehjlqqlqj ri hdfk shulrg1 Wkh uhfuxlw lv d vfkrro judgxdwh/ zkr

grhv qrw txlw gxulqj klv zrunlqj olih1 Wkhuh duh wzr dydlodeoh whfkqrorjlhv/ F

+frpsoh{, dqg V +vlpsoh,/ dqg �upv fdq frvwohvvo| vkliw ehwzhhq wkhp dw wkh

ehjlqqlqj ri hdfk shulrg1

Wkh vlpsoh whfkqrorj| grhv qrw uhtxluh wkdw qhz uhfuxlwv eh wudlqhg dqg

surgxfhv d frqvwdqw rxwsxw  rz/ htxdo wr 4 dqg lqghshqghqw ri lqglylgxdo delo0

lw|1 Wkh frpsoh{ whfkqrorj| uhtxluhv wkdw uhfuxlwv eh wudlqhg dw wkh frvw �/

eruq e| �upv lqghshqghqwo| ri zkhwkhu wudlqlqj lv jhqhudo ru �up vshfl�f45/

43Vhh RHFG +4<<:, iru d jrrg ghvfulswlrq ri olwhudf| dqg frjqlwlyh delolwlhv1
44Zh frqvlghu frvwv qhw ri ehqh�wv1 Khfnpdq/ Orfkqhu dqg Wdehu +4<<;, �qg wkdw qrqsh0

fxqldu| frpsrqhqwv duh dq lpsruwdqw idfwru lq hgxfdwlrqdo fkrlfhv1
45Dfhprjox dqg Slvfknh +4<<<, vkrz wkdw �upv fdq ehdu wudlqlqj frvwv hyhq zkhq kxpdq
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dqg surgxfhv dq rxwsxw  rz htxdo wr wkh hpsor|hh*v kxpdq fdslwdo k1 Ilupv

duh hqgrzhg zlwk dq lglrv|qfudwlf pdqdjhuldo delolw|/ wkdw d�hfwv wudlqlqj frvwv1

H�hfwlyh wudlqlqj frvwv duh orzhu wkh kljkhu lv lglrv|qfudwlf pdqdjhuldo delolw|1

Khqfh/ �upv hqgrzhg zlwk kljkhu pdqdjhuldo delolw| kdyh d uhodwlyh dgydqwdjh

lq wkh dgrswlrq ri wkh frpsoh{ whfkqrorj|1 Vlqfh delolwlhv duh nqrzq rqo| wr

lqglylgxdov/ wkh fkrlfh ri whfkqrorj| lv edvhg xsrq wkh frpsdulvrq ri h{shfwhg

sur�wv1 Ohw F dqg +4� F, eh wkh vkduh ri �upv vhohfwlqj uhvshfwlyho| wkh F

dqg wkh V whfkqrorj|1 Wkhq F lv dovr wkh vkduh ri hpsor|hhv lq wkh vhfwru ri F

�upv46 =

Wkh ghflvlrqv wdnhq lq wklv vlpsoh hfrqrp| duh lq wkh iroorzlqj vhtxhqfh1

Iluvw/ wkh jryhuqphqw vhwv �/ wkh vl}h ri wkh K vfkrrov vhfwru/ dqg wkh fxwr�

ydoxh ri wkh dgplvvlrq whvw y� wr pd{lpl}h wrwdo rxwsxw lq wkh hfrqrp|1 Lq vr

grlqj/ lw wdnhv lqwr dffrxqw wkh h�hfwv ri � rq wkh ghflvlrqv wdnhq e| lqglylgxdov

dqg �upv1 Vhfrqg/ lqglylgxdov fkrrvh zkhwkhu wr wdnh ru qrw wkh dgplvvlrq

whvw y1 Wklv ghflvlrq ghshqgv rq wkh frpsdulvrq ri wkh h{shfwhg uhwxuqv zlwk

wkh +qhw, qrqshfxqldu| frvwv ri lqyhvwlqj1 Wklug/ �upv fkrrvh wkhlu surgxfwlrq

whfkqrorj| dqg kluh qhz judgxdwhv wr �oo wkhlu ydfdqw mrev1 Erwk wkh jryhuqphqw

dqg �upv nqrz wkh glvwulexwlrq ri dfdghplf dqg qrq dfdghplf delolwlhv lq wkh

srsxodwlrq exw gr qrw revhuyh wkh dfwxdo frpelqdwlrq ri delolwlhv/ wkdw duh

nqrzq rqo| wr vlqjoh lqglylgxdov1

Lq sudfwlfh/ wkh rxwfrphv ri wkhvh ghflvlrqv wdnh wlph wr pdwhuldol}h1 Lq wklv

sdshu/ wlph lv froodsvhg lqwr d vlqjoh shulrg dqg htxloleulxp lv wkh uhvxow ri d

rqh vkrw jdph lqyroylqj lqglylgxdov/ �upv dqg wkh jryhuqphqw1

� � �
���
 ��
�
��

Ohw dfdghplf delolwlhv � 5 ^4> 5` e| xqlirupo| glvwulexwhg lq wkh srsxodwlrq ri

lqglylgxdov dqg gh�qh � +�, dv wkh ixqfwlrq ghvfulelqj wkh uhodwlrqvkls ehwzhhq

qrq dfdghplf dqg dfdghplf delolwlhv lq wkh srsxodwlrq1 Wkh vshfl�f fdvh

� @ � +5,

lpsolhv wkdw lqglylgxdov zlwk kljk +orz, � duh dovr hqgrzhg zlwk d kljk +orz, �/

dqg wkdw wkh wzr delolwlhv duh shuihfwo| +srvlwlyho|, fruuhodwhg dfurvv lqglylgxdov1

Wklv lv htxlydohqw wr kdylqj d vlqjoh delolw| w|sh1 Lq wklv fdvh/ lqglylgxdo kxpdq

fdslwdo lv jlyhq e| k @ +4 . �,�1

Wkh jryhuqphqw fkrrvhv �/ wkh vl}h ri wkh K vfkrrov vhfwru dqg ghvljqv wkh

dgplvvlrq whvw1 Frqvlghu �uvw d whvw edvhg h{foxvlyho| rq dfdghplf delolwlhv1 Rxu

dvvxpswlrqv wkdw wkh dgplvvlrq whvw lv suhflvh dqg wkdw wkh qrqshfxqldu| qhw

frvwv ri wdnlqj wkh whvw duh lqyhuvho| uhodwhg wr dfdghplf delolwlhv jxdudqwhh wkdw

lqglylgxdov vhoi vhohfw lqwr wkh uljkw vfkrro1 Khqfh/ wkh fkrlfh ri � lv htxlydohqw

wr vhohfwlqj d fulwlfdo ydoxh ri dfdghplf delolw|/ ��/ vxfk wkdw doo lqglylgxdov

fdslwdo lv ixoo| jhqhudo1 Wkh lpsruwdqfh ri vnloo dftxlvlwlrq lq pruh surgxfwlyh whfkqrorjlhv lv

hpskdvl}hg e| Fdvhool +4<<<,1
46Vhh Euxqhoor dqg Lvklndzd +4<<<, iru d vlplodu vhwxs1
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zlwk � � �� duh doorfdwhg wr K vfkrrov dqg doo lqglylgxdov zlwk � ? �� duh

doorfdwhg wr O vfkrrov1 Qrwlfh wkdw wkh vfkrrolqj vhfwru lv vhohfwlyh li �� 5 +4> 5,
dqg frpsuhkhqvlyh li �� @ 4> 51 Zh frqvlghu khuh d vhohfwlyh v|vwhp dqg vkrz

dw wkh hqg ri wklv vhfwlrq wkdw lw dozd|v grplqdwhv d frpsuhkhqvlyh v|vwhp1

Qh{w/ frqvlghu d pruh edodqfhg dgplvvlrq whvw/ wkdw lv edvhg rq lqglylgxdo

kxpdq fdslwdo k dqg wkdw wdnhv lqwr dffrxqw erwk dfdghplf dqg qrq dfdghplf

delolwlhv1 Vlqfh lqglylgxdo kxpdq fdslwdo k lv d olqhdu ixqfwlrq ri dfdghplf delolw|

�/ lw lv fohdu wkdw fkrrvlqj d fulwlfdo wkuhvkrog �� lv htxlydohqw wr fkrrvlqj d

fulwlfdo ydoxh ri lqglylgxdo kxpdq fdslwdo/ k+��,> vxfk wkdw lqglylgxdov zlwk

k � k+��, duh doorfdwhg wr K vfkrrov dqg lqglylgxdov zlwk k ? k+��, hqg xs

lq O vfkrrov1 Wkhuhiruh/ wkh dgplvvlrq whvw edvhg xsrq frjqlwlyh delolwlhv lv

htxlydohqw wr d whvw edvhg xsrq lqglylgxdo kxpdq fdslwdo1

Zlwk d xqlirup glvwulexwlrq ri dfdghplf vnloov/ � @ 5� �� dqg wkh h{shfwhg

kxpdq fdslwdo ri dq lqglylgxdo zkr judgxdwhv iurp vfkrro lv

H ^k m K` @
+4 . �,

U
5

d
�
�g�

5� ��
@ +4 . �,

+5 . ��,

5
+6,

lq wkh fdvh ri dq K vfkrro dqg

H ^k m O` @
+4 . �,

U
d
�

4
�g�

�� � 4
@ +4 . �,

+4 . ��,

5
+7,

lq wkh fdvh ri dq O vfkrro1

Zlwk H ^k m K` A H ^k m O` dqg zlwk d vx!flhqw vxsso| ri judgxdwhv ri K

vfkrrov/ �upv dgrswlqj wkh frpsoh{ whfkqrorj| suhihu wr kluh judgxdwhv ri K

vfkrrov/ zkr kdyh kljkhu h{shfwhg kxpdq fdslwdo wkdq judgxdwhv ri O vfkrrov1

Ilupv dgrswlqj wkh vlpsoh whfkqrorj|/ krzhyhu/ gr qrw fduh derxw wkh w|sh ri

vfkrro1 Khqfh/ wkh h{shfwhg sur�wv ri d F �up duh

�Fl @ +4 . �,
+5 . �

�
,

5
� z � �l +8,

zkhuh l lv wkh vxevfulsw iru �upv/ z lv wkh zdjh/ � lv wkh h�hfwlyh wudlqlqj
frvw/ wkdw lv kljkhu wkh orzhu wkh �up*v lglrv|qfudwlf pdqdjhuldo delolw| dqg
�
�
5 +4> 5,1 H{shfwhg sur�wv duh kljkhu wkh kljkhu wkh wkuhvkrog �

� dqg wkh
orzhu wkh lglrv|qfudwlf wudlqlqj frvw �1 Ohw wkh odwwhu eh xqlirupo| glvwulexwhg
dprqj �upv/ zlwk � 5 ^3> �P `1 H{shfwhg sur�wv ri d V �up duh

�V @ 4� e +9,

zkhuh e lv wkh h{rjhqrxv uhvhuydwlrq zdjh/ htxdo wr wkh ydoxh ri ohlvxuh1
Zdjhv z lq �upv F duh vhw e| Qdvk edujdlqlqj1 Vlqfh wkh edujdlq rffxuv

diwhu wkdw wudlqlqj frvwv kdyh ehhq vxqn/ e|jrqhv duh e|jrqhv dqg wkh rxwfrph
lv d olqhdu frpelqdwlrq ri wkh uhvhuydwlrq zdjh e dqg ri wkh +h{shfwhg, uhqw iurp
wkh pdwfk +Vhh Pdofrpvrq +4<<:,,1 Ohwwlqj � eh wkh uhodwlyh edujdlqlqj srzhu

:



ri dq hpsor|hh dqg dvvxplqj wkdw wkh ghidxow sd|r�v wr wkh sduwlhv duh htxdo
wr e iru wkh hpsor|hh dqg wr }hur iru wkh �up/ zh rewdlq

z @ +4� �, e. � +4 . �,
+5 . �

�
,

5
+:,

Ht1 +:, lpsolhv wkdw wkh kljkhu wkh wkuhvkrog �
� wkh kljkhu wkh edujdlqhg zdjh

lq F �upv1 Lw dovr lpsolhv wkdw z A e li � A 31 Wkxv F �upv sd| kljkhu zdjhv
wkdq V �upv1

Ilupv fkrrvh wkh frpsoh{ whfkqrorj| li �F � �V= Xvlqj Htv1 +8, dqg +9,/
zh rewdlq wkh iroorzlqj fulwlfdo ydoxh ri wkh wudlqlqj frvw �

�
�

@
+4� �, +4 . �, +5 . �

�
,� 5 +4� �e,

5
+;,

Ilupv zlwk wudlqlqj frvwv orzhu wkdq �� fkrrvh wkh frpsoh{ whfkqrorj| dqg �upv
zlwk kljkhu wudlqlqj frvwv suhihu wkh vlpsoh whfkqrorj|1 Xvlqj rxu dvvxpswlrqv
rq wkh glvwulexwlrq ri �/ wkh vkduh ri �upv fkrrvlqj wkh frpsoh{ whfkqrorj| lv

F @
�
�

�P

+<,

Wkh xsvkrw ri wklv glvfxvvlrq lv wkdw wkh vkduh ri F �upv lq d vhohfwlyh v|vwhp
lv vwulfwo| lqfuhdvlqj erwk lq wkh wkuhvkrog �

� dqg lq wkh sdudphwhu �471
Wkh vhohfwlrq ri �� e| wkh jryhuqphqw dqg wkh lpsolhg doorfdwlrq ri lqgl0

ylgxdov wr K dqg O vfkrrov lv lpsohphqwhg yld dq dgplvvlrq whvw1 Ohw y eh wkh
vfruh ri wkh whvw dqg y

� wkh fxwr� ydoxh vhw e| wkh jryhuqphqw1 Wkh vwulfwhu
wkh whvw/ wkh pruh vhohfwlyh wkh vfkrrolqj v|vwhp dqg wkh kljkhu y�1 Dgplvvlrq
wr K vfkrrov lv olplwhg wr lqglylgxdov zkr vfruh lq wkh whvw y � y

�
= Wkh whvw

uhtxluhv wkdw lqglylgxdov vshqg qhw qrqshfxqldu| frvwv/ wkdw ydu| zlwk wkh gl!0
fxow| ri wkh whvw dqg zlwk lqglylgxdo dfdghplf delolw|48 1 Vlploduo| wr Ihuqdqgh}
+4<<;,/ zh prgho wkh lqglylgxdo vfruh lq wkh whvw dv y @ Y +�>
,/ zkhuh 
 duh
qhw qrqshfxqldu| frvwv dqg CY

C�
A 3/ CY

C

A 31 Wkhq 
+�> y, lv wkh gxdo ri Y /

zlwk C


C�
? 3 dqg C


Cy
A 3/ dqg lqglylgxdov zlwk kljkhu dfdghplf delolw| � idfh

orzhu qhw qrqshfxqldu| frvwv ri sdvvlqj wkh whvw zlwk fxwr� ydoxh y�1
Vxssrvh wkdw wkhuh duh hqrxjk qhz judgxdwhv ri K vfkrrov wr �oo doo wkh

dydlodeoh ydfdqflhv vxssolhg e| F �upv1 Wkhq

F � � +43,

krogv dqg/ zlwk udqgrp vhohfwlrq/ wkh suredelolw| wkdw d judgxdwh ri dqK vfkrro
�qgv d mre lq d kljk zdjh F �up lv htxdo wr F

�
1 Lw iroorzv wkdw wkh qhw h{shfwhg

uhwxuq iurp dffhvv wr dq K vfkrro lv jlyhq e|

F +�
�
,

5� ��

�
�

�
+4 . �,

+5 . �
�
,

5
� e

��
+44,

47Zh fkrrvh b� wr jxdudqwhh wkdw � M Efc ��
48Zh iroorz Vshqfh +4<:6, lq frqvlghulqj lqglylgxdo lqyhvwphqw frvwv dv qrqshfxqldu|1 Vhh

wkh glvfxvvlrq lq Zhlvv +4<;6,1

;



Qrwlfh wkdw wklv uhwxuq ghshqgv rq wkh wkuhvkrog �
� exw grhv qrw ydu|

zlwk lqglylgxdo delolw| �1 Wklv lv wkh qdwxudo frqvhtxhqfh ri wkh dvvxpswlrq
wkdw �upv fdqqrw revhuyh lqglylgxdo kxpdq fdslwdo1 Rq wkh rwkhu kdqg/ wkh
qhw qrqshfxqldu| frvw ri wdnlqj wkh whvw prqrwrqrxvo| ghfuhdvhv dv lqglylgxdo
dfdghplf delolw| lqfuhdvhv1 Khqfh/ li dq lqwhuqdo vroxwlrq h{lvwv/ wkhuh lv d vlqjoh
lqwhuvhfwlrq ehwzhhq frvwv dqg h{shfwhg uhwxuqv/ jlyhq e|

F +�
�
,

5� ��

�
�

�
+4 . �,

+5 . �
�
,

5
� e

��
@ 
+�

�

> y
�

, +45,

dqg rqo| lqglylgxdov zlwk dfdghplf delolw| � � �
� wdnh wkh whvw dqg sdvv lw1

Dv uhpdunhg e| Ihuqdqgh} +4<<;,/ qr lqglylgxdo zkr sdvvhv wkh whvw vfruhv

pruh wkdq y
�1 Lqglylgxdov zlwk � ? �

� uhdol}h wkdw wkhlu h{shfwhg uhwxuqv duh

orzhu wkdq wkhlu qhw qrqshfxqldu| frvwv ri wdnlqj wkh whvw dqg vhoi0vhohfw lqwr O

vfkrrov49 1

Vlqfh wkh ohiw kdqg vlgh ri Ht1 +45, lv lqfuhdvlqj dqg wkh uljkw kdqg vlgh lv

ghfuhdvlqj lq �
�/ wkh rswlpdo fxwr� ydoxh ri wkh whvw y� lv vwulfwo| lqfuhdvlqj lq

�
�1 Xvlqj wkh idfw wkdw � @ 5 � �

� / zh rewdlq wkdw
Cy

�+�,
C� ? 31 Wkh vpdoohu

wkh vl}h ri wkh K vfkrrov vhfwru/ wkh kljkhu wkh dgplvvlrq vwdqgdug1 Wkh orjlf

ehklqg Ht1 +45, lv vwudljkwiruzdug1 Wkh jryhuqphqw fkrrvhv wkh shufhqwdjh

ri K vfkrrov1 Wklv lv htxlydohqw wr fkrrvlqj �
�1 Jlyhq �

�/ frqglwlrq +45,

ghwhuplqhv wkh fxwr� ydoxh ri wkh whvw y�1 Jlyhq y�/ lqglylgxdov vhoi vhohfw lqwr

wkhlu suhihuuhg vfkrro1 Wkh kljkhu ��/ wkh ihzhu wkh vorwv lq K vfkrrov dqg

wkh vwulfwhu wkh whvw1 Ixuwkhupruh/ wkh pruh vhohfwlyh wkh vfkrrolqj v|vwhp +wkh

kljkhu y�,/ wkh kljkhu wkh h{shfwhg zdjh gl�huhqwldo ehwzhhq judgxdwhv ri K

dqg O vfkrrov4:1

Qh{w/ zh wxuq wr wkh fkrlfh ri rswlpdo � e| wkh jryhuqphqw dqg uhvwulfw rxu

dwwhqwlrq wr vhohfwlyh v|vwhpv +�� 5 +4> 5,,1 Lq wklv fkrlfh/ wkh jryhuqphqw wdnhv

h{solflwo| lqwr dffrxqw wkdw/ e| fkrrvlqj �/ lw d�hfwv erwk wkh fxwr� ydoxh ri

wkh dgplvvlrq whvw y� dqg wkh qxpehu ri F �upv1 Uhfdoolqj wkdw fkrrvlqj � lv

htxlydohqw wr vhohfwlqj ��/ zh gh�qh wrwdo rxwsxw \ dv

\ @ F +��, +4 . �,
+5 . �

�,

5
. ^4� F +��,` +46,

Xvlqj Htv1 +;, dqg +<, lqwr Ht1 +46, dqg gl�huhqwldwlqj wkh rxwfrph zlwk

uhvshfw wr �
� zh rewdlq wkdw C\

C��
A 31 Dq lqfuhdvh lq �

� lqfuhdvhv erwk wkh

h{shfwhg rxwsxw ri F �upv dqg wkhlu uhodwlyh vkduh F1 E| lqfuhdvlqj ��/ krz0

hyhu/ wkh jryhuqphqw frqwhpsrudqhrxvo| uhgxfhv �/ wkh qxpehu ri vorwv lq K

vfkrrov/ dqg wkh frqvwudlqw +43, fdq eh ylrodwhg zlwklq wkh grpdlq ri �1

Iljxuh 4 looxvwudwhv wkhvh h�hfwv1 Lq wkh �jxuh/ zh gudz wkh vkduh ri F �upv

dv dq lqfuhdvlqj ixqfwlrq ri wkh wkuhvkrog �
� +�� 5 +4> 5,,/ dv lpsolhg e| Htv1

49Vhoi0vhohfwlrq lv frq�uphg e| wkh hpslulfdo uhvhdufk ri Yhqwl dqg Zlvh +4<;5,/ zkr �qg
wkdw d odujh sursruwlrq ri froohjh dssolfdqwv �qg dgplvvlrq lq wkhlu ��uvw fkrlfh� vfkrro1

4:Vhh Euhzhu/ Hlgh dqg Hkuhqehuj +4<<<, iru hylghqfh rq wkh zdjh suhpld sdlg wr judgxdwhv
ri holwh vfkrrov1

<



Iljxuh 4= Wkh FF dqg wkh WW fxuyh1

+;, dqg +<,1 Zh fdoo lw wkh FF fxuyh1 Zh dovr gudz � @ 5� �
� dqg fdoo lw wkh

WW fxuyh1 Wkh wzr fxuyhv lq wkh �jxuh lqwhuvhfw rqo| rqfh1 Wr wkh ohiw ri wkh

lqwhuvhfwlrq/ F � � dqg wrwdo rxwsxw fdq eh lqfuhdvhg e| ulvlqj wkh vhohfwlylw|

ri wkh vfkrrolqj v|vwhp1 Wr wkh uljkw ri wkh lqwhuvhfwlrq/ F A �> frqvwudlqw

+43, lv ylrodwhg dqg wkhuh duh vrph F �upv zklfk fdqqrw kluh judgxdwhv iurp

K vfkrrov/ zkr duh lq vkruw vxsso|1

Wkh ehkdylru ri wkh hfrqrp| zkhq Ht1 +43, grhv qrw krog lv ghvfulehg e|

wkh iroorzlqj Sursrvlwlrq

Sursrvlwlrq 4 Zkhq wkhuh lv d vlqjoh delolw| w|sh dqg wkh vfkrrolqj v|vwhp lv

vhohfwlyh/ wkh rswlpdo vkduh ri K vfkrrov/ ghwhuplqhg e| wkh wkuhvkrog �
�/ lv

jlyhq e| wkh frqglwlrq F @ �=

Surri= Zh kdyh vkrzq deryh wkdw/ zkhq F ? �/ wrwdo rxwsxw \ dqg wkh

vkduh ri F �upv/ F/ duh lqfuhdvlqj lq wkh wkuhvkrog ��1 E| lqfuhdvlqj ��/ wkh

jryhuqphqw frqwhpsrudqhrxvo| uhgxfhv � dqg lqfuhdvhv F xs wr F @ �1 Qh{w/

vxssrvh wkdw F A �= Lq wklv fdvh dw ohdvw vrph F �upv zloo qrw eh deoh wr

�oo zlwk fhuwdlqw| wkhlu ydfdqflhv zlwk judgxdwhv ri K vfkrrov/ ehfdxvh ri wkh

olplwhg vxsso| ri wkhvh judgxdwhv1 Zlwk udqgrp vhohfwlrq/ d �up F fdq kluh
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d judgxdwh ri K vfkrrov zlwk suredelolw|
�

F
dqg d judgxdwh ri O vfkrrov zlwk

suredelolw| 4� �

F
/ dqg wkh h{shfwhg sur�wv iurp uhfuxlwphqw duh

�Fl @ +4 . �,
+4 . d�,

5
.
�

F

�
4 . �

5

�
� z � �l

Lw iroorzv wkdw wkh fulwlfdo ydoxh ri �/ �
�

/ lv htxdo wr

�� @

+4� �, +4 . �,

�
+4 . ��, . 5��

�

��

�
PD[

�
� 5 +4� �e,

5

Wrwdo gl�huhqwldwlrq ri deryh htxdwlrq |lhogv
C�

�

C��
? 31 Khqfh/ dq lqfuhdvh lq

wkh fulwlfdo ydoxh ri �� uhgxfhv wkh vkduh ri F �upv zkhq F A �1

Wrwdo rxwsxw zkhq F A � lv jlyhq e|

\ @ F +4 . �,
+4 . ��,

5
.

�
4 . �

5

�
+5� ��, . 4� F

Ehfdxvh
CF

C��
? 3 zkhq F A �/ vwudljkwiruzdug gl�huhqwldwlrq vkrzv wkdw d

uhgxfwlrq lq �� lqfuhdvhv wrwdo rxwsxw \= Wkhuhiruh/ wkh jryhuqphqw lqfuhdvhv

�� li wkh hfrqrp| vwduwv iurp � A F dqg uhgxfhv lw li lw vwduwv iurp � ? F1 Lw

iroorzv wkdw wkh rswlpdo ydoxh ri �� lv dw � @ F1 �

Sursrvlwlrq 4 sod|v d nh| uroh lq wkh sdshu1 Iljxuh 5 looxvwudwhv wkh rswlpdo

doorfdwlrq iru �� 5 +4> 5,1

Dq lpsolfdwlrq ri Sursrvlwlrq 4 lv wkdw lq wkh rswlpdo doorfdwlrq doo wkh

judgxdwhv ri K vfkrrov duh fhuwdlq wr �qg d mre lq d kljk zdjh F �up1 Wkhuhiruh

wkhuh lv frpsohwh vhjuhjdwlrq ri judgxdwhv ri O vfkrrov lq V �upv
4;

dqg erwk

�ryhu0hgxfdwlrq� +F ? �, dqg �xqghu0hgxfdwlrq� +F A �, duh lqh!flhqw1 Zh

fdq dovr hvwdeolvk wkh iroorzlqj=

Fruroodu| 5 Erwk wkh rswlpdo vkduh ri K vfkrrov/ �/ dqg wkh rswlpdo vkduh ri

F �upv/ F/ duh ghfuhdvlqj ixqfwlrqv ri wkh edujdlqlqj srzhu ri hpsor|hhv � dqg

lqfuhdvlqj ixqfwlrqv ri wkh pdujlqdo surgxfwlylw| ri qrq dfdghplf delolwlhv �1

Surri= Wkh rswlpdo vl}h ri wkh K vfkrrov vhfwru/ � @ 5 � ��/ dqg wkh

rswlpdo vkduh ri kljk whfk �upv/ F/ duh jlyhq e| wkh frqglwlrq F @ � dqg e|

Htv1 +;, dqg +<,1 Wkh frpsdudwlyh vwdwlfv surshuwlhv iroorz iurp vwudljkwiruzdug

gl�huhqwldwlrq1�

Lw lv xvhixo wr looxvwudwh vrph ri wkhvh surshuwlhv xvlqj Iljxuh 61 Frqvlghu

iru lqvwdqfh dq lqfuhdvh lq �/ wkdw fdq rffxu ehfdxvh ri wkh xqghujrlqj fkdqjhv

lq wkh rujdql}dwlrq ri surgxfwlrq dqg mre ghvljq1 Dffruglqj wr Olqgehfn dqg

4;Qrwlfh wkdw frpsohwh vhjuhjdwlrq ghshqgv rq wkh ghpdqg vlgh ri wkh pdunhw udwkhu wkdq

rq wkh suhvhqfh ri shhu h�hfwv/ dv iru lqvwdqfh lq Hssoh dqg Urpdqr +4<<;,1 Vhjuhjdwlrq e|

vnloo lv glvfxvvhg dovr e| Nuhphu dqg Pdvnlq +4<<:,1
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Iljxuh 6= Frpsdudwlyh vwdwlfv1

Vqrzhu +4<<<,/ wkh wudqvlwlrq iurp d Wd|orulvwlf wr dq krolvwlf zd| ri rujdql}0

lqj surgxfwlrq/ wkdw lqfoxghv mre urwdwlrq dqg pxowl0vnloolqj/ lpsolhv wkdw qrq

dfdghplf delolwlhv vxfk dv vrfldo vnloov/ frppxqlfdwlrq/ lqlwldwlyh/ fuhdwlylw| dqg

frooderudwlyh vnloov udslgo| lqfuhdvh lq lpsruwdqfh1 Dq lqfuhdvh lq � vkliwv wkh

FF olqh xszdugv/ ohdglqj lqlwldoo| wr dq h{fhvv ghpdqg iru judgxdwhv ri K

vfkrrov +F A �,1 Lw iroorzv iurp Sursrvlwlrq 4 wkdw wkh jryhuqphqw zloo uhdfw

wr wklv h{fhvv ghpdqg e| uhgxflqj wkh wkuhvkrog �� dqg e| lqfuhdvlqj wkh vkduh

ri lqglylgxdov dgplwwhg wr kljk txdolw| vfkrrov ru wr kljkhu hgxfdwlrq1 Dv d

frqvhtxhqfh/ F idoov dorqj wkh qhz FF fxuyh dqg � lqfuhdvhv xs wr wkh srlqw

zkhuh F @ �1

Wr vxppdul}h/ zkhq wkhuh lv d vlqjoh delolw| w|sh ru/ htxlydohqwo|/ dfdghplf

dqg qrq dfdghplf delolwlhv duh shuihfwo| fruuhodwhg dfurvv lqglylgxdov/ wkh rswl0

pdo vfkrrolqj srolf| ohdgv wr wkh htxdolw| ri wkh vxsso| ri dqg wkh ghpdqg iru

judgxdwhv ri K vfkrrov1 Lq htxloleulxp/ lqglylgxdov hqgrzhg zlwk kljkhu dfd0

ghplf delolwlhv duh hpsor|hg e| �upv sd|lqj kljkhu zdjhv dqg surgxflqj kljkhu

+h{shfwhg, rxwsxw1 Rq wkh rwkhu kdqg/ ohvv iruwxqdwh lqglylgxdov duh wudsshg

lq wkh orz zdjh vhfwru1

Vr idu/ zh kdyh dvvxphg wkdw wkh rswlpdo ghvljq ri wkh sxeolf vfkrrolqj

v|vwhp zkhq vfkrrov gr qrw surgxfh kxpdq fdslwdo frqvlvwv ri vhsdudwlqj vfkrrov
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lqwr wzr w|shv dqg ri fkrrvlqj erwk wkh uhodwlyh vl}h ri K vfkrrov dqg wkh

dgplvvlrq whvw/ wkdw doorfdwhv lqglylgxdov wr vfkrrov e| delolw|1 Dq dowhuqdwlyh

rswlrq lv wr kdyh d frpsuhkhqvlyh vfkrrolqj v|vwhp/ wkdw srrov doo lqglylgxdov

lq d vlqjoh w|sh ri vfkrro/ zlwkrxw dq| dgplvvlrq vwdqgdug1 Zh qh{w vkrz wkdw/

li wkh jryhuqphqw pd{lpl}hv wrwdo rxwsxw/ d vhsdudwlqj v|vwhp lv dozd|v pruh

surgxfwlyh wkdq d frpsuhkhqvlyh v|vwhp1 Qrwlfh wkdw d srrolqj v|vwhp wdnhv

sodfh zkhq wkh wkuhvkrog �� lv vhw htxdo wr lwv h{wuhph ydoxhv/ 4 ru 51 Lq hlwkhu

fdvh/ doo lqglylgxdov jr wr wkh vdph frpsuhkhqvlyh vfkrro/ wkdw srrov doo wkh

dydlodeoh dfdghplf dqg qrq dfdghplf delolwlhv1 Zlwk srrolqj/ h{shfwhg kxpdq

fdslwdo lv

H ^k` @ 4=8 . 4=8� +47,

dqg wkh vkduh ri F �upv lv ghwhuplqhg e|

�� @ +4� �, ^4=8 . 4=8�`� +4� �e, +48,

Ilqdoo|/ wrwdo rxwsxw zlwk srrolqj \S lv jlyhq e|

\S @ F +4=8 . 4=8�, . 4� F +49,

Lv lw vwudljkwiruzdug wr vkrz wkdw/ e| fkrrvlqj dq lqwhuqdo ydoxh ri � dqg e|

fuhdwlqj dv d frqvhtxhqfh d vhsdudwlrq ehwzhhqK dqg O vfkrrov/ wkh jryhuqphqw

fdq lqfuhdvh wrwdo rxwsxw lq wkh hfrqrp|1 Wkh uhdvrq zk| wklv kdsshqv lv wkdw/

e| pdnlqj wkh vfkrrolqj v|vwhp vhohfwlyh/ wkh jryhuqphqw doorzv lqglylgxdov

zlwk kljk dfdghplf dqg qrq dfdghplf delolwlhv wr vljqdo wkhlu txdolw| wr �upv1

Vlqfh �upv klulqj judgxdwhv ri K vfkrrov h{shfw kljkhu kxpdq fdslwdo zkhq

vfkrrov duh vhohfwlyh/ wkhuh duh lq htxloleulxp pruh �upv dgrswlqj wkh frpsoh{

exw kljko| surgxfwlyh whfkqrorj|1 Wkxv/ wrwdo rxwsxw lv kljkhu zkhq �� 5 +4> 5,1

� ��� ��
�
�

�

Lq wkh suhylrxv vhfwlrq zh kdyh vwxglhg vfkrrolqj dgplvvlrq whvwv zkhq wkh

fruuhodwlrq ehwzhhq delolw| w|shv +dfdghplf dqg qrq dfdghplf, lq wkh srsxodwlrq

lv htxdo wr 41 Wklv lv htxlydohqw wr kdylqj d vlqjoh delolw| w|sh1 Lq wkh fxuuhqw

vhfwlrq/ zh vwxg| wkh hfrqrplf lpsolfdwlrqv ri dowhuqdwlyh dgplvvlrq whvwv zkhq

wkh wzr delolw| w|shv duh srruo| fruuhodwhg lq wkh srsxodwlrq/ dv irxqg e| Zlvh

lq klv hpslulfdo uhvhdufk1 Wr vkdushq wkh frqwudvw zlwk wkh suhylrxv vhfwlrq/ zh

dvvxph wkdw wklv fruuhodwlrq lv htxdo wr }hur1

Fohduo|/ wkhuh duh pdq| ixqfwlrqv � +�, wkdw ghvfuleh wkh uhodwlrqvkls eh0

wzhhq qrq dfdghplf dqg dfdghplf delolwlhv dqg |lhog }hur fruuhodwlrq ehwzhhq

� dqg � lq wkh srsxodwlrq1 Iljxuh 7 frqvlghuv wkuhh h{dpsohv ri glvwulexwlrqv

ri lqglylgxdo kxpdq fdslwdo lq wkh srsxodwlrq/ edvhg rq Ht1 +4, dqg rq wkh

dgglwlrqdo dvvxpswlrq wkdw wkh pdujlqdo frqwulexwlrq ri hdfk delolw| w|sh wr

lqglylgxdo kxpdq fdslwdo lv htxdo +� @ 4,1
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Iljxuh 7= Lqglylgxdo kxpdq fdslwdo1 Wkuhh h{dpsohv1

Lq Sdqho +d,/ qrq dfdghplf delolw| � lv d kljko| qrqolqhdu ixqfwlrq ri dfd0

ghplf delolw| dqg lv ghvfulehg e| d sro|qrpldo ri wkh �iwk rughu lq �4<1 Wklv

ixqfwlrqdo irup lpsolhv wkh frh{lvwhqfh lq wkh vdph srsxodwlrq ri wzr jurxsv ri

lqglylgxdov= lq wkh iruphu jurxs/ lqglylgxdov zlwk orz qrq dfdghplf delolw| fdq

kdyh erwk orz dqg kljk dfdghplf delolw|1 Lq wkh odwwhu jurxs/ lqglylgxdov zlwk

kljk qrq dfdghplf delolw| fdq eh hqgrzhg hlwkhu zlwk phglxp ru zlwk yhu| kljk

dfdghplf delolw|1

Lq Sdqho +e,/ � lv d kxps vkdshg ixqfwlrq ri �= Lq zrugv/ lqglylgxdov zlwk

erwk orzhu dqg kljkhu wkdq dyhudjh dfdghplf delolw| kdyh d srruhu hqgrzphqw

ri qrq dfdghplf delolw|/ hlwkhu ehfdxvh wkh| vshfldol}h lq wkh iruphu +dfdghplf

w|shv, ru ehfdxvh wkh| duh srruo| hqgrzhg ri erwk delolwlhv1 Vshfldol}dwlrq eh0

iruh wkh dgplvvlrq whvw fdq rffxu zkhq lqglylgxdov zkr duh zhoo hqgrzhg ri

dfdghplf delolwlhv xqghu0lqyhvw lq wkh ghyhorsphqw ri qrq dfdghplf vnloov1 Wkh

xqghuo|lqj lghd lv wkdw lqlwldwlyh/ fuhdwlylw|/ ohdghuvkls dqg whfkqlfdo delolwlhv

uhtxluh dfdghplf delolwlhv vxfk dv lqwhooljhqfh dqg nqrzohgjh1 Lqglylgxdov zlwk
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d kljk hqgrzphqw ri dfdghplf delolw|/ krzhyhu/ duh qrw qhfhvvdulo| dv zhoo hq0

grzhg zlwk qrq dfdghplf vnloov1 Ilqdoo|/ Sdqho +f, lv edvhg rq wkh dvvxpswlrq

wkdw � lv d X0vkdshg ixqfwlrq ri �53 1 Frqwudu| wr wkh suhylrxv fdvh/ lq wklv

fdvh lqglylgxdov zlwk erwk orzhu dqg kljkhu wkdq dyhudjh dfdghplf delolw| kdyh

d ulfkhu hqgrzphqw ri qrq dfdghplf delolw|1

Qrwlfh wkdw rqo| lq Sdqho +d, lv lqglylgxdo kxpdq fdslwdo d prqrwrqlf ixqf0

wlrq ri dfdghplf delolw| �1 Uhfdoo wkdw dq dgplvvlrq whvw edvhg rq dfdghplf

delolwlhv frqvlvwv ri fkrrvlqj d wkuhvkrog ydoxh ri �/ ��/ vxfk wkdw doo lqglylgxdov

zlwk � � �� duh doorfdwhg wr K vfkrrov1 Vlqfh lqglylgxdo kxpdq fdslwdo k lv d

prqrwrqlf ixqfwlrq ri �/ wkh vhohfwhg wkuhvkrog dovr doorfdwhv wr K vfkrrov doo

lqglylgxdov zlwk kxpdq fdslwdo k kljkhu wkdq k +��,1 Wkhuhiruh/ dq dgplvvlrq

vwdqgdug edvhg xsrq k |lhogv wkh vdph rxwfrph ri dq dgplvvlrq vwdqgdug edvhg

h{foxvlyho| rq �1

Wkh vlwxdwlrq lq Sdqhov +e, dqg +f, lv gl�huhqw1 Lq Sdqho +e, lqglylgxdov

zlwk yhu| kljk dfdghplf delolw| kdyh d orzhu kxpdq fdslwdo wkdq lqglylgxdov

zlwk lqwhuphgldwh wr kljk dfdghplf delolw|1 Lq Sdqho +f,/ lqglylgxdov zlwk yhu|

orz dfdghplf delolw| kdyh kljkhu kxpdq fdslwdo wkdq lqglylgxdov zlwk lqwhuph0

gldwh dfdghplf delolw|1 Lq hlwkhu fdvh/ dq hqfrpsdvvlqj whvw edvhg xsrq k/ wkdw

frqvlghuv erwk delolw| w|shv/ dqg d whvw edvhg rq dfdghplf delolw| � |lhog d

gl�huhqw doorfdwlrq ri lqglylgxdov wr vfkrrov/ dqg rqo| wkh iruphu whvw lv fdsdeoh

ri doorfdwlqj doo lqglylgxdov zlwk kljk kxpdq fdslwdo wr K vfkrrov1 D vwdqgdug

whvw edvhg rqo| rq dfdghplf delolw| lv ohvv h!flhqw ehfdxvh/ e| ljqrulqj qrq dfd0

ghplf delolw|/ lw doorfdwhv vrph lqglylgxdov zlwk uhodwlyho| kljk kxpdq fdslwdo wr

O vfkrrov +Sdqho +f,,/ dqg vrph lqglylgxdov zlwk uhodwlyho| orz kxpdq fdslwdo wr

K vfkrrov +Sdqho +e,,1 Lq wkhvh fdvhv/ dq hqfrpsdvvlqj whvw grhv ehwwhu +|lhogv

kljkhu wrwdo rxwsxw, wkdq d vwdqgdug whvw1

Zkhwkhu lqglylgxdo kxpdq fdslwdo lv d qrq prqrwrqlf ixqfwlrq ri � ghshqgv

erwk rq wkh ixqfwlrq � +�, dqg rq wkh ydoxh ri �/ wkh pdujlqdo frqwulexwlrq ri

qrq dfdghplf delolwlhv wr k1 Iru h{dpsoh/ dq lqfuhdvh ri � iurp 4 wr 5 wudqvirupv
wkh uhodwlrqvkls lq Sdqho +d, ri Iljxuh 7 iurp prqrwrqlf wr qrq prqrwrqlf1

Wkhuhiruh/ dq lqfuhdvh lq wkh uhodwlyh lpsruwdqfh ri qrq dfdghplf delolwlhv iru

lqglylgxdo surgxfwlylw| fdq d�hfw wkh uhodwlyh h!flhqf| ri vwdqgdug dgplvvlrq

whvwv1

Zkloh wkh h{dpsohv lq Iljxuh 7 duh vshfl�f wr wkh vhohfwhg ixqfwlrqdo irupv/

wkh uhvxow lv jhqhudo= zkhq wkh uhodwlrqvkls ehwzhhq lqglylgxdo kxpdq fdslwdo

dqg dfdghplf delolw| lv qrq prqrwrqlf/ dq hqfrpsdvvlqj whvw wkdw frqvlghuv erwk

delolw| w|shv |lhogv kljkhu rxwsxw wkdq d vwdqgdug whvw1 Wkh lqwxlwlrq lv vlpsoh1

E| doorfdwlqj wr K vfkrrov wkh lqglylgxdov zlwk kljkhu srwhqwldo surgxfwlylw|/

wkh hqfrpsdvvlqj whvw lqfuhdvhv erwk wkh h{shfwhg kxpdq fdslwdo ri judgxdwhv ri

wkhvh vfkrrov dqg wkh vkduh ri �upv dgrswlqj frpsoh{ whfkqrorjlhv1 Wkhuhiruh/

rxwsxw lqfuhdvhv1

Wkh dgydqwdjhv ri dq hqfrpsdvvlqj whvw fdq eh ehwwhu dssuhfldwhg e| dq0

do|}lqj lq pruh ghwdlo wkh fdvh fruuhvsrqglqj wr Sdqho +e, lq Iljxuh 71 D

kxps0vkdshg uhodwlrqvkls ehwzhhq lqglylgxdo kxpdq fdslwdo +dqg zdjhv, dqg

53
q ' ���2DEek

2
3 �2kn �f�

49



dfdghplf delolw| lv frqvlvwhqw zlwk uhfhqw hylghqfh surgxfhg e| Dvkhqihowhu dqg

Urxvh +4<<<,/ zkr kdyh h{dplqhg wkh uhwxuqv wr hgxfdwlrq e| whvw vfruh txdu0

wloh1 Wkhvh dxwkruv xvh d vwdqgdugl}hg phdvxuh ri wkh Duphg Irufh Txdol�fdwlrq

Whvw +DITW ,/ d whvw ri frjqlwlyh vnloov wkdw frqvwlwxwhv d vxevhw ri wkh DVY DE

whvwv dgplqlvwhuhg lq 4<;3 wr wkh vdpsoh ri lqglylgxdov lqfoxghg lq wkh Qdwlrqdo

Orqjlwxglqdo Vxuyh| ri \rxwk +QOV\ ,/ dqg �qg wkdw uhwxuqv wr hgxfdwlrq duh

kljkhu iru lqwhuphgldwh ydoxhv wkdq iru hlwkhu orz ru kljk ydoxhv ri wkh whvw vfruh1

Zh surylgh dgglwlrqdo hylghqfh e| h{wudfwlqj iurp wkh DVY DE vfruhv lq wkh

QOV\ gdwd xvhg e| Dvkhqihowhu dqg Urxvh wzr frpprq idfwruv/ wkdw h{sodlq

:;( ri wkh yduldqfh ri wkhvh vfruhv1 Wkh iruphu idfwru/ wkdw lqfoxghv wkh vfruhv

ri wkh vxewhvwv rq frglqj vshhg/ qxphulfdo rshudwlrqv/ sdudjudsk frpsuhkhq0

vlrq/ pdwk nqrzohgjh/ zrug nqrzohgjh dqg dulwkphwlf uhdvrqlqj/ irfxvhv pdlqo|

rq whvwlqj frjqlwlyh delolwlhv �1 Wkh odwwhu idfwru/ wkdw lqfoxghv wkh vfruhv ri

wkh vxewhvwv rq dxwr dqg vkrs lqirupdwlrq/ hohfwurqlfv/ phfkdqlfv dqg jhqhudo

vflhqfh/ irfxvhv pdlqo| rq whvwlqj whfkqlfdo delolwlhv �= Zh sorw lq Iljxuh 8 wkh

ydoxhv wdnhq e| wkhvh wzr idfwruv e| sxwwlqj wkh �uvw idfwru +�, rq wkh devflvvd

dqg wkh vhfrqg idfwru +�, rq wkh ruglqdwh1 Wkh vfdwwhu gldjudp fohduo| vxjjhvwv

wkh suhvhqfh ri d kxps vkdshg uhodwlrqvkls ehwzhhq wkh wzr frpsrqhqwv1 Wkh

frqwlqxrxv olqhv lq wkh gldjudp duh wkh ehvw txdgudwlf �w dqg wkh dvvrfldwhg

frq�ghqfh lqwhuydov1

Zh fkdudfwhul}h wkh kxps vkdshg uhodwlrqvkls ehwzhhq � dqg � zlwk wkh

iroorzlqj ixqfwlrqdo uhodwlrqvkls54

� @ 4=458
�
9d� 5d5 � 6

�
+4:,

Lw fdq eh hdvlo| yhul�hg wkdw Ht1 +4:, lpsolhv wkdw wkh srsxodwlrq fryduldqfh

ehwzhhq wkh wzr delolwlhv lv htxdo wr }hur1

Frqvlghu �uvw d vwdqgdug whvw edvhg rq dfdghplf delolw|1 Dv glvfxvvhg lq wkh

suhylrxv vhfwlrq/ lq d vhohfwlyh vfkrrolqj v|vwhp +�� 5 +4> 5,, wkh dgplvvlrq whvw

frqvlvwv ri fkrrvlqj d vlqjoh wkuhvkrog ydoxh ri dfdghplf delolwlhv �� vxfk wkdw

rqo| wkh lqglylgxdov zlwk � � �� sdvv wkh whvw dqg duh doorfdwhg wr K vfkrrov1

Dv d uhvxow ri wkh doorfdwlrq/ h{shfwhg kxpdq fdslwdo lv jlyhq e|

H ^k m K` @

U
5

�
�

�
4=458�

�
9�� 5�5 � 6

�
. �

�
g�

5� ��

@ 4 . 3=6:8� . �� +3=8 . 4=;:8�,� 3=:8���5 +4;,

iru judgxdwhv ri K vfkrrov dqg e|

54Wkh frqvwdqw whup ehiruh sduhqwkhvhv jxdudqwhhv wkdw wrwdo qrq dfdghplf delolw| lq wkh

srsxodwlrq/ phdvxuhg e|
U
2

�
q Ek�_k ' ��D/ lv htxdo wr wkh fdvh ri shuihfwo| fruuhodwhg delolwlhv

glvfxvvhg lq wkh suhylrxv vhfwlrq ri wkh sdshu1

4:



Iljxuh 8= Sorw ri wkh wzr frpprq idfwruv

4;



H ^k m O` @

U
�
�

4

�
4=458�

�
9�� 5�5 � 6

�
. �

�
g�

�� � 4

@ 3=8� 3=:8� . �� +3=8 . 5=958�,� 3=:8���5 +4<,

iru judgxdwhv ri O vfkrrov1

Wkh gl�huhqfh ehwzhhq H ^k m K` dqg H ^k m O` lv srvlwlyh li �� ? �
3

@ 4=8.
3=9:

�
1 Zkhq �� � �

3

/ wkh vhohfwlyh vfkrrolqj v|vwhp froodsvhv ehfdxvh F �upv

�qg pruh sur�wdeoh wr kluh judgxdwhv iurp O vfkrrov1 Lq wklv hyhqw/ qr udwlrqdo

lqglylgxdo zloo wdnh dqg sdvv wkh dgplvvlrq whvw wr hqwhu K vfkrrov1 Zkhq �� ?

�
3

/ �upv suhihu wr kluh judgxdwhv iurp K vfkrrov dqg wkh vkduh ri �upv dgrswlqj

wkh frpsoh{ whfkqrorj| lv

�
� @ +4� �,

�
4 . 3=6:8� . �� +3=8 . 4=;:8�,� 3=:8���5

�
� +4� �e, +53,

D frpsdulvrq ri Ht1 +53, zlwk Ht1 +;, vkrzv wkdw wkh fulwlfdo ydoxh �� lv kljkhu

zkhq wkhuh lv d vlqjoh delolw| +ru zkhq delolwlhv duh shuihfwo| dqg srvlwlyho|

fruuhodwhg,1

Jlyhq wkh rswlpdo fkrlfh ri � e| wkh jryhuqphqw/ zklfk vhohfwv wkh fulwlfdo

ydoxh ri dfdghplf delolw|/ ��/ wkh lqglylgxdo fkrlfh ri wdnlqj dqg sdvvlqj wkh

dgplvvlrq whvw zkhq F � � lv edvhg xsrq wkh frpsdulvrq ri h{shfwhg frvwv

zlwk h{shfwhg ehqh�wv1 Wkh pdujlqdo lqglylgxdo/ zkr lv mxvw lqgl�huhqw ehwzhhq

lqyhvwlqj dqg qrw lqyhvwlqj/ lv lghqwl�hg e| wkh iroorzlqj frqglwlrq

F +��,

5� ��

�
�
�
4 . 3=6:8� . �� +3=8 . 4=;:8�,� 3=:8���5

�
� �e

�
@ 
+��> y�,

+54,

Qrwlfh wkdw wkh ohiw kdqg vlgh ri Ht1 +54, lv lqfuhdvlqj lq ��/ zkloh wkh uljkw

kdqg vlgh lv prqrwrqlfdoo| ghfuhdvlqj lq ��= Dv lq wkh suhylrxv vhfwlrq/ wkhuh lv

d vlqjoh lqwhuvhfwlrq ehwzhhq h{shfwhg uhwxuqv dqg lqglylgxdo frvwv1

Txlwh lq frqwudvw wr wkh fdvh ri d vlqjoh delolw|/ krzhyhu/ wrwdo rxwsxw/ gh�qhg

dv

\ @ F +��,
�
4 . 3=6:8� . �� +3=8 . 4=;:8�,� 3=:8���5

�
. 4� F +��, +55,

kdv dq lqwhulru pd{lpxp jlyhq e|

�P @
3=8 . 4=;:8�

4=8�
+56,

li � A 3=771

Dq lpsruwdqw ihdwxuh ri Ht1 +56, lv wkdw �P ? �
3

1 Wkxv/ zkhq wrwdo

rxwsxw kdv dq lqwhulru pd{lpxp/ wkh jryhuqphqw dozd|v fkrrvhv �/ wkh vl}h

4<



ri K vfkrrov/ wr rewdlq wkdw H ^k m K` A H ^k m O`1 Qrwlfh wkdw htxdwlrq +56,

fruuhvsrqgv wr wkh rswlpdo jryhuqphqw fkrlfh rqo| li F � �1 Wklv lv vkrzq lq

wkh iroorzlqj Uhpdun=

Uhpdun 6 Zkhq wkh vfkrrolqj v|vwhp lv vhohfwlyh dqg Ht1 +4:, krogv/ wkh

rswlpdo vl}h ri wkh K vfkrrov vhfwru � fdqqrw eh orzhu wkdq wkh rswlpdo qxpehu

ri F �upv1

Surri= Vhh wkh Dsshqgl{1

Ohw �� eh wkh ydoxh ri wkh wkuhvkrog wkdw jxdudqwhhv wkdw F @ �1 Wkhq lw

iroorzv wkdw wkh rswlpdo wkuhvkrog lv55

�
� @ plq

�
�
P
> �
�
�

+57,

Zh frpsduh wrwdo rxwsxw lq wkh vhohfwlyh vfkrrolqj v|vwhp +Ht1 +55,, zlwk

wrwdo rxwsxw lq d frpsuhkhqvlyh v|vwhp +Ht1 +49,,1 Lw wxuqv rxw wkdw wkh iruphu

grplqdwhv wkh odwwhu li �� ? �
3

1 Dv vkrzq deryh/ wklv frqglwlrq dozd|v krogv1

Wkh lqwhulru pd{lpxp �
P lv d ghfuhdvlqj ixqfwlrq ri �1 Khqfh/ wkh pruh

surgxfwlyh lv qrq dfdghplf delolw|/ wkh orzhu wkh rswlpdo wkuhvkrog vhohfwhg

e| wkh jryhuqphqw dqg wkh ohvv vhohfwlyh wkh dgplvvlrq whvw1 Wkh uhdvrq lv

wkdw/ zkhq qrq dfdghplf delolwlhv pdwwhu iru surgxfwlrq/ kdylqj d yhu| vhohf0

wlyh vfkrrolqj v|vwhp edvhg rq d vwdqgdug dgplvvlrq whvw frxog dwwudfw wr K

vfkrrov rqo| wkh dfdghplfdoo| wdohqwhg/ zkr duh uhodwlyho| srruo| hqgrzhg ri

qrq dfdghplf delolwlhv1 Wrwdo rxwsxw fdq eh lqfuhdvhg lq wkhvh flufxpvwdqfhv

e| uhgxflqj wkh fulwlfdo wkuhvkrog �� ehorz wkh ydoxh wkdw |lhogv F @ �1

Wkhuhiruh wkh rswlpdo ghvljq ri d vhohfwlyh vfkrrolqj v|vwhp frxog lqyroyh

kdylqj dq h{fhvvlyh vxsso| ri judgxdwhv riK vfkrrov +F ? �,1 Lq wklv fdvh/ ryhu0

hgxfdwlrq lv h!flhqw dqg d vhohfwlyh vfkrrolqj v|vwhp grhv qrw lpso| frpsohwh

vhjuhjdwlrq/ ehfdxvh d vkduh 4� F

�
ri judgxdwhv ri K vfkrrov hqgv xs lq d V �up1

Zlwkrxw frpsohwh vhjuhjdwlrq/ jrrg shuirupdqfh dw vfkrro grhv qrw qhfhvvdulo|

lpso| jrrg oderu pdunhw shuirupdqfh56 1

Dq dowhuqdwlyh wr whvwlqj rqo| dfdghplf delolw| lv wr ghvljq dgplvvlrq whvwv

wkdw irfxv rq lqglylgxdo kxpdq fdslwdo/ zklfk ghshqgv rq erwk delolw| w|shv1

Wkh udwlrqdoh iru wklv dowhuqdwlyh vhohfwlrq surfhgxuh lv wkdw/ e| irfxvlqj h{fox0

vlyho| rq rqh delolw|/ K vfkrrov ulvn wr lqfoxgh dfdghplf wdohqwv zlwk olplwhg

ydoxdeoh qrq dfdghplf vnloov dqg uhodwlyho| orz surgxfwlyh srwhqwldo1 Vfkrrov

duh dzduh ri wklv ulvn1 Dv dujxhg e| Frrn dqg Iudqn +4<<6,/ iru h{dpsoh/ holwh

vfkrrov lq wkh XV wu| wr vhohfw vwxghqwv e| frqvlghulqj pdq| shuvrqdo txdolwlhv

wkdw kdsshq dovr wr suhglfw vxffhvv rq wkh mre1

Dq dgplvvlrq whvw edvhg rq k uhtxluhv wkdw wkh jryhuqphqw pd{lpl}hv wrwdo

rxwsxw e| vhwwlqj d wkuhvkrog ydoxh ri k/ k�/ dqg wkdw lqglylgxdov zlwk k � k
�

sdvv wkh whvw dqg duh dgplwwhg wrK vfkrrov/ zkloh lqglylgxdov zlwk k ? k
� gr qrw

wdnh wkh whvw dqg duh dvvljqhg wr O vfkrrov1 Wkh vhohfwlrq ri wkh wkuhvkrog k� fdq

55
Zkhq j $ f�ee/ erwk k

�
dqg k

w
duh odujhu wkdq 5 dqg wkhuh lv qr lqwhulru vroxwlrq1

56
Fdug dqg Nuxhjhu +4<<5, dqg Kdqxvkhn +4<;9, suhvhqw lqwhuhvwlqj hylghqfh rq wklv srlqw1
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eh ehwwhu looxvwudwhg e| frqvlghulqj Sdqho +e, ri Iljxuh 7/ wkdw sorwv lqglylgxdo

kxpdq fdslwdo zkhq wkh fruuhodwlrq ehwzhhq delolwlhv lq wkh srsxodwlrq lv }hur/

Ht1 +4:, krogv dqg � lv htxdo wr 4=

Vlqfh wkh fkrlfh ri k� lq wkh �jxuh lv htxlydohqw wr wkh vhohfwlrq ri d srlqw rq

wkh yhuwlfdo d{lv/ lw fdq lpphgldwho| eh vhhq wkdw/ fruuhvsrqglqj wr vxfk d srlqw/

wkhuh frxog eh wzr udwkhu wkdq d vlqjoh fulwlfdo ydoxh lq wkh grpdlq ri dfdghplf

delolwlhv �1 Ixuwkhupruh/ ehfdxvh wkh uhodwlrqvkls ehwzhhq wkh wzr delolwlhv �

dqg � lv qrqolqhdu/ wkhuh h{lvwv d ydoxh ri k/
b

k/ vxfk wkdw
b

k @ k +5,/ zkhuh k +5,

lv wkh ydoxh ri lqglylgxdo kxpdq fdslwdo fruuhvsrqglqj wr wkh pd{lpxp ydoxh

ri dfdghplf delolw| � @ 51 Wkh qrqolqhdu uhodwlrqvkls ehwzhhq k dqg � dovr

lpsolhv wkdw/ zkloh wkh glvwulexwlrq ri � lv xqlirup/ wkh glvwulexwlrq ri k lv qrw

dqg kdv d glvfrqwlqxlw| dw k @
b

k 1 Wkh ghqvlw| ri k/ i+k,/ uhtxluhv wkdw zh dovr

frpsxwh wkh pd{lpxp ydoxh ri k/ kp/ dqg wkdw zh rughu k iurp lwv plqlpxp

ydoxh +4 . 4=458�, wr lwv pd{lpxp kp1 Iroorzlqj Yhqwvho +4<;6,/ zh rewdlq

i+k, @
7

s
49 . 549� . 576�5 � 477�k

+58,

zkhuh
Ci+k,

Ck
A 31 Zlwk wklv ghqvlw|/ wkh h{shfwhg kxpdq fdslwdo ri judgxdwhv ri

K vfkrrov lv jlyhq e|

H ^k m K` @

U b

k

k�
ki +k,gk.

U
kp
b

k
5ki +k,gk

U
kp
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+59,

li k� ?
b

k dqg e|

H ^k m K` @

U
kp

k�
5ki +k,gk

U
kp

k�
i +k, gk

+5:,

li k
� �

b

k 1

Lq hlwkhu fdvh/ lw fdq eh vkrzq wkdw H ^k m K` lv dq lqfuhdvlqj ixqfwlrq ri

wkh wkuhvkrog k
�1 E| lqfuhdvlqj wklv wkuhvkrog/ wkh jryhuqphqw lqfuhdvhv erwk

H ^k m K`/ F dqg wrwdo rxwsxw \ 1 Dv vkrzq lq Sursrvlwlrq 4/ wklv lpsolhv wkdw

wkh rswlpdo vkduh ri K vfkrrov lv F +k�, @
U
kp

k�
i+k,gk/ zkhuh wkh uljkw kdqg

vlgh ri wklv htxdolw| lv wkh vl}h ri wkh K vfkrrov vhfwru1 Wkhuhiruh/ wkh jry0

huqphqw fdq lqfuhdvh wkh wkuhvkrog k
� xs wr wkh srlqw zkhuh wkh ghpdqg iru

judgxdwhv ri K vfkrrov e| F �upv lv htxdo wr wkh vxsso| ri wklv w|sh ri judgx0

dwhv1 Rqfh wkh wkuhvkrog ydoxh lv ghwhuplqhg e| wklv htxloleulxp frqglwlrq/ wkh

fxwr� ydoxh ri wkh dgplvvlrq whvw y� lv gh�qhg lq wkh xvxdo zd| dqg rqo| uhtxluhv

wkdw lqglylgxdov fdq eh rughuhg e| wkhlu +qhw, qrqshfxqldu| frvw ri wdnlqj wkh

dgplvvlrq whvw571
57Dv lq wkh suhylrxv vhfwlrq/ zh qhhg wr dvvxph wkdw wkh vfruh ri wkh whvw lv lqfuhdvlqj lq

lqglylgxdo kxpdq fdslwdo dqg lq wkh +qhw, qrqshfxqldu| frvwv ri wkh whvw1
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Zkhq wkh jryhuqphqw vhohfwv k� dqg k� wxuqv rxw wr eh lq wkh rshq lqwhuydo�b
k> kp

�
/ wkhuh duh wzr fulwlfdo ydoxhv ri dfdghplf delolwlhv/ �4 dqg �5/ fruuh0

vsrqglqj wr wkh vhohfwhg wkuhvkrog1 Zkloh lqglylgxdov hqgrzhg zlwk ydoxhv ri

� ehwzhhq wkhvh fulwlfdo ydoxhv wdnh dqg sdvv wkh dgplvvlrq whvw/ erwk lqglylg0

xdov zlwk orz dfdghplf delolwlhv +� ? �4, dqg lqglylgxdov zlwk kljk dfdghplf

delolwlhv +� A �5, gr qrw wdnh ru sdvv wkh whvw1 Wkh odwwhu jurxs lv vhohfwhg rxw

ehfdxvh lw lv hqgrzhg zlwk olwwoh exw ydoxdeoh qrq dfdghplf delolw|1

Zh frpsduh wkh rxwfrphv ri wkh hqfrpsdvvlqj whvw dqg ri wkh vwdqgdug whvw

edvhg rqo| rq dfdghplf delolwlhv e| vroylqj wkh prgho iru d jlyhq frq�jxudwlrq

ri wkh xqghuo|lqj sdudphwhuv1 Wdeoh 4 vkrzv wkh uhvxowv1 Lq wkh wdeoh/ zh doorz

� wr ydu| dqg nhhs wkh uhpdlqlqj sdudphwhuv �{hg1 Zh �qg wkdw wrwdo rxwsxw

lv dozd|v kljkhu zkhq wkh dgplvvlrq whvw lv edvhg xsrq k wkdq zkhq lw lv edvhg

xsrq �1 Rxwsxw lv kljkhu ehfdxvh whvwlqj k udwkhu wkdq � lqfuhdvhv erwk wkh

h{shfwhg kxpdq fdslwdo ri judgxdwhv iurp K vfkrrov dqg wkh qxpehu ri �upv

dgrswlqj frpsoh{ whfkqrorjlhv1 Zkloh vrph lqglylgxdov dgplwwhg lq K vfkrrov

zkhq wkh whvw lv rq k udwkhu wkdq rq � fdq kdyh orzhu dfdghplf delolwlhv/ wkh|

fhuwdlqo| kdyh d kljkhu frpelqdwlrq ri erwk delolwlhv1

Wdeoh 41 Prgho vroxwlrqv zlwk dowhuqdwlyh ydoxhv ri �

� 3=:8 4 4=58 3=:8 4 4=58

Whvw rq � Whvw rq k

�� 419< 418; 4189 41:8/ 41;8 4189/ 41;: 4178/ 41<3

H ^kmK` 51<3 6159 6195 51<4 615; 6198

H ^kmO` 5193 51;< 614; 518; 51;: 6148

F 313; 3163 3177 3143 3164 3178

\ 4149 419; 5148 414< 41:4 514<

Qrwh= sdudphwhuv xvhg iru wkh vroxwlrqv= � @ 3=9> e @ 3=8> �P @ 4=: =

Wkh shufhqwdjh rxwsxw jdlq dvvrfldwhg wr whvwlqj k udwkhu wkdq � fohduo|

ghshqgv rq wkh ydoxhv dvvljqhg wr wkh xqghuo|lqj sdudphwhuv ri wkh prgho1

Edvhg rq wkh ydoxhv xvhg lq Wdeoh 4/ wklv jdlq udqjhv iurp 519( ri wrwdo rxwsxw

zkhq � @ 3=:8 wr 4=;( zkhq � @ 4 wr 4=<( zkhq � @ 41581 D ghfolqh lq �P
iurp 4=: wr 4=7/ krzhyhu/ lv vx!flhqw wr udlvh wkh rxwsxw jdlq iurp 4=;( wr 7=7(
zkhq � @ 41 Wr sxw wkhvh qxpehuv lq wkhlu uljkw shuvshfwlyh/ frqvlghu wkdw

sxeolf hgxfdwlrqdo h{shqglwxuh dv d shufhqwdjh ri JGS lq wkh RHFG duhd zdv

derxw 71:( lq 4<<7581 Lw iroorzv wkdw wkh h!flhqf| orvvhv dvvrfldwhg wr whvwlqj

rqo| dfdghplf vnloov zkhq Ht1 +4:, krogv fdq eh vxevwdqwldo dqg vx!flhqw wr

mxvwli| wkh dgglwlrqdo frvwv wkdw wkh ghvljq dqg wkh lpsohphqwdwlrq ri pruh

edodqfhg dqg frpsolfdwhg dgplvvlrq surfhgxuhv uhtxluh591

58RHFG/ Hgxfdwlrq dw d Jodqfh/ 4<<:1
59Wkh xvh ri wkh pxowlsolfdwlyh whfkqrorj| � ' kqj dpsol�hv wkh yduldwlrqv ri lqglylgxdo

kxpdq fdslwdo lq wkh srsxodwlrq dqg vkdushqv wkh ghfolqh ri � zkhq k lv kljk dqg q lv orz1
Rxu txdolwdwlyh uhvxowv/ krzhyhu/ uhpdlq xqfkdqjhg1
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Zh frqfoxgh wkdw odfn ri fryduldqfh lq wkh srsxodwlrq ehwzhhq dfdghplf dqg

qrq dfdghplf delolwlhv lv qrw vx!flhqw wr fodlp wkdw dgplvvlrq whvwv edvhg rq

lqglylgxdo kxpdq fdslwdo |lhog vxshulru rxwfrphv wkdq pruh wudglwlrqdo dgplv0

vlrq whvwv edvhg rqo| rq dfdghplf delolwlhv1 Zkhwkhu ru qrw d pruh edodqfhg

dgplvvlrq surfhgxuh lq wkh doorfdwlrq ri wdohqwv wr vfkrrov lv vxshulru ghshqgv

erwk rq wkh glvwulexwlrq ri delolwlhv lq wkh srsxodwlrq dqg rq wkhlu frqwulexwlrq

wr lqglylgxdo surgxfwlylw|1 Lw iroorzv wkdw dq dghtxdwh nqrzohgjh ri erwk lv ri

sdudprxqw lpsruwdqfh wr ghvljq h!flhqw dgplvvlrq srolflhv1

� �
��
�� �� ����

Wkh ghvljq ri dq hqfrpsdvvlqj whvw rq k lv srwhqwldoo| gl!fxow1 Iluvw/ vfkrrov

duh uxq e| dfdghplfv/ zkr duh sduwlfxoduo| jrrg dw whvwlqj dfdghplf wudlwv exw

shukdsv qrw dv jrrg dv �upv dw whvwlqj qrq dfdghplf delolwlhv1 Vhfrqg/ d whvw

rq lqglylgxdo kxpdq fdslwdo uhtxluhv wkdw hdfk delolw| eh surshuo| zhljkwhg1
Vlqfh wkh zhljkw lv wkh pdujlqdo surgxfwlylw| ri qrq dfdghplf delolwlhv/ lw lv

qdwxudo wr h{shfw wkdw �upv kdyh d uhodwlyh dgydqwdjh ryhu vfkrrov lq judvslqj

wkh lpsruwdqfh ri qrq dfdghplf delolwlhv iru hfrqrplf surgxfwlrq1
Lq wklv vlwxdwlrq/ dq dowhuqdwlyh whvwlqj vwudwhj| zkhq lqglylgxdo kxpdq

fdslwdo lv d qrq prqrwrqlf ixqfwlrq ri dfdghplf delolw| � lv wr kdyh vfkrrov
whvw dfdghplf delolwlhv dqg �upv whvw qrq dfdghplf delolwlhv frqglwlrqdo rq wkh

lqirupdwlrq surylghg e| vfkrrov1 Wkh lqwhuhvwlqj txhvwlrq lv zkhwkhu wklv whvwlqj

vwudwhj| fdq uhsolfdwh wkh djjuhjdwh rxwfrph dfklhyhg e| dq hqfrpsdvvlqj whvw
rq kxpdq fdslwdo1 Li wkh dqvzhu lv d!updwlyh/ wkh hpskdvlv sodfhg e| vfkrrov

rq dfdghplf delolwlhv pdnhv jrrg hfrqrplf vhqvh1 Vfkrrov duh vlpso| grlqj

zkdw wkh| duh ehvw dw/ exw wkhlu whvwlqj dfwlylw| vkrxog eh vxssohphqwhg zkhq
qhfhvvdu| zlwk dgglwlrqdo whvwlqj ri qrq dfdghplf delolwlhv e| �upv1

Jlyhq wkh rqh0vkrw qdwxuh ri rxu prgho/ zh h{foxgh vfuhhqlqj/ wkdw uhtxluhv
wlph/ dqg dvvxph wkdw �upv fdq lpsohphqw d uhfuxlwphqw whvw rq qrq dfdghplf

delolwlhv dw qr frvw1 Wkh fxwr� ydoxh �� ri wkh uhfuxlwphqw whvw � lv dq lqfuhdvlqj

ixqfwlrq ri ��/ wkh wkuhvkrog ydoxh ri qrq dfdghplf delolwlhv/ dqg lv ghvljqhg
wr kdyh rqo| lqglylgxdov zlwk � � �

� wr wdnh dqg sdvv wkh whvw1 Zkloh wkh

lqglylgxdo ghflvlrq wr wdnh dqg sdvv wkh whvw fdq eh prghohg dv lq Ht1 +45,/

wkh wkuhvkrog �
� lv vhw e| sur�w pd{lpl}lqj lqglylgxdo �upv udwkhu wkdq e| d

ehqhyrohqw fhqwudo sodqqhu1

Zkhq wkh uhodwlrqvkls ehwzhhq dfdghplf dqg qrq dfdghplf delolwlhv lv dv
ghvfulehg lq Sdqho +e, ri Iljxuh 7/ lqglylgxdo �upv kdyh wzr rswlrqv= �uvw/

wkh| fdq ljqruh wkh vljqdo r�huhg e| wkh vfkrrolqj v|vwhp/ edvhg rq d whvw ri

dfdghplf delolwlhv/ ehfdxvh wkh whvw h{foxghv lqglylgxdov zlwk uhodwlyho| orz �

dqg d uhodwlyho| kljk dqg xvhixo � dqg lqfoxghv lqglylgxdov zlwk kljk � dqg

uhodwlyho| orz �1 E| vr grlqj/ �upv dgplw wr wkh uhfuxlwphqw whvw doo qhz

judgxdwhv/ lqghshqghqwo| ri wkh vfkrro wkh| duh frplqj iurp1 Wkh vhfrqg rswlrq
lv wr xvh wkh lqirupdwlrq surylghg e| vfkrrov dqg wr dgplw wr wkh uhfuxlwphqw whvw

rqo| judgxdwhv ri K vfkrrov/ zkr kdyh kljkhu dfdghplf delolw| wkdq judgxdwhv
ri O vfkrrov1 Lq hlwkhu fdvh/ rqo| F �upv/ wkdw xvh wkh frpsoh{ whfkqrorj|/
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duh lqwhuhvwhg lq wkh whvw1 Wkhuhiruh/ wkh uhfuxlwphqw whvw lv frqglwlrqdo rq wkh

vhohfwlrq ri wkh whfkqrorj|1 Zh frqvlghu wkhvh wzr rswlrqv lq wxuq1
Wkh iruphu rswlrq kdv gudvwlf lpsolfdwlrqv rq wkh vfkrrolqj v|vwhp1 Vlqfh

�upv dgplw wr wkh uhfuxlwphqw whvw doo judgxdwhv/ lqghshqghqwo| ri wkh vfkrro

wkh| duh frplqj iurp/ wkh vfkrrolqj v|vwhp fdq rqo| eh frpsuhkhqvlyh/ ehfdxvh
wkh vljqdo surylghg e| vhohfwlyh vfkrrov lv xvhohvv lq wkh oderu pdunhw1 Zkhq

Ht1 +4:, krogv/ wkh h{shfwhg kxpdq fdslwdo ri lqglylgxdov wdnlqj dqg sdvvlqj
wkh whvw rq � rujdql}hg e| F �upv lv

H ^km��` @

U
�5+�

�,

�4+��,

�
�. 4=458�

�
9�� 5�5 � 6

��

�5 +�
�,� �4 +�

�,
g� +5;,

Dv vkrzq lq Iljxuh 9 ehorz/ wkh vhohfwlrq ri wkh wkuhvkrog �
� lv htxlydohqw wr

fkrrvlqj wzr ydoxhv ri �/ �4 +�
�, dqg �5 +�

�,/ wkdw vroyh �� @ 4=458
�
9�� 5�5 � 6

�
=

Lw wxuqv rxw wkdw �4 +�
�, @ 6

5�
4
9

s
+5:� 49��, dqg �5 +�

�, @ 6
5.

4
9

s
+5:� 49��,1

Qrwlfh wkdw sur�w pd{lpl}dwlrq lv htxlydohqw wr wkh pd{lpl}dwlrq ri

h{shfwhg kxpdq fdslwdo H ^km��`1 Vlqfh H ^km��` lqfuhdvhv lq wkh wkuhvkrog �
�/

hdfk �up zloo wu| wr sxvk wkh wkuhvkrog wr wkh pd{lpxp ydoxh ri �/ �
p
1 Wklv

lv fohduo| lqfrqvlvwhqw zlwk wkh idfw wkdw wkh qxpehu ri lqglylgxdov zkr sdvv wkh
uhfuxlwphqw whvw pxvw eh dw ohdvw htxdo wr wkh qxpehu ri F �upv1 Lq wkh devhqfh

ri rssruwxqlvwlf ehkdylru/ frqvlvwhqf| lv jxdudqwhhg e| dgglqj wkh iroorzlqj

frqvwudlqw wr sur�w pd{lpl}dwlrq

�5 +�
�,� �4 +�

�, @
4

6

t
+5:� 49��, @

^+4� �,H ^km��`� +4� �e,`

�P

+5<,

zkhuh wkh ohiw kdqg vlgh ri Ht1 +5<, lv wkh vxsso| ri lqglylgxdov zlwk � � �
� dqg

wkh uljkw kdqg vlgh lv wkh ghpdqg ri wkhvh lqglylgxdov e| F �upv1 Vlqfh �upv
fdq lqfuhdvh sur�wv e| lqfuhdvlqj ��/ wkh frqvwudlqw krogv dv d vwulfw htxdolw|1

Lq wkh odwwhu rswlrq/ �upv xvh wkh lqirupdwlrq surylghg e| vfkrrov lq wkh

ghvljq ri wkh whvw ri qrq dfdghplf delolwlhv1 Dv deryh/ wkh fkrlfh ri wkh wkuhvkrog

�
� frqvlvwv ri vhohfwlqj wkh wzr fulwlfdo ydoxhv �4+�

�, dqg �5+�
�,/ zkhuh �4 ? �51

Wkhuh duh wzr srvvlelolwlhv= �uvw/ wkh wkuhvkrog �� rq dfdghplf delolwlhv lv vhw e|

wkh jryhuqphqw ehorz �4+�
�,1 Khqfh/ �� lv qrw elqglqj wkh ghflvlrqv ri �upv

dqg Htv1 +5;, dqg +5<, krog/ vxemhfw wr wkh frqvwudlqw 6
5�

4
9

s
+5:� 49��, A �

�/

wkdw hqvxuhv wkdw jryhuqphqw srolf| grhv qrw d�hfw wkh vhohfwlrq ri wkh wkuhvkrog

�
�1
Vhfrqg/ wkh wkuhvkrog �

� lv elqglqj dqg kljkhu wkdq ru htxdo wr �4+�
�,= Lq

wklv fdvh/ wkh h{shfwhg kxpdq fdslwdo ri lqglylgxdov zkr sdvv wkh uhfuxlwphqw

whvw lv

H ^kmK>��` @

U
�5+�

�,

��

�
�. 4=458�

�
9�� 5�5 � 6

��
g�

�5+�
�,� ��

+63,
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Iljxuh 9= Whvwlqj qrq dfdghplf delolwlhv
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zkhuh wkh xsshu olplw �5 lv ghwhuplqhg e|

�5+�
�,� �

� @
+4� �,H ^kmK>��`� +4� �e,

�P

+64,

Ht1 +64, vkrzv wkdw wkh fkrlfh ri �� pxvw jxdudqwhh wkdw wkhuh duh hqrxjk

judgxdwhv ri K vfkrrov wkdw sdvv wkh whvw wr �oo wkh F ydfdqflhv srvwhg e| kljk

whfk �upv1 Wklv htxdwlrq ghwhuplqhv wkh wkuhvkrog �
� dqg wkh wrwdo qxpehu

ri F �upv dv ixqfwlrqv ri ��= Wkh jryhuqphqw/ wkdw pryhv �uvw/ wdnhv lqwr

dffrxqw wkh ehkdylru ri �upv dqg vhwv wkh rswlpdo wkuhvkrog �
� wr pd{lpl}h

wrwdo rxwsxw1 Lqglylgxdov ghflgh zkhwkhu wr wdnh wkh dfdghplf dgplvvlrq whvw
e| frqvlghulqj wkh idfw wkdw hpsor|phqw lq kljk zdjh F �upv uhtxluh wkdw wkh|

dovr sdvv wkh whvw rq qrq dfdghplf delolwlhv diwhu judgxdwlrq1 Zkhq F �upv
uhfuxlw rqo| judgxdwhv ri K vfkrrov/ wkh iroorzlqj uhpdunv dsso|1

Uhpdun 7 Lq htxloleulxp/ wkh vkduh ri lqglylgxdov wdnlqj wkh dgplvvlrq whvw

edvhg rq dfdghplf delolwlhv lv htxdo wr F/ wkh vkduh ri �upv dgrswlqj wkh frpsoh{

whfkqrorj|1

Surri= Wkh jryhuqphqw vhohfwv �� wr pd{lpl}h wrwdo rxwsxw \ 1 Wkh dg0

plvvlrq whvw edvhg rq �� dgplwv wr K vfkrrov doo lqglylgxdov zlwk � � ��1

Frqglwlrqdo rq wklv whvw/ �upv vhohfw d wkuhvkrog �� dqg uhfuxlw rqo| judgxdwhv

ri K vfkrrov zlwk � � �
�1 Zkhq Ht1 +4:, krogv/ wklv lv htxlydohqw wr hvwde0

olvklqj wzr fulwlfdo ydoxhv ri �/ �4 dqg �5/ dqg wr h{foxgh iurp uhfuxlwphqw doo

lqglylgxdov zlwk � ? �4 dqg � A �5/ zkr kdyh orz qrq dfdghplf delolw|1 Vlqfh

lqglylgxdov duh udwlrqdo dqg nqrz wkhlu rzq delolwlhv/ wkh| wdnh lqwr dffrxqw wkh

whvw rq � zkhq ghflglqj zkhwkhu wr jdlq dgplvvlrq wr K vfkrrov1 Lq sduwlfxodu/

lqglylgxdov hqgrzhg zlwk � A �5 +zkhq �� lv elqglqj, dqg zlwk � ? �4 dqg

� A �5 +zkhq �� lv qrw elqglqj,/ zkr h{shfw qrw wr sdvv wkh uhfuxlwphqw whvw

ehfdxvh ri wkhlu uhodwlyho| orz �/ gr qrw wdnh wkh dgplvvlrq whvw dv zhoo/ ehfdxvh

wdnlqj wklv whvw grhv qrw ohdg wr d mre lq d kljk zdjh �up1 Lw iroorzv wkdw/ lq

htxloleulxp/ wkh vkduh ri judgxdwhv ri K �upv lv htxdo wr wkh vkduh ri uhfuxlwv

e| F �upv1 �

Uhpdun 8 Zkhq �� lv elqglqj/ doo judgxdwhv iurp K vfkrrov wdnh wkh uhfuxlw0

phqw whvw1 Wkhuh lv frpsohwh vhoi vhohfwlrq ri lqglylgxdov wr vfkrrov dqg �upv1

Wklv lv d frqvhtxhqfh ri wkh iruphu Uhpdun1 Zkhq �upv xvh wkh vljqdo

surylghg e| vfkrrov/ wkh suhvhqfh ri d whvw rq � lqgxfh doo lqglylgxdov zlwk

� � �� exw � ? �� wr vhohfw wkh O vfkrro vhfwru1

Uhpdun 9 Zkhq �upv whvw qrq dfdghplf delolwlhv/ wkh vkduh ri vorwv dydlodeoh

lq K vfkrrov lv dozd|v htxdo wr F/ wkh vkduh ri �upv dgrswlqj frpsoh{ whfkqror0

jlhv1 Wkhuhiruh ryhu0hgxfdwlrq fdq qhyhu eh rswlpdo1

D udwlrqdo jryhuqphqw uhdol}hv wkdw/ zkhq �upv whvw judgxdwhv ri K vfkrrov/

wkh vkduh ri lqglylgxdov zloolqj wr wdnh wkh vfkrrolqj whvw lv htxdo wr wkh vkduh
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ri F �upv1 Khqfh/ lw vxssolhv �5+�
�, � �� vorwv zkhq �� lv elqglqj dqg

4

6

s
+5:� 49��, vorwv zkhq �� lv qrw elqglqj1

Lq Vhfwlrq 7 zh kdyh vkrzq wkdw zkhq Ht1 +4:, krogv/ lw pljkw eh rswlpdo iru

wkh jryhuqphqw wr vhw � deryh F dqg wr fuhdwh dq h{fhvvlyh vxsso| ri judgxdwhv

riK vfkrrov1 Vrph ri wkhvh judgxdwhv kdyh uhodwlyho| orz qrq dfdghplf delolwlhv/

exw �upv fdqqrw glvwlqjxlvk dprqj judgxdwhv ri wkh vdph vfkrro1 Zkhq �upv

vxssohphqw wkh lqirupdwlrq surylghg e| vfkrrov zlwk d uhfuxlwphqw whvw rq qrq

dfdghplf delolwlhv/ lqglylgxdov zlwk uhodwlyho| kljk � dqg uhodwlyho| orz � vhoi

vhohfw lqwr O vfkrrov1

Vxssrvh/ krzhyhu/ wkdw rqo| dfdghplf delolwlhv duh nqrzq wr lqglylgxdov/

shukdsv dv d uhvxow ri wkh ohduqlqj surfhvv wdnlqj sodfh lq wkh hduolhu vwdjhv ri

hgxfdwlrq1 Lq wklv fdvh/ dgplvvlrq wr d kljk txdolw| froohjh lv d uhtxluhphqw wr

eh holjleoh iru wkh uhfuxlwphqw whvw surylghg e| �upv/ dqg hyhq lqglylgxdov zlwk

uhodwlyho| kljk � dqg uhodwlyho| orz � zloo wdnh wkh dfdghplf dgplvvlrq whvw1

Wkxv/ zkhq qrq dfdghplf delolw| lv xqnqrzq wr lqglylgxdov dv zhoo dv wr wkh

jryhuqphqw dqg �upv/ wkhuh frxog eh lqglylgxdov zkr sdvv wkh dfdghplf whvw

dqg hqg xs zrunlqj lq orz zdjh �upv1

Zh frpsduh wkh rxwfrphv ri wkh wzr dowhuqdwlyh rswlrqv dydlodeoh wr �upv

+wkh wkuhvkrog ��fkrvhq e| wkh jryhuqphqw lv hlwkhu elqglqj ru qrw, e| vroy0

lqj wkh prgho iru d jlyhq frq�jxudwlrq ri wkh xqghuo|lqj sdudphwhuv dqg e|

dvvxplqj wkdw wkh pdujlqdo surgxfwlylw| ri qrq dfdghplf delolwlhv/ �/ lv htxdo

wr 41 Wkh uhvxowv duh looxvwudwhg lq Wdeoh 5/ zkhuh zh dovr uhsruw iru wkh vdnh ri

frpsdulvrq wkh ydoxhv rewdlqhg hlwkhu e| whvwlqj rqo| dfdghplf delolwlhv ru e|

whvwlqj lqglylgxdo kxpdq fdslwdo1

Wdeoh 51 Whvwlqj qrq dfdghplf delolwlhv e| �upv1 � @ 4=

� @ 4 Whvw � Whvw � Whvw � Whvw k

�� qrw elqglqj �� elqglqj

�� 4198 419;/ 416: 419: 419;/ 416:

H ^km� � ��` 614: 615; 6158 615;

H ^km� ? ��` 51<7 51;: 51;< 51;:

F 3159 3164 3163 3164

�� 416:/ 4196 4189/ 41;: 418; 4189/ 41;:

\ 418: 41:4 419; 41:4

Qrwhv = sdudphwhuv xvhg iru wkh vroxwlrqv= � @ 3=9> e @ 3=8> �P @ 4=:=

Wkhuh duh wkuhh uhvxowv1 Iluvw/ wrwdo rxwsxw lv kljkhu zkhq wkh wkuhvkrog ��

elqgv wkh vhohfwlrq ri wkh wkuhvkrog �� e| �upv1 Wklv kdsshqv ehfdxvh/ zkhq ��

lv qrw elqglqj/ �upv irfxv h{foxvlyho| rq qrq dfdghplf delolwlhv/ ghvslwh wkh idfw

wkdw dfdghplf delolwlhv dovr pdwwhu iru surgxfwlrq1 Iljxuh 9 looxvwudwhv wkh srlqw

e| frqvlghulqj wkh fdvh � @ 41 Lq wkh �jxuh/ wkh wzr fxuyhv sorw uhvshfwlyho|

qrq dfdghplf delolwlhv dqg lqglylgxdo kxpdq fdslwdo dv ixqfwlrqv ri �1 Zkhq

�upv irfxv h{foxvlyho| rq �/ wkh| uhfuxlw doo lqglylgxdov zlwk � 5 ^4=6:> 4=96`1 E|

5:



wdnlqj lqwr dffrxqw wkh rxwfrph ri wkh whvw rq dfdghplf delolwlhv/ krzhyhu/ �upv

uhvwulfw wkhlu dwwhqwlrq rqo| wr lqglylgxdov zlwk � � 4=89/ wkxv h{foxglqj wkrvh

zkr duh srruo| hqgrzhg ri dfdghplf delolwlhv1 Zkhq d udwlrqdo jryhuqphqw wkdw

pd{lpl}hv wrwdo rxwsxw uhdol}hv wkdw wkh vhohfwhg wkuhvkrog �� lv qrw elqglqj wkh

ghflvlrqv ri �upv/ lw kdv dq lqfhqwlyh wr lqfuhdvh �� dqg uhgxfh wkh vl}h ri wkh

K vfkrrov vhfwru xs wr wkh srlqw zkhuh �� elqgv wkh ghflvlrqv ri �upv derxw

��1 E| vr grlqj/ lw frpshqvdwhv wkh h{fhvvlyh hpskdvlv sodfhg e| �upv rq qrq

dfdghplf delolwlhv dqg lqfuhdvhv wrwdo rxwsxw1

Vhfrqg/ wkh h{shfwhg kxpdq fdslwdo ri lqglylgxdov wdnlqj dqg sdvvlqj wkh

uhfuxlwphqw whvw H ^km� � ��` lv kljkhu zkhq �� lv elqglqj1 Vlqfh h{shfwhg

sur�wv duh lqfuhdvlqj lq H ^km� � ��`/ �upv dgrswlqj wkh frpsoh{ whfkqrorj|

�qg lw pruh sur�wdeoh wr uhvwulfw wkh whvw wr judgxdwhv ri K vfkrrov1 Wklug/ wkh

vhtxhqfh ri wkh wzr whvwv/ e| wkh jryhuqphqw dqg e| �upv dgrswlqj wkh frpsoh{

whfkqrorj|/ uhsurgxfhv wkh rxwfrph ri dq hqfrpsdvvlqj whvw fduulhg rxw e| wkh

jryhuqphqw rq lqglylgxdo kxpdq fdslwdo k ehfdxvh lw uhsolfdwhv erwk wkh qxpehu

ri F �upv dqg wkh h{shfwhg kxpdq fdslwdo ri uhfuxlwv1 Wklv htxlydohqfh lv wkh

frqvhtxhqfh ri wkh idfw wkdw erwk wkh sur�wv ri F �upv dqg wrwdo rxwsxw duh

lqfuhdvlqj ixqfwlrqv ri wkh h{shfwhg kxpdq fdslwdo ri wkh judgxdwhv riK vfkrrov/

zkr wdnh dqg sdvv wkh uhfuxlwphqw whvw1

Wkh pdlq phvvdjh ri Wdeoh 5 lv wkdw wkh hpskdvlv sodfhg e| vfkrrov rq dfd0

ghplf delolwlhv grhv qrw uhgxfh hfrqrplf h!flhqf|/ surylghg wkdw �upv dgg wr

wkh lqirupdwlrq vxssolhg e| vfkrrov wkhlu rzq whvwlqj ri qrq dfdghplf delolwlhv1

Wklv uhvxow/ krzhyhu/ lv qrw jhqhudo exw ghshqgv rq wkh glvwulexwlrq ri dfdghplf

dqg qrq dfdghplf delolwlhv lq wkh srsxodwlrq1 Wr vhh zk|/ frqvlghu Sdqho +f,

lq Iljxuh 71 Lq wklv fdvh/ dq hqfrpsdvvlqj whvw ri lqglylgxdo kxpdq fdslwdo

doorfdwhv wr K vfkrrov erwk lqglylgxdov zlwk orz � dqg kljk � dqg lqglylgxdov

zlwk kljk � dqg �1 Wkh iruphu jurxs lv h{foxghg iurp K vfkrrov e| d whvw

edvhg rqo| rq dfdghplf delolwlhv/ wkdw vhohfwv lqglylgxdov zlwk � � ��5:1 D

vhtxhqwldo whvwlqj vwudwhj| fdqqrw uhsolfdwh wkh rxwfrph ri wkh hqfrpsdvvlqj

whvw rq k ehfdxvh ri wzr uhdvrqv= d, zkhq �upv ljqruh wkh lqirupdwlrq surylghg

e| vfkrrov/ wkh| irfxv wkhlu whvwlqj rq qrq dfdghplf delolwlhv/ wkxv ljqrulqj wkh

lpsruwdqw frqwulexwlrq ri dfdghplf delolwlhv> e, zkhq �upv uhvwulfw wkhlu whvwlqj

wr judgxdwhv ri K vfkrrov/ wkh| dxwrpdwlfdoo| h{foxgh iurp wkh uhfuxlwphqw whvw

wkh jurxs ri lqglylgxdov zlwk orz � dqg kljk �/ zkr duh dgplwwhg wr K vfkrrov

e| dq hqfrpsdvvlqj whvw1

Wkhuhiruh/ zh �qg djdlq wkdw dgglwlrqdo lqirupdwlrq rq wkh hpslulfdo glv0

wulexwlrq ri delolwlhv lq wkh srsxodwlrq lv qhfhvvdu| ehiruh vhohfwlqj wkh prvw

dssursuldwh +rxwsxw pd{lpl}lqj, dgplvvlrq srolf|1

Wr frqfoxgh wklv vhfwlrq/ zh vwuhvv wkdw wkh htxlydohqfh ehwzhhq dq hqfrp0

sdvvlqj whvw uxq e| jryhuqphqw ohg vfkrrov dqg d vhtxhqwldo whvwlqj vwudwhj|

dovr uholhv rq wkh dvvxpswlrq wkdw wkh ghvljq dqg lpsohphqwdwlrq ri whvwv lv

qrw frvwo| erwk iru wkh jryhuqphqw dqg iru �upv1 Jlyhq wkdw wkh sxusrvh ri

5:Zlwk wkh frq�jxudwlrq ri sdudphwhuv xvhg lq Wdeohv 4 dqg 5 dqg dvvxplqj wkdw j ' �/

wkh whvw rq dfdghplf delolw| |lhogv kW ' ��S2D dqg t ' ��b��1 Wkh whvw edvhg rq lqglylgxdo

kxpdq fdslwdo dgplwv wr M vfkrrov lqglylgxdov zlwk k $ ��fH� dqg k D ��Sbf dqg |lhogv

t ' ��beD1

5;



wkh sdshu lv wr surylgh d vlpsoh ehqfkpdun prgho iru wkh glvfxvvlrq ri dgplv0

vlrq whvwv lq wkh suhvhqfh ri pxowlsoh delolwlhv wkdw duh srruo| fruuhodwhg lq wkh

srsxodwlrq/ zh ihho wkdw wklv dvvxpswlrq lv mxvwl�hg1 Fohduo|/ zkhq prqhwdu|

frvwv duh lqwurgxfhg lqwr wkh prgho/ zkhwkhu wrwdo rxwsxw qhw ri wkh uhvrxufhv

vshqw wr ghvljq dqg lpsohphqw wkh whvwv lv kljkhu ru orzhu zlwk wkh vhtxhqwldo

whvwlqj vwudwhj| ru zlwk wkh hqfrpsdvvlqj dgplvvlrq vwudwhj| ghshqgv rq wkh

frvwv idfhg erwk e| wkh jryhuqphqw dqg e| �upv1

� ���	���
���

Frqfhuq lv riwhq yrlfhg derxw wkh idfw wkdw prvw dgplvvlrq whvwv wr kljkhu hgx0

fdwlrq duh ghvljqhg wr phdvxuh dfdghplf delolwlhv dqg srwhqwldo vxffhvv lq vfkrro

udwkhu wkdq lq wkh oderu pdunhw1 Vlqfh hfrqrplf shuirupdqfh lv d�hfwhg erwk

e| frjqlwlyh delolwlhv dqg e| qrq dfdghplf delolwlhv/ dgplvvlrq surfhgxuhv edvhg

rqo| xsrq frjqlwlyh wudlwv frxog jhqhudwh dq lqh!flhqw doorfdwlrq ri uhvrxufhv1

Lq wklv sdshu/ zh kdyh xvhg d vlpsoh vljqdoolqj prgho wkdw lqfoxghv erwk

wkh ghpdqg dqg wkh vxsso| ri vnloov wr frpsduh wkh hfrqrplf shuirupdqfh ri

dowhuqdwlyh dgplvvlrq whvwv zkhq lqglylgxdov duh hqgrzhg zlwk erwk dfdghplf

dqg qrq dfdghplf delolwlhv dqg erwk delolwlhv pdwwhu iru lqglylgxdo surgxfwlylw|1

Zh kdyh vkrzq wkdw d qhfhvvdu| frqglwlrq iru dq hqfrpsdvvlqj dgplvvlrq whvw

edvhg rq erwk delolwlhv wr |lhog d pruh h!flhqw doorfdwlrq ri wdohqwv wkdq d

vwdqgdug whvw edvhg rqo| rq frjqlwlyh delolwlhv lv wkdw lqglylgxdo kxpdq fdslwdo

eh d qrq prqrwrqh ixqfwlrq ri dfdghplf delolwlhv1 Wklv frqglwlrq ghshqgv erwk

rq wkh glvwulexwlrq ri delolwlhv lq wkh srsxodwlrq dqg rq wkh frqwulexwlrq ri hdfk

delolw| wr lqglylgxdo kxpdq fdslwdo dqg surgxfwlylw|1

Zh kdyh dovr vkrzq wkdw wkh rxwfrph ri dq hqfrpsdvvlqj whvw fdq eh uhsol0

fdwhg e| d vhtxhqwldo whvwlqj vwudwhj| wkdw frqvlvwv ri wzr vwdjhv= lq wkh �uvw

vwdjh/ jryhuqphqw uxq vfkrrov whvw dfdghplf delolwlhv dqg lq wkh vhfrqg vwdjh

�upv whvw qrq dfdghplf delolwlhv rq wkh vxe0vdpsoh ri judgxdwhv ri kljk txdolw|

vfkrrov1 Wkh htxlydohqfh ehwzhhq wkhvh dowhuqdwlyh dgplvvlrq srolflhv ghshqgv/

krzhyhu/ rq wkh hpslulfdo glvwulexwlrq ri delolwlhv lq wkh srsxodwlrq1

Zh frqfoxgh wkdw wkh hpslulfdo revhuydwlrq wkdw erwk dfdghplf dqg qrq

dfdghplf delolwlhv pdwwhu iru mre shuirupdqfh lv qrw vx!flhqw wr zduudqw pruh

edodqfhg dgplvvlrq fulwhuld wr kljkhu hgxfdwlrq1 Dgglwlrqdo lqirupdwlrq rq

wkh hpslulfdo glvwulexwlrq ri delolwlhv dqg rq wkhlu frqwulexwlrq wr lqglylgxdo

surgxfwlylw| lv uhtxluhg ehiruh fkrrvlqj wkh prvw dssursuldwh vhohfwlrq fulwhuld1

Rxu uhvxowv vxjjhvw wkdw zruulhv derxw wkh h{fhvvlyh hpskdvlv sodfhg e| vfkrrov

rq dfdghplf delolwlhv lq wkhlu dgplvvlrq surfhgxuhv frxog eh h{djjhudwhg/ hlwkhu

ehfdxvh d pruh edodqfhg dgplvvlrq surfhgxuh grhv qr ehwwhu ru ehfdxvh lwv

rxwfrph fdq dovr eh dfklhyhg e| d vhtxhqwldo vwudwhj| wkdw lqyroyhv erwk wkh

jryhuqphqw dqg hpsor|huv1
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Zh suryh wkdw/ zkhq Ht1 +4:, krogv dqg F A �/ wrwdo rxwsxw fdq eh lqfuhdvhg

e| uhgxflqj �� dqg e| udlvlqj � wr wkh srlqw zkhuh F @ �=
Iluvw/ zkhq F A � wkh qxpehu ri F �upv lv jlyhq e|

F @
+4� �,

�
�

F
H +kmK, .

�
4� �

F

�
H +kmO,

�
� +4� �e,

�P
+D514,

Wrwdo gl�huhqwldwlrq ri Ht1 +D514, zlwk uhvshfw wr F dqg �� |lhogv wkdw

vljq
CF

C��
@ vljq

C
�
�

F
H +kmK, .

�
4� �

F

�
H +kmO,

�

C��
+D515,

Wkh v|vwhp zlwk K dqg O vfkrrov vxuylyhv rqo| li H +kmK,�H +kmO, A 3/ wkdw
lpsolhv wkh iroorzlqj uhvwulfwlrq rq ��

�� ? �
3

@ 4=8 .
3=9:

�
+D516,

Wkh frpsxwdwlrq ri wkh sduwldo ghulydwlyh rq wkh uljkw kdqg vlgh ri Ht1 +D515,

|lhogv

vljq
C

�
�

F
H +kmK, .

�
4� �

F

�
H +kmO,

�

C��
@ � vljq +3=8 . 5=958� � 4=8���,

D vx!flhqw frqglwlrq iru wkh deryh h{suhvvlrq wr eh qhjdwlyh lv

�
�

? �5 @
3=8 . 5=958�

4=8�
+D517,

Lw fdq eh vkrzq wkdw wkhuh duh wzr srvvlelolwlhv= d, �
3

? �5 > e, �
3

A �51 Lq

wkh iruphu fdvh +D517, lv fohduo| vdwlv�hg1 Wkh odwwhu fdvh rffxuv li � ? 4=679:1
Vlqfh C�5

C�
? 3 dqg �5 �@ 5 zkhq � ? 4=679:/ Ht1 +D517, lv vdwlv�hg lq wklv fdvh

wrr= Lq hlwkhu fdvh wkh vljq ri CF

C��
lv qhjdwlyh1

Qh{w pd{lpl}h wrwdo rxwsxw \ @ �H +kmK, . +F ��,H +kmO, . 4 � F wr

rewdlq

C\

C��
@

CF

C��

H +kmO,� 4

4� F
� ^3=8 . 5=958� � 4=8���` +D518,

Wkh �uvw frpsrqhqw ri wkh uljkw kdqg vlgh lv qhjdwlyh ehfdxvh H +kmO,� 4 A 3>
wkh vhfrqg frpsrqhqw lv dovr qhjdwlyh ehfdxvh ri wkh dujxphqw deryh1 �
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^4` Dfhprjox/ G1 dqg Slvfknh/ V1 +4<<;,/ Wkh Vwuxfwxuh ri Zdjhv dqg Lqyhvw0

phqw lq Jhqhudo Wudlqlqj/ QEHU Zrunlqj Sdshu q1 968:1

^5` Duurz/ N1 +4<<6,/ H{fhoohqfh dqg Htxlw| lq Kljkhu Hgxfdwlrq/ Hgxfdwlrq

Hfrqrplfv/ 4/ 4/ 80451

^6` Dvkhqihowhu/ R1 dqg Urxvh/ F1/ +4<<<,/ Wkh Sd|r� wr Hgxfdwlrq/ Sulqfhwrq

Xqlyhuvlw|1

^7` Ehwwv/ M1 +4<<;,/ Wkh Lpsdfw ri Hgxfdwlrqdo Vwdqgdugv rq wkh Ohyho dqg

Glvwulexwlrq ri Hduqlqjv/ Wkh Dphulfdq Hfrqrplf Uhylhz/ 59905:81

^8` Elvkrs/ M1 +4<<5,/ Wkh lpsdfw ri dfdghplf frpshwhqflhv rq zdjhv/ xqhp0

sor|phqw dqg mre shuirupdqfh/ Fduqhjlh Urfkhvwhu Frqihuhqfh Vhulhv rq

Sxeolf Srolf|/ 6:/ 45:04<71

^9` Eodfnexuq/ P1 dqg Qhxpdun/ G1 +4<<6,/ Rplwwhg Delolw| Eldv dqg wkh

Lqfuhdvh lq wkh Uhwxuq wr Vfkrrolqj/ Mrxuqdo ri Oderu Hfrqrplfv/ 44/ 6/

85408771

^:` Euhzhu/ G1/ Hlgh/ H1 dqg Hkuhqehuj/ U1/ +4<<:,/ Grhv lw sd| wr dwwhqg dq

holwh sulydwh froohjhB Furvv frkruw hylghqfh rq wkh h�hfwv ri froohjh txdolw|

rq hduqlqjv/ QEHU Zrunlqj Sdshu qr1 89461

^;` Euxqhoor/ J1 dqg Lvklndzd/ W1 +4<<<,/ Holwh Vfkrrov/ Kljk Whfk Mrev dqg

Hfrqrplf Zhoiduh/ Mrxuqdo ri Sxeolf Hfrqrplfv/ :5/ 6/ 6<8074<1

^<` Fdug/ G1 dqg Nuxhjhu/ D1 +4<<5,/ Grhv Vfkrro Txdolw| PdwwhuB Uhwxuqv wr

Hgxfdwlrq dqg wkh Fkdudfwhulvwlfv ri Sxeolf Vfkrrov lq wkh Xqlwhg Vwdwhv/

Mrxuqdo ri Srolwlfdo Hfrqrp|/ 433/ 4/ 40731

^43` Fdvhool/ I1/ +4<<<,/ Whfkqrorjlfdo Uhyroxwlrqv/ Wkh Dphulfdq Hfrqrplf

Uhylhz/ ;</ :;04351

^44` Fdzoh|/ M1/ Frqqhho|/ N1/ Khfnpdq/ M1 dqg Y|wodflo/ H1/ +4<<9,/ Phdvxulqj

wkh H�hfwv ri Frjqlwlyh Delolw|/ QEHU Zrunlqj Sdshu qr1 89781

^45` Frrn/ S1 dqg Iudqn/ U1/ Wkh Jurzlqj Frqfhqwudwlrq ri Wrs Vwxghqwv lq

Holwh Vfkrrov/ lq Forwihowhu/ F1 dqg Urwkvfklog/ P1 +hgv1, +4<<6,/ Vwxglhv lq

wkh Vxsso| dqg Ghpdqg lq Kljkhu Hgxfdwlrq/ Fklfdjr Xqlyhuvlw| Suhvv1

^46` Frvwuhoo/ U1 +4<<7,/ D Vlpsoh Prgho ri Hgxfdwlrqdo Vwdqgdugv/ Wkh Dphu0

lfdq Hfrqrplf Uhylhz/ <890<:41

^47` Fxuulh/ M1 dqg Wkrpdv/ G1/ +4<<8,/ Udfh/ Fkloguhq*v Frjqlwlyh Dfklhyhphqw

dqg wkh Ehoo Fxuyh/ QEHU Zrunlqj Sdshu qr1 85731
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^48` Hlfkhu/ W1 +4<<9,/ Lqwhudfwlrq ehwzhhq Hqgrjhqrxv Kxpdq Fdslwdo dqg

Whfkqrorjlfdo Fkdqjh/ Uhylhz ri Hfrqrplf Vwxglhv/ 96/ 45:04771

^49` Hssoh/ G1 dqg Urpdqr/ U1 +4<<;,/ Frpshwlwlrq ehwzhhq Sulydwh dqg Sxe0

olf Vfkrrov/ Yrxfkhuv dqg Shhu Jurxs H�hfwv/ Wkh Dphulfdq Hfrqrplf

Uhylhz/ 660931

^4:` Hydqv/ Z1 dqg Vfkzde/ U1 +4<<8,/ Ilqlvklqj Kljk Vfkrro dqg Vwduwlqj

Froohjh= Gr Fdwkrolf Vfkrrov Pdnh d Gl�huhqfhB/ Wkh Txduwhuo| Mrxuqdo

ri Hfrqrplfv/ <740<:71

^4;` Ihuqdqgh}/ U1 +4<<;,/ Hgxfdwlrq dqg Eruurzlqj Frqvwudlqwv= Whvwv yv Sur0

fhv/ QEHU Zrunlqj Sdshu 98;;1

^4<` Juhhq/ D1/ Zroi D1 dqg Ohqh|/ W1 +4<<<,/ Frqyhujhqfh dqg Glyhujhqfh lq

Hxurshdq hgxfdwlrq dqg wudlqlqj v|vwhpv/ Ehgirug Zd| Sdshuv/ Lqvwlwxwh

ri Hgxfdwlrq/ Xqlyhuvlw| ri Orqgrq/ 4<<<1

^53` Kdqxvkhn/ H1/ +4<;9,/ Wkh Hfrqrplfv ri Vfkrrolqj= Surgxfwlrq dqg H!0

flhqf| lq Sxeolf Vfkrrov/ Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 57/ 6/ 44740::1

^54` Khfnpdq/ M1/ +4<<<,/ Srolflhv wr Irvwhu Kxpdq Fdslwdo/ QEHU Zrunlqj

Sdshu :5;;1

^55` Khfnpdq/ M1/ Orfkqhu/ O1/ dqg Wdehu/ F1/ +4<<;,/ Jhqhudo Htxloleulxp Frvw

Ehqh�w Dqdo|vlv ri Hgxfdwlrq dqg Wd{ Srolflhv/ QEHU Zrunlqj Sdshu

9;;41

^56` Khuuqvwhlq/ U1 dqg Pxuud|/ F1/ +4<<7,/ Wkh Ehoo Fxuyh= Lqwhooljhqfh dqg

Fodvv Vwuxfwxuh lq Dphulfdq Olih/ Wkh Iuhh Suhvv/ Qhz \run1

^57` Nuhphu/ P1 dqg Pdvnlq/ H1/ +4<<:,/ Vhjuhjdwlrq e| Vnloov dqg wkh Ulvh ri

Lqhtxdolw|/ QEHU Zrunlqj Sdshu qr1 8:4;1

^58` Ohjuhh/ S1/ Slihu/P1 dqg Judiwrq/ I1/ +4<<9,/ Fruuhodwlrqv dprqj frjqlwlyh

delolwlhv duh orzhu iru kljkhu delolw| jurxsv/ Lqwhooljhqfh/ 56/ 4/ 7808:1

^59` Olqgehfn/ D1 dqg Vqrzhu/ G1 +4<<<,/ Pxowl0Wdvn Ohduqlqj dqg wkh Uhrujd0

ql}dwlrq ri Zrun/ L]D Glvfxvvlrq Sdshu 6<1

^5:` Pdofrpvrq/ M1 +4<<:,/ Frqwudfwv/ krog xsv dqg oderu pdunhwv/ lq Mrxuqdo

ri Hfrqrplf Olwhudwxuh/ 68/ 4<4908:1

^5;` Pd|ehuu|/ S1 dqg Fduh|/ Q1 +4<<:,/ Wkh h�hfw ri dswlwxgh dqgh{shulhqfh rq

phfkdqlfdo mre shuirupdqfh/ Hgxfdwlrqdo dqg Sv|fkrorjlfdo Phdvxuhphqw/

8:/ 4/ 464047<1

^5<` RHFG +4<<:,/ Olwhudu| Vnloov iru wkh Nqrzohgjh Vrflhw|/ Sdulv1

^63` Uhgglqj/ V1 +4<<9,/ Wkh Orz Vnloo/ Orz Txdolw| Wuds= Vwudwhjlf Frp0

sohphqwdulwlhv ehwzhhq Kxpdq Fdslwdo dqg U)G/ Wkh Hfrqrplf Mrxuqdo/

439/ 78;07:31
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^64` Vfkzduw}/ U1/ Grqqhoo|/ P1/ Qdvk/ S1 dqg \rxqj/ E1/ +4<<4,/ Lqwhuuhod0

wlrqvklsv ehwzhhq nqrzohgjh dqg shuirupdqfh edvhg whvwlqj lq d vxujhu|

fohunvkls/ Dfdghplf Phglflqh/ 99/ </ 4<0541

^65` Vshqfh/ P1 +4<:6,/ Mre Pdunhw Vljqdoolqj/ Wkh Txduwhuo| Mrxuqdo ri Hfr0

qrplfv/ ::/ 68806:<1

^66` Vwljolw}/ M1 +4<:8,/ Wkh Wkhru| ri Vfuhhqlqj/ Hgxfdwlrq/ dqg wkh Glvwulex0

wlrq ri Lqfrph/ Wkh Dphulfdq Hfrqrplf Uhylhz/ 5;606331

^67` Wux{loor/ G1/ Ehqqhww/ V1/ Froolqv/ P1 +4<<;,/ Froohjh hgxfdwlrq dqg srolfh

mre shuirupdqfh= D whq0|hdu vwxg|/ Sxeolf Shuvrqqho Pdqdjhphqw/ 5:/ 5/

59<05;31

^68` Yhqwl/ V1 dqg Zlvh/ G1 / +4<;5,/ Whvw Vfruhv/ Hgxfdwlrqdo Rssruwxqlwlhv

dqg Lqglylgxdo Fkrlfh/ Mrxuqdo ri Sxeolf Hfrqrplfv/ 4;/ 680961

^69` Yhqwvho/ H1V1/ +4<;6,/ Whrulmd Yhurmdwqrvwhm/ Qdxnd/ Prvfrz1

^6:` Zhlvv/ D1 +4<;6,/ D Vruwlqj fxp Ohduqlqj Prgho ri Hgxfdwlrq/ Mrxuqdo ri

Srolwlfdo Hfrqrp|/ <4/ 6/ 75307751

^6;` Zloolv/ U1 dqg Urvhq/ V1/ +4<:<,/ Hgxfdwlrq dqg Vhoi Vhohfwlrq/ Mrxuqdo ri

Srolwlfdo Hfrqrp|/ ;:/ 5/ V:0V691

^6<` Zlqvwrq/ J1 +4<<<,/ Vxevlglhv/ Klhudufk| dqg Shhuv= Wkh Dznzdug Hfr0

qrplfv ri Kljkhu Hgxfdwlrq/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ 460691

^73` Zlvh/ G1/ +4<:8,/ Dfdghplf Dfklhyhphqw dqg Mre Shuirupdqfh/ Wkh Dphu0

lfdq Hfrqrplf Uhylhz/ 68306991

66


