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Summary.

Endogenous Uncertainty is that component of economic risk and market volatility which is propagated within
the economy by the beliefs and actions of agents. The theory of Rational Belief (S€EORd4i} permits

rational agents to hold diverse beliefs and consequently, a Rational Belief Equilibrium (in short, RBE) may
exhibit diverse patterns of Endogenous Uncertainty. This paper showsottadf the observed volatility in
financial markets is generated by the beliefs of the agents and the diverse market puzzles which are
examined in this paper, such as the equity premium puzzle, are all driven by the structure of market
expectations.To make the case for this theory we presesingleRBE modelyhich builds on

developments in Kurz and Beltratti [1997] and Kurz and Schneider [18B6]which we study a list of
phenomena that have been viewed as "anomalies” in financial markets. The model is able to predict the
correct order of magnitude of:

(i) the long term mean and standard deviation of the price\dividend ratio;

(ii) the long term mean and standard deviation of the risky rate of return on equities;

(iii) the long term mean and standard deviation of the riskless rate;

(iv) the long term mean equity premium.

In addition, the model predicts

(v) the GARCH property of risky asset returns;

(vi) the Forward Discount Bias in foreign exchange markets.

We also conjecture that an adaptation of the same model to markets with derivative assets will predict the
appearance of "smile curves" in derivative prices.

The common economic explanation for these phenomena is the existence of heterogenous agents with
diverse but correlated beliefs. Given such diversity, some agents are optimistic and some pessimistic. We
develop a simple model which allows agents to be in these two states of belief but the identity of the optimists
and the pessimists fluctuates over time since at any date any agent may be in these two states of belief. In
this model there is a uniquamameterization under which the model makes all the above predictions
simultaneously That is, although theapameter space of the RBE is large, all parameterizations outside a
small neighborhood of theapameter space fail significantly to reproduce some subset of variables under
consideration. Anya@rameter choice in this small neighborhood requires the gpsina be in the majority
but the rationality of belief conditions of the RBE require the pestsnm have &igher intensity level. This
higher intensity has a decisive effect on the market: it increases the demand for riskless assets, decreases the
equilibrium riskless rate and increases the equity premium. In simple terms, the large equity premium and the
lower equilibrium riskless rate are the result of the fact that at any moment of time there are agents who hold
extreme pessimistic beliefs and they have a relativeingér impact on the market. The relative impact of
these two groups of agents who are, at any moment of time, in the two states of belief is a direct consequence
of the rationality of belief conditions and in that sense it is unique to an RBE.

As for the correlation among the beliefs of agents, the paper shows that the dynamics of asset prices
are stronghaffected by such correlation. The pattern of correlation which was used in the model can be
explained intuitively in terms of its effect on the dynamics of prices. The model correlation causes periods of
price rises (i.e. bull markets) to develop slower than periods of decline (i.e. bear markets) hence the model
dynamics do not permit prices to shoot directly from the bottom to the top but the opposite is possible and
takes the form ofnarket crashes

Note: Both the RBE model developed in this paper as well as the associated programs used to solve it are
available to the public on Professor Kurz’'s web page tp:/fmww.stanford.edu/~mordecai/

JEL Classification Numbers D5, D84, G12.

Key Words: Rational Expectations, Rational Beliefs, Rational Belief Equilibrium (RBE),
Endogenous Uncertainty, states of belief, stock price, discount bond, equity premium, market
volatility, GARCH, Forward Discount Bias.
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by
Mordecai Kurz and Maurizio Motolese
Stanford University

The theory of Rational Belief Equilibrium (in short, RBE; see KW&9¢], [1997]) was
developed with the view of studying the effects of beliefs and expectations of economic agents on
the volatility of economic variables and on social risk. Application of the theory to various
markets were reported by Kurz and Beltratti [1997], by Kurz and Schneider [1996] and by Kurz
[1997a],[1998]. These papers advanced the idea that the "equity premium puzzle" (due to Mehra
and Prescott [1985]) can be resolved by the theory of rational beliefs. This is in contrast with
recent attempts to resolve the equity premium puzzle by the use of a "habit forritilgg" ut
function (see Abel [1999], Campbell and Cochrane [1995] and Constantinides [1990]). Other
approaches to the equity premium puzzle were reported by Brennan and Xia [1998], Epstein and
Zin [1990], Cecchetti, Lam and Mark [1990],[1993], Heaton and Lucas [1986], Mankiw [1986],
Reitz [1988], Weil [1989] and many others. Most of the work on the equity premium
concentrated on the analysis of the premium, the riskless rate, the risky rate and their second
moments. We note that apart from the price volatility controversy generated by $a@i&f, [
the "calibration” literature has mostly ignored the comparison between the model’s volatility of
stock prices and the historical record; such a comparison is one more test of the model’'s ability to

explain the data. Also, financial markets exhibit other dynamical patterns for which standard
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models have failed to give a satisfactory explanation. Examples include the GARCH phenomenon
in asset returns, the "Forward Discount Bias" in foreign exchange markets and the various "smile
curves" in derivative markets. Hence the validity of any equilibrium theory should natde|

only by its ability to match the five statistics mentioned above, but also by the range of other
anomalies that the theory is capable of explaining.

This paper is broader in scope than previous papers on RBE and its purpose is to make the
case that most of the observed volatility in financial markets is expectationally generated and
many "anomalies" observed in these markets such as the equity premium puzzle, the GARCH
pattern of asset returns, the Forward Discount Bias in foreign exchange neketsdriven by
the structure of heterogenous beliefs in the markesupport of this view we present a unified
model of market volatility which is relatively simple and demonstrate that the RBE of the model is
able to explain a wide range of these anomalies. First, it predicts the correct order of magnitude
of (i) the equity premium, (ii) the first and second moments of the price\dividend ratio, (iii) the
first and second moments the risky return, and (iv) the first and second moments of the riskless
rate. Second, the time series of stock returns exhibit a GARCH phenomenon, and third, an
extension of the model to a two countries model exhibits a "forward discount bias" in its foreign
exchange market. Our model extends ideas in Kurz and Beltratti [1997], Kurz and Schneider
[1996] and Kurz [1997a] in a manner to be explained. We are able to give both a simple
economic interpretation to the empirical record as well as provide a unified theory for the
dynamics of financial markets.

Before turning to the description of our OLG model in Section 2, we provide a

justification for our modeling strategy which is based on heterogenous beliefs. This explanation



will be linked to the methodology with which we propose, in Section 3, to test the validity of any

model with heterogenous beliefs. Section 4 will close the paper.

1. Why a Paradigm of Heterogenous Beliefs

The theory of Rational Beliefs and RBE starts from the empirical observation that
intelligent economic agents hold diverse beliefs even when there is no difference in the
information at their disposal. Indeed, the center of their disagreement is often the diverse
interpretationsof the available information. By adopting axioms which allow rational agents to
hold diverse beliefs, our theory does not lead, in general, to a Rational Expectations Equilibrium
(in short, REE). However, an REE is also an RBE since the theory of RBE is an extension of the
theory of REE. These observations suggest that it would be constructive to explain first why the
REE model is an unsatisfactory special case and why the paradigm of diverse beliefs offers a

satisfactory alternative in situations when economic volatility is a dominant phenomenon.

la. Is Rational Expectations a Reasonable Assuntption

The assumption of rational expectations takes various forms. In the Arrow-Radner
equilibrium theory with securities agents are required to know the map between future equilibrium
prices and exogenous states. However, in Radner [1979] where agents have asymmetric
information, the ability to invert the equilibrium map requires agents to leamlv other’s
probability beliefs of the exogenous states. To satisfy this condition one may as well assume that
all agents hold the same belief and that all agents know this fact. In most dynamic models in

economics and finance, rational expectations takes the more familiar requirement that agents



know thetrue equilibrium probability distribution of all variables. Most economists agree that
both conditions impose unreasonable requirements on what an agent must know in order to be
viewed as "rational". Kurz [1994] refers to both forms of knowledge as "structural knowledge"
to be distinguished from "empirical knowledge" or "information" about the state of the world.

Probability distributions and equilibrium maps are not observable but one may speculate
that learning could provide some foundation for the assumption of rational expectations. This
view proposes that heterogeneity may vanish as data becomes available since added data could
enable agents to learn the true structure of the economy. Most of the work along this line
adopted the Bayesian perspective which was inspired by martingale convergence theorems. A
corresponding heated debate took place in the statistical literature under the heading of "Bayes
Consistency" ( see Diaconis and Freedman [1986]). The essential conclusion of the debate is that
the convergence of the posterior to the true distribution is a rare occurrence. In two influential
papers, Freedman [1963], [1965] shows that even when the statistician has a controlled
experiment so that the data is generated i.i.d., if the true distribution is complex, the convergence
of the posterior is a rare event. The problem is further compounded in typical learning situations
in markets and games where the data is generated by an unknown process and the convergence of
the posterior is even less likely (see Feldman [1991]).

If learning cannot provide a foundation for rational expectations, it does not make sense to
regard as "irrational" an agent who does not know what he cannot know. Hence, a more general
model than an REE would be desirable simply on the elementary ground that an REE is based on
unrealistic assumptions. In addition, those who are opposed to REE often note the ample

empirical evidence for the presence of diverse opinions in the market. Hence, it is important to



explore how the REE literature explains this diversity of beliefs observed in the market.

1b. Diversity of Information or Diversity of Beliefs?

Starting with financial markets, the most common explanation given in the REE literature
for the observed persistent heterogeneity of beliefs is the diversity of private information. It is
argued that agents do not possess different prior beliefs but, rather, that they have different
private information resulting in different conditional beliefs. The theoretical and applied literature
adopting this approach is extensive (for example see Kyle [1985], Wang [1993] [1994] and
references there). This explanation is unsatisfactory from both theoretical as well as empirical
perspectives. Theoretical considerations lead to the information revelation of rational
expectations (e.g. Grossman [1981], Radner [1979]) which implies that prices make public all
private information and therefore the introduction of asymmetric informdmyoitself is not
sufficient. It simply transforms the problem into other paradoxes. These include the problem of
explaining why agents trade at all (e.g. Milgrom and Stokey [1982]); why asset prices fluctuate
more than could be explained by "fundamentals” (e.g. SHiE81]]), indirectly generating an
equity premium puzzle (see Mehra and Prescott [1985]); and why any resources are ever used for
the production of information (see Grossman and Stiglitz [1980]). To explain the observed
heterogeneity and avoid such paradoxes researchers had, therefore, to introduce some additional
assumptions of market structure that would remove the information revelation property of
rational expectations. Consider, for example, the explicit introduction of uninformed noise traders
or general "noise" which leads to a theory of "noisy rational expectations equilibrium.” This is a

negation of rational expectations since the assumption of noise in prices explicitly introduces



irrationality of uninformed traders into the theory. The artificial, and unsatisfactory, assumption
of irrationality is then the one driving all the important conclusions.

We turn now to the empirical considerations making the assumption of asymmetric
information in financial markets unsatisfactory. We note first the ample empirical evidence for the
opposite view that equally informed agents interpret differently the same inforrfs@rfor
example, Frankel and Froot [1990], Frankel and Rose [1995] and Kandel and Pearson [1995]).
This implies that the agents have different probability beliefs which they conditidve same
public information However, focusing on asymmetric information, is there any empirical
evidence to support the assumption of widespread use of private information in financial
markets? We think that the evidence is not there. Moreover, since it is illegal to trade on inside
private information, are we to conclude that the high volatility of financial markets is a result of
widespread and persistasriminal behavior by traders? The majority of firms whose securities
are traded on public exchanges are monitored carefully by a professional community of regulators,
brokers, financial managers etc. Hence there is ample evidence that, on the whole, the majority
of firms avoid letting any market participant either obtain private information or trade on it if he
has such information. Furthermore, since modern financial markets are dominated by large
institutions with vast resources which can be used to process all available information, elementary
competitive behavior should lead us to conclude that all will possess the same information.

We conclude that, apart from insurance markets where asymmetric information plays a
central role, in most financial markets the assumption of asymmetric information has a dual
problem. First, on its own, this assumption has little explanatory power due to the revelation

mechanism of REE. Consequently, asymmetric information must be supplemented by



unreasonable additional assumptions about "friction”, "noise" or other "stories". Second, it is
difficult to find an empirical justification for the validity of this assumption in securities markets.
Turning to macroeconomics, recall that the critique of the Keynesian theory by the rational
expectations approach was associated with the rejection of the wage and price rigidities implicit in
the Keynesian system. However, under the classical assumptions of price and wage flexibility and
market clearing in equilibrium, rational expectations implies the usual conclusions of neo-classical
analysis: in equilibrium the economy operates at full employment, GNP grows at the potential
level, etc. This classical framework cannot explain the observed structure of aggregate
fluctuations and, in particular, the observed cyclical correlation among economic variables such as
the positive correlation between the price level and aggregate output (the "inflation - output
tradeoff'). In order to explain the data, the New Classical Theory introcdoceplex
assumptions of asymmetric information which became the driving force of the theory. More
specifically, although agents are assumed to have rational expectations, they have asymmetric
information ancare unable to obtain information which is public in other parts of the ecanomy
This rigidity in the transmission of public information leads to diverse models of Phelpsian or
Lucasian "islands" (see Phelps [1970] and Lucas [1973]). The impbadeas supply curve
(Lucas [1973]) is deduced from the assumption that firms copfice level fluctuations for
relative price fluctuations since they are also assumed not to be able to observe the normally
observable aggregate price level.
The essential point is that in standard macroeconomic REE models, heterogeneity across
agents is caused by assumptions about agents not being able to make rather simple observations

and needing to form expectations about what they do not know. The validity of the "islands"



assumptions and the rigid information structure which they impose are hard to accept. Using a
term proposed by Lucas [1982], the models are "rigged" to generate the heterogeneity which
induces the desired empirical implication.

The arguments presented here highlight the fact that although the rational expectations
assumption insists on a common belief of agentsenti@rical implications of the common belief
assumption - by itself - are rather absurd. The crucial empirical implications of models
incorporating such assumption are generatednadded set of assumption§hese may include
asymmetry of information, lack of adequate knowledge, irrational behavior of some agents, etc.
Most of these added assumptions introduce "stories" with questionable theoretical and empirical
foundations buthese questionable assumptions are the ones which drive the results!

This paper, the papers included in Kurz [1997] and others (e.g. Garmaise [1998], Kurz
[1998], Motolese [1998], Nielsen [1997], Wu and Guo [1998]) suggest that in many situations,
particularly in the study of market risk and economic fluctuationspibise plausible to accept an
alternative paradigm. This paradigm is based on the hypothesis thatdmantshave structural
knowledgeand, as a natural consequence, concludedtiahal agents may have diverse beliefs
about what they do not know he empirical evidence for thetseo components of our approach
is substantial. Moreover, the scientific merit of this alternative paradigm is derived mostly from
the fact that it offermew and useful economic insights with which we can answer difficult
economic questionsHence, we conclude this Section by presenting brief arguments in support of
this new paradigm. We use the terminology of "the diversity of beliefs theory" to refer to the
combination of the hypothesis that agents do not have structural knowledge and the related theory

of RBE which demonstrates that rational agents may have diverse beliefs.



We observe at the outset that R&ESumeshat expectations do not matter and, having
done so, insists that othexogenousfundamental” factors drive the real conclusions of the
model. In contrast, under the diversity of belief theory "expectations matter" and the distribution
of beliefs can have an important effect on the time series generated by the economy. On a more
fundamental level, the diversity of beliefs theory rejects the validity of the formulation of
uncertainty as being only @xogenouphenomenon. It insists that economic uncertainty and
fluctuations have a large endogenous component which is propagtitiedthe economy rather
than being caused by exogenous shocks. Following Kurz [1974] weEadidgenous
Uncertainty.This uncertainty, which is probably the dominant form of uncertainty in our society,
is indirectly the uncertainty about the beliefs and actions of other agents. Price uncertainty is,
perhaps, the central form of Endogenous Uncertainty in a sequential economy.

Keep in mind that the common belief assumpticen s$pecial casef a model with diverse
beliefs. Also, the assumption of asymmetric information is entirely compatible with diverse prior
beliefs. Hence the diversity of beliefs theory is a more general paradigm than the model of
common belief. Yet, the idea of diverse beliefs has been controversial. It would thus be
constructive to review some arguments against models with diverse beliefs and, by implication,
make the case in favor of such a paradigm.

Those who object to the introductionarfy diversity of beliefs insist that it reduces the
predictive value of equilibrium analysis since it enlarges the set of individual actions which are
viewed as optimal. We reject this criticism on the ground that it is based on a misunderstanding
of the function of the diversity of beliefs theory. We have stressed that an important purpose of

introducing models with diverse beliefadsreplace the artificial "rigging" of REE based models



when the added assumptions are of questionable validity. The diversity of beliefs does, indeed,
enlarge the set market outcomes which are viewed as raa®aal alternativéo the way in
which the assumptions of asymmetric information and noise trading add outcomes that would
have otherwise been impossible in an REE .

Returning to the enlarged set market outcomes which may be explained with diverse
beliefs, we claim that the enlarged sethe main virtue of our new approdcfihe two
paradigms offer profoundly different explanations for the observed facts. The REE perspective
proposes that the sources of all risk and economic fluctuatioes@genous to the economy.
This is also true of REE with sunspots where the sunspot process is exogenous to the economy
and in no sense is endogenously selected by the agents. The problem is that in most studies the
level of volatility of the exogenous shocks is insufficient to explain the observed market volatility.
The diversity of beliefs paradigm points to endogenous uncertainty addh@nal component
of social risk that has been missed in these studies. In general equilibrium terms, it insists that the
state space be endogenously expanded to include the "state of beliefs" so that variations in this
component of the state space have a real impact on economic allocations. Since endogenous
uncertainty entails added fluctuations on a microeconomic level, the presence of such uncertainty

necessitates a larger set of individual actions. Hence the enlarged set of outcomes is exactly why

% The last point is central to our perspective and at the risk of repetition we sharpearitsrstat
We have shown that without the "extra" assumptions, rational expectations based models cannot explain a
large array of observed phenomena. Hence, if any ti@oisr consideration is to have explanatory power,
one must make a choice in which direction tacpeal. One direidn in which contempmary analysis has
gone is to introduce "fundamental” assumptions such as private information, rigidity in the transfer of public
information, noise trading, etc. What we propose is that the diversity of belreidigmis an alternative
new direction that one may tak&he papers in Kurz [1997] demonstrate that there is an extensive range of
problems which can be studied with the tools of thisgdigm, leading to new insights with implications for
positive analysis and for collective actions.
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endogenous uncertainty is a useful theory!

Finally, our rejection of the criticism is also methodological. Recall the comments
regarding the availability of empirical evidence that equally informed agents disagree. Hence, it is
a sound scientific procedure to explore the implications of a competing theory which explains the
empirical evidence. Indeed, any such theory should have the REE model of common belief with
full structural knowledge as a special case and comparisons with this reference case should be
important in determining which approach provides a deeper insight. Ultimately, it is scientific
usefulness which should be the basis for a choice between the two approaches.

We have cited recent work to show that the diverse beliefs paradigm has been a
productive scientific tool. This paper adds an important dimension to support the diverse beliefs
paradigma unified theory of market volatilitylt demonstrates that a long array of "anomalies"
in financial markets are all driven by expectations and consequently can all be explained by a

single theory in which the diverse beliefs paradigm is the central component.

2. The RBE of an OLG Stock Market Economy

Our stock market economy is a relatively standard two-agent, OLG, economy with a
single, homogenous, consumption good. Each agent lives two periods, the first when he is
"young" and the second when he is "old." Each young agent is a replica of the old agent who
preceded him, where the term "replica" referatitities andbeliefs,and hence this is a model of
two infinitely lived "dynasties" denoted by k = 1, 2. One can think of k as the identity of the pair
of young and old agents of the dynasty at date t. We often use the term "agent k" but the context

should make it clear whether the agent is the young or the old of dynasty k. Only young agents
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receive an endowmer®*, t =1, 2, .... of the singleonsumption good. We vie2* as the
labor income of agent k at date t and the stochastic proc€gsas{1, 2, ...} for k=1, 2
will be specified below. Additional net output ispplied by a firm which produces exogenously,
as in Lucas [1978], the strictly positive profit process {D ,t =1, 2, ...} with no input. These net
outputs are paid out to the shareholders of the firm as dividends at the date at which the output is
produced. The ownership shares are traded on a stock market and their aggregate supply is 1.
The stock market economy has three markets: (i) a market for the consumption good with
an aggregate supply equaling the total endowment plus total dividends, (ii) a stock market with
total supply of 1, andii) a market for a zero netpply, short term riskless debt instrument
which we call a "bill". Since the stochastic growth rate of dividends is Markovian with two
statesthe economy has a complete financial structorhe sense that the number of financial
instruments equals the number of states. To ensure intergenerational efficiency, the financial
sector is initiated at date 1 by distributing the unit supply of shares among the old of that date.
The above assumptions are the same as in Kurz and Beltratti [1997] and Kurz and
Schneider [1996]. However, Kurz and Schneider [1996] did not assume that the economy grows
and did not calibrate their results to any empirically known facts. Kurz and Beltratti [1997]
allowed growth into the model and in that sense our model is the same as theirs. The main
difference is in the parametrization of the model and in the economic interpretation of the results.
The notation which we employ is as follows: fork =1, 2
Ctlk - consumption of k when young at t;
Cﬁ';- consumption of k when old at t + 1 (implying that the agent was born at t);

D, - total amount of dividends produced exogenously at t;
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D
d., = [‘)*1 - the random growth rate of dividends;
t

0 - amount of stock purchases by young agent k at t;

B/ - amount of one period bill purchased by young agent k at t;
QX - endowment of young agent k at t;
P, - the price of the common stock at t;
P, = E the price/dividend ratio of the common stock at t;
t

q,- the price of a one period bill at t. This is a discount price;

l, - history of all observables up to t;

2.1 The Equilibrium Concept

We normalize prices by using consumption as a numeraire. Given this, the optimization

problem of agent k has the following structure at all t=1, 2, ...

(1a) Max  Eo{us(C*, cZ )l I, |
(ol Bl )
subject to
(1b) C.“+ PO + B = O
(1c) Ctzflz elt((Pt+l+Dt+l)+Bi('

Q~ is a probability belief of agent k on all future variables which he does not know. To

enable us to compute equilibria we take the utility function agent k to be

L(Clk l’Yk_’_ 1Bk (CtZl(l l’Yk , Yk>0 ’ O<Bk<1'

t
Y Yk

With this specification the Euler equations for agent k are

1k 2k
)  uk(CcX c,

(3a) _F)t(ctlk)iYk + By Eth((Ctzfl)iYk (P +D)I1) =0

(3b) -G, (C) ™ B Eqr((CEy) ™ 1) = 0.
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The parameters of the model are selected to equal the values of the corresponding
estimates for the real economy. We thus aim to calibrate the model and test its ability to generate

solutions which are of the same order of magnitudes as the observed endogenous variables.

(2.1a) The dividend process and the equilibrium m#&pe simulation model is Markovian

where the exogenous process of dividends is as specified in Kurz-Beltratti [1997] who follow the
estimates of Mehra and Prescott [1985]. It takes the following form

4 D,,, = DJd,.,.

where {d ,t=1, 2, ...} is a stationary and ergodic Markov process. The statecfthe

processis ;) ={tl )d} with "d =1.054 and d =.982 and a transition matrix

© R d

with ¢ = .43. Hence, over time agents experience a secular rise of dividends and it is therefore

convenient to focus on growth rates. To do that let
k

Q
Wy = Et is the endowment/dividend ratio of agent k at date t;
t
B k
b = Ft is the bill/dividend ratio of agent k at date t;
t
ctlk = D; is the ratio of consumption when young to aggregate capital income;
t
cﬁ"l = DM is the ratio of consumption when old to aggregate capital income;

t+1
We assume that* = w* for k =1, 2 are constant. This implies that if we defire

o' +w? then '+Q3 =vD, forallt. We do not allow endowments to fluctuate in part

14



because production and labor markets are not the focus of this paper and in part because of
computational feasibility. We now divide thadget constraints (1b) by,D and (1c) by,D ,

equation (3a) byDtlfYk and equation (3b) By “  to obtain, for k=1, 2

(6a) ¢ = - po - qbf + o,
2k k bk
(6b) Crry =07 (Py + 1) + ——,
t+1
(6c) P (6" " B Egr((6idy) TPy 1)) 1) =0,
(6d) 0,6 r B Egr((¢75d ) T[1) = 0.

(6a) - (6b) imply demand functions which take the general time dependent form, fork = 1, 2
(7a) b = b{(p,, ¢, d,, 1)
(7b) 6 = 6(p,. q, d 1)
Equilibrium requires the market clearing conditions
(7¢c) 0; +6° =1
(7d) b + b’ =0;
The equilibrium in (7g(7d) depends upon the beliefs of the agents and upon what they

condition on. In this paper we restrict our attention to stable Markov equilibria.

Definition 1: Beliefs (¢ ,@ ) and a stochastic procegp{q,,(8;,b),(67,b7),d) ,t=1,2,.}
with initial portfolios ((85 , by =0) , (62, bZ=0)) and with true probabilityI constitute a
stable Markov competitive equilibriuifin

@ (p,,q.6;, 0", 67, b, d) satisfy conditions (7a) - (7d) at all dates t;

(i) b't‘:b't‘(pt, q.d.1)and 6" N «(p,»q.,d, 1) are independent of the history, |
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(i) (Q% Q*,II) are stable measures in the sense of Kurz [£994] .

It follows from (7a)-(7d) that the price proces®{, q,) ,t=1, 2, ...} of a stable Markov

equilibrium is defined by an equilibrium sequence of maps

Py

(7e) q

= ®(d,)

where the time dependence of the equilibrium map represents the potential time dependence of the
beliefs of agents. In an REE! Q =2 QII=wherell is the true probability induced by (5) and by
the stationary equiliborium map (7e). In an REE the states of beliefs of agents have no effect on

prices and all demand functions are time independent. We review this case first.

(2.1b) Rational expectations equilibridn a Markov REE & =& H and, deduced from (5),
the probabilities ofp,,,,q,,,,d.,) in(6c) - (6d) are conditioned only on the realized value of
d, It then follows that the demand functions must take the form

(8a) b = b*(p, o, d)

(8b) 0 = 6 (p,, g, d).

(8a)-(8b) and the market clearing conditions (7a)-(7b) imply a stationaitpegu map

3 Let{x,,t=1,2,..} be a stochastic process under the probaHilityor any event B denote by

m, (B)(x) the relative frequency out of n draws at which the process visits B. Note that the event B may be
complex and multidimensional. Then,
Definition: A stochastic process is callsthble (or statistically stablgj for any finite dimensional set (i.e.
cylinder) B

lim m (B)(x) = m(B)(x) existsII a.e.

N e
A non-stationary process may be unstable just due to the fact that it grows without bound. In that case the
definition would be applied to some transformation of the process.
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(%) [ a

In the special case postulated in (5) the growth rate of dividends takes two values. In this case
Equation (9a) shows that a stable Markov equilibrium is, in fact, a stationary equilibrium with two

prices and two optimal portfolios.

2.2 The Structure of Beliefs and Rational Belief Equilibrium (RBE)

Our development here uses assumptions and concepts from the theory of Rational Beliefs
(see Kurz [1994] [1997]) and the tools of "assessment variables" used to construct Markov RBE
as developed in Kurz and Schneider [1996] and Nielsen [1996]. For completeness of exposition
we briefly explain below how these tools are used here.

The theory of Rational Beliefs assumes that agents do not have "structural knowledge":
they do not know market excess demand functions or equilibrium maps and hence cannot
compute equilibria or invert equilibrium maps. In addition, they do not knowubequilibrium
probability of any observed variable in the economy. The theory assumes that agents have
costless access to all past economic data and hence know all that can be deduced from the
empirical distribution of the observed variabléational Beliefsare then probability beliefs on
sequences of observed equilibrium variables which are compatible with the known empirical
distribution of the equilibrium process. The probability defined by the empirical distribution is
called "the stationary measure" induced by the equilibrium dynamics. The sense in which the
term "compatible” is used here requires us to think of a rational beliefs@it was the true

probability of the equilibrium process. This may be false and we denote the truakbatvi
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probability of the equilibrium process B§. Under the hypothetical probability*Q , the

equilibrium process will generate an empirical distribution which may be different from the known
empirical distribution generated undr A belief ¢ is &Rational Beliefif the empirical

distribution under ® is the same as the one generated under the true equilibrium prdbability

The main theorem in Kurz [1994] shows that if agent k adopts a belief Q which is
different from the stationary measure, he must believe that the economic environment is non-
stationarity. However, a non-stationary probability of a Markov process with finite number of
states is represented by a time varying sequence of Markov m&lﬁ‘ﬁ(e@zk , F; yeer) . Thisis
interpreted to say that at date t the process is defined by the transition ﬁ;l‘étrix . If the set of
possible Markov matrices is {G ,,G , ...,,G } one can represent the non-stationaryilpyobab
with a time func:tiongtk taking values in {1, 2, ... , M}. This is then used to represent the
sequence of transition matrices a& o t=1,2,... }

The above problem, of selecting a sequence of matrices to describe a non-stationary
probability measure, is exactly the same problem of describing Rational Befliefs Q fork =1, 2
as needed in (6¢)-(6d) and (7e). It turns out that the complicating factor is the determination of
therationality of belief conditionsvhich the sequence of matrices must satisfy. The method of

"assessment variables" is our tool to describe the non stationarity of such rational beliefs.

(2.2a) Assessment Variables and the State Spasessment variables are sequences of random
variables {yf ,t=1, 2, ...} for k=1, 2 generated by the agents. In this gap¥r{0, 1}. A
belief & is then a probability on the joint process {(p ¢ , 8 ,y ), t=.1}hichis

assumed to be Markov. Hence, undér Q ahd Q, the assessment varigbiatyadéstributed

18



with the real market variableand hence their distribution may depend upon other economic
variables. Also, they may be correlated with future economic variables and hence conditioning on
them alters the predictions of future economic variables.

From an economic perspective, assessment variables are parameters indicating how an
agent interprets current information and heeee are tools for the description of stable and non-
stationary processes (see Kurz and Schneider [1996] pages 491-495 on this point). These
variables have purely subjective meaning and should not be taken to be objective and transferable
"information”. Their impact on the real economy arises from the fact that conditioning on them
by the agentalters their probability beliefabout future values of economic variables. We
explain this now.

(i) Assessment variables and the equilibrium mhp(6c) - (6d) agent k uses the probability of
(pm,qm,dm,yt'il) conditionalon (p,, q,, d,, ytk) . It follows from our Markov assumptions
that the demands of agent k for stocks and bills are time-independent functions of the form
(10a) b = b*(p,. o, d, %)

(10b) 0, = 04p,, g, d, ).

Consequently we can write the market clearing conditions as

(10c) 0p,, o, d, ) + 0%p,, g, d,y) = 1

(10d) b'(p,, 6, d, %) + bAp,, g, d,y) = 0.

The system (10c)-(10d) implies that the ilojium map of this economy takes the form

= q)*(dt ) ytl ) yt2) .

(11) [ Z

The equilibrium map (11) reveals that prices are determined by the exogenous,shock d and by
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the "state of beliéfrepresented by the vect¢y,' , y?)

To clarify the role of the assessment variables in (11) note that in (10a) - (10b) we
specified that the demand functions are not time dependent and hence the assessment variables
completely determine the conditional probabilities of the agents. From the assumption of a
Markov equilibrium it must be that*y determines completely the transition matrix(fogry,)
to (p,.,.q,,) wWhichis used by agent k at date t. Moreovge, §0 , 1} implies that the agent
hasat most two Markov matricesd at each date the value taken by his assessment variable
determines which of these two the agent uses. We shall later define the beliefs in such a manner
that "1" is a state aptimismwhile "0" is a state gbessimism

The equilibrium map implies that there are at most 8 distinct price vegars,) that
may ever be observed and these correspond to the 8 combinatifas (yf , ytz) . Moreover,
due to our Markov assumption, ttrae equilibrium transition probability from the 8 prices
(p,.q,) tothe 8 price®,,,,q,,,) Iisdetermined entirely by the transition probability from
(d.,y' ¥ to (d.,,¥ ., ¥,) . Inallapplications below we select the joint process
{(d,, ytl , ytz), t=1, 2, ...} to be a stationary Markov process with a transition malixThis
implies' that the true equilibrium process of prices héseal transition probability fron(p,, q,)
to (p,.,. G, ,) defined byI'. The agents, who compute the empirical distribution, will discover
I' and this matrix will be used to construct the stationary measure. However, the agents do not

know that this is the true equilibrium probability and for this reason they form rational beliefs

* The choice of the equilibrium dynamics being generated by a fixed, stationary, matrix is a matter of
convenience and simplicity in this paper. In general the pro¢ess {/tl , ytz) ,t=1, 2, ...} could have been
selected to be any stable process with a Markov stationary measure induced by the empirical distribution. In
such a case the fixed transition matfixwould claracterizeonly thestationary measuref the equilibrium
dynamics rather than be the matrix of thee probability of the equilibrium dynamics of prices.
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relative toI'. Indeed, the fact that they form rational beliefs in accord with their assessment
variabless what rationalizes/” to be the equilibrium probability of the implied RBE.

(i) Assessment variables and the state spadee state space for prices is, (J xYXY) but one
may also consider the state space to be S where S is the index space S.5 8, 2Ve can
then define a new equilibrium mé@pbetween théndicesof prices and the states of dividends and

assessment variables (indexed by a number from 1 to 8 rather than by t ) by

d =df yl =1,y =1

[ 1] d,=d" y, =1,y =0

g dS:dH,y31:O,y3§:1

(12) AR R
. d=d- yg =1,y =1

7 dezdL’YGlzlaYGZZO

| 8| d =d\, y; =0y’ =1

d,=d', yg =0,% =0

d" is the "high dividends" and“d is t-he "low dividends" states-. (11)-(12) highlight the idea of
Endogenous Uncertainty which identifies the variability of pricesaah state of the exogenous
variables. It shows that the volatility of prices depends upon the states of belief of the agents.
(i) The exogenous variablesA belief ¢ was defined as a probability on thacgpof sequences
{(p,,a,,d,¥ ), t=1,2,..}. We have also shown that the belief of an agent was reduced to
selecting transition matrices frortp,, q,)  %®,,,.q,,,) . This appears to ignore the probability
of the exogenous variable d . To see that this distribution is not ignored consider tfie imap
(12). It shows that the probability df d equals the probability of prices from 1 to 4 and the
probability of ¢ equals the probability of prices from 5 to 8. Thus, the distributiop of d is

defined by thepartition of the state space. The agents discover this partition in the empirical
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distribution and for simplicityve have assumed that agents believe this partition to be thé truth

(2.2b) _The Rationality of Belief Condition# stableprocess is a process which has, with
probability 1, a non-trivial empirical distribution on all finite dimensional sets. stdt@nary
measureof the process is the unique extension of the empirical frequencies of finite dimensional
sets to a probability on the entireasp. ARational Belief Equilibriun{RBE) is a stable
equilibrium in which agents hold rational beliefs. Hence, to establish an RBE we need to
construct an equilibrium process which is stable from which agents compute the empirical
distribution that is used to construct the stationary measurerafitweality conditions require the
beliefs of the individual agents to imply a stationary measure which is equal to the one computed
from the data. In the case of our model here, these concepts are significantly simplified. We now
explain why.

The beliefs @ and € of the two agents are probabilities on Hue s sequences
{(p,q,,d,¥ ), t=1,2,..}. However, the probigpused in (6¢-(6d) is T (¢ )| ¥), the
probability which isconditional on the assessment variable of agenthe rationality of belief
conditions must then apply to this last conditional probability. These conditions require that

() QY(+)] ¥ is a stable measure and the dynamics of the economy under it has an

empirical distribution with probability 1;

(ii) that the stationary measure of @ J[ ) equals the probability on infinite sequences

induced by the true transition matrix

> By studying the relationship between prices and d agents discover the partition in the long run data.
This happens to be the truth at all dates but an agent may not believe it. Instead he may form a rational belief
about this variable. This issue has little significance to our study and we chose the simpler assumption.

22



Since & (€ )| y) is represented by two Markov matrices used by the agent at different times, we
need to specify the joint distribution of (p, ,q,%, y ) and the implied rationality conditions which

are consistent with these Markov matrices. To do that we use the "Conditional Stability
Theorem" (see Kurz and Schneider [1996] page 492 - 494). It says that if theilipyd@4bf

thejoint process {(p . . ), t=1, 2, ...} is stable, then Q¢ ) which is the probability 'Q
conditionalon the index ¥ , is a stable probability on {(p, , q), t = 1,.2and the stationary
measure of © ()| ) is themarginalof Q@ on (p ,g) obtained by integrating dn'y .

To simplify the procedure above we assume that the marginal distributioh of § ony is
i.i.d. and we denote these unconditional probabilities by /Q {y =d} for k=1, 2. By the
Conditional Stability Theorem there exist two pairs of matrices, ¢F, F) for agent 1 and,(G, G)
for agent 2, such that 'Q and® Q are characterized by the following conditions:

(13a) Q' foragentladopt £ if y =1 Q® foragent2adopt G if ¥y =1
adopt F if ly =0 adopt, G if? y =0.
(13b) oF +(1-a)F, =0T, «a,G +(1-0,)G,=1I.

An intuitive interpretation starts by noting that these rational agents believe that the price-
dividend process is not stationary, and their beliefs are parametriz(@@ bytz) . (13Db) insists
that the sequence of matrices which they adopt is compatible with the true price-dividend process
(i.e. generating the same empirical distribution) which is a Markov process with transition matrix
I'. «, isthe frequency at which agent 1 uses matrix F @nds the frequency at which agent 2

uses matrix G . This leads to a formal definition of the equilibrium which we construct below:

Definition 2 A Markov Rational Belief EquilibriurfRBE) is a Markov Competitive Equilibrium
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in which the (Q , ®) are defined by (13a) and satisfy the rationality condition$ (13b) .

(2.2¢)_The Stationary Measuré/e now assemble the conditions whifhmust satisfy. Recall
that the probability of 'l is equal to the probability of the first four prices and the probability of
d- is equal to the probability of the last four prices. Now, (5) specfied the dividend process and
since in an RBE the driving mechanism of prices is the distribution oftd 2y ,y ),t=1, 2,..., it
follows that the marginal of® with respect to d (or equivalently with respect to a random
variable taking the value 1 when one of the first four prices occurs and 0 when one of the last
four prices is realized) must equal the dividend matrix in (5). Similarly with respegt tody ,y ):
the marginal of I" with respect to each of thé y must be i.i.d. with priibabx:,.

We observe that each agent has a marginal distribution on his own assessment variable,
hence the i.i.d. requirement on the marginal§ ofith respect to each one of the two
assessments is a consistency condition between the market observations and what each agent
perceives. No such conditions apply to jiat distribution of the assessments. This joint effect
of the assessment variables, as distinct from the individually perceived effect, is that part of

which describeshe externalities of beliefs in the market performantbese externalities cannot

® In some presentations of this paper we were asked if our RBE can be viewed as a sunspot
equilibrium. We note first that assessment variables are not observbles, the joint distribt@'gifjm yq?) is
not known and the agents do not have the structural knowledge needed to invert an equilibrium map. Hence
an RBE cannot be a fully revealing equilibrium. But the issue is deeper. Even if we assumed, for the sake of
discussion, tha(ytl , ytz) is observable and that the agents know the equilibrium map, the RBE is not a
sunspot equilibrium because the "sunspot" varf; eyz) alters the real economyThat is, for the RBE
to be a sunspot equilibrium the different valuegygf, y,”) must be associated with exactly the same
fundamentals of the economy. This is not the case in an RBE. For example, in the "sunspot” state (1, 1) the
von-Neumann Morgenstern preferences of the agents are defined by the probabilities (F , G ) while in the
"sunspot"” state (0, 1) they are defined by (F, , G ). These changes in the fundamentals f the economy show
thatendogenous uncertainty has real effects on the ecomsiuged by the states of belieﬁgltl , ytz) . We
also note that given each state of be(l'y;Jf,ytz) the equilibrium at date t is unique.
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be found in each of the marginal distributions of the beliefs Q. They are, however, reflected in
the equilibrium process. They specify that interactions among the agents which reflect the
structure of communication in society, the manner in which agents influence each other and how
the real variables in the economy (i.e. the dividends) affect this interaction.

In sum, the matrixI' must satisfy the following:
(14a) the marginal ony is ii.d. with B{y =1}z for k=1, 2;
(14b) the marginal on,d is Markov as specified by the dividend process (5);

The family of matrices which satisfy these conditions is rather limited and the main
criterion for selecting from this family is flexibility in parameterization of equilibria. The following
matrixI' satisfies all the conditions specified in (14a) - (14b):

dA, (1-9)A
(1-¢)B, ¢B

(15) T =

where A and B are 4x4 matrices which are characterized by the 10 parametgsnd

(a,b) where a=(a,asaz,a) br,b,b,b):

a, ap-a, oy-a, 1+ra -o -a, by, & -by, y-by, 1+b -~ -a,
(16) A - 8y, 0 ~ 8, Uy~&, L+a, - -a, B - by, a; -0y, 0y -b,, 1+b,-0; -,y
8y, Oy~ 8y, 0y~ &, 1+a-oy —a, |’ by, o) ~ by, &y by, 140y -y -,
ay, 00~ 8y, ty-a, l+a, - -a, b,, a;-b,, ay;-b,, 1+b,-0a; -,

If A + B then the distribution ofy,",, y’.,) depends upen d . (16) impliesPat = 1} = o,

for k = 1, 2 as required in (14a). Note, however, that although each pr{(y:fem& 1,2,...}

for k=1, 2 is very simple, the joint process {(d}, y;2,y ), t =1, 2,...} may be complex: it allows
correlation among the three central variables and these effects are important. l&wemsst.5

anda =p =.25fori=1, 2, 3, 4 then all correlations are eliminated. In this case the stationary
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distribution @, 7,, ... mg) implied in (16) ist;=.125 for alli. If, in addition, the agents
adopt the stationary measure as their belief (j.e. F, = ), then we have exactly an REE.

For simplicity of parameterization, we set in almost all simulations the parameter values
o, =a,=.57, a=(ara,=a =g ) and b=(k b,=b,=Db,). Itis clear, however, that there
are natural restrictions which the parameters must satisfy and these will be discussed later. We

specify now the family of rational beliefs which we use in the simulations.

(2.2d) Rational Beliefs: the Family of Optimism/Pessimism BelMfg now use two parameters

A andp to select two pairs of matrices; (F, F) of agent 1 apd (G, G ) of agent 2 satisfying the

rationality conditions (13b). To do that denote the row vectors of A and B by:

Al=(g -8, 0,-8 1+g-(a,+a)) [=1,234

Bl = (b, e;-b, 0,-b, 1+Db-(a,+e)) j=1,23 4

With this notation we define the 4 matrix functions of a real number z as follows:

zA? (L-pz)Al zB!? (1-(1-¢)z)B?

| zA? | (1-92z)A? | zB? | (1-(1-¢)z)B?

(17) A@ =1 s | AD = (g as | 0 B@ =] pps | B = |11 4)7)Bs
zZA* (1-¢pz)A* zB* (1-(1-¢)z)B*

Finally we define

dAL (L) . AyA) dA(H) »  A(H)
(18) F, = G, - .
(1-¢)By(2), B,(A) (1-¢)By(H), B,(H)

1 1

1 1
' -aF), G, =
_0‘1( ) 2 1-a,

To motivate this construction, note that the parametemnd p are proportional

By the rationality conditions (13bf, =

(I' - «,G;)

revisions of the conditional probabilities of states (1, 2, 3, 4) and (5, 6relaBye toI'. A > 1
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and p > 1 implyncreasedprobabilities of states (1, 2, 3, 4) in matrix F of agent 1 and majrix G

of agent 2 where the first four prices are associated with the states whefl d =d . Since these are
the states of the higher prices,> 1 implies that agent 1 is optimistic about high prices at t + 1.
Similarly for p > 1. In all simulations below we sgt> 1 and p> 1 and hence the assessment
variables y have a simple interpretation: when y =1 agent k is optiméséitive tol”) at

t about high prices att + 1. The special cas¢ ef1, p=1and,a 5b =.25 identifies an

REE. Finally, it turns out that the concepts of "agreement" and "disagreement"” between the

agents are useful. We then say thatagents agree if 'y =27y and disagree,ff =yy,*.

(2.2e) _Markov Rational Belief Equilibrium (RBEjonditions (6c) - (6d) require each agent to

forecast prices (p, ¢, ). A rational agent should be able to perform this task since there is a
set of 8 prices {(p, ,q, )}that can occur at date t+ 1 and all agents know this set from past
history. We can then use the index set S with the map (12) to define equilibrium consumptions,
portfolios and prices in terms of the transitions from state s to state j inthe set S. To state the
equilibrium conditions in these terms denote @y(j| s, ysk) agent k’s probability of price state

j given price state s and the valueﬂ which he perceives at stateisdbuthe competitive
assumption that k knows neither the map (12) nor the fact that he influences @deeltions

(6) - (7) are then restated for k=1,2 and j,s=1, 2, ..., 8:

(19a) ¢s = & - B5p, - b,

(19b) o = eg(pj +1) +%§

(19¢) (") Mepg + Bkjﬁl(c;kd,-)“(p,- +Sl)qQ"(J'Is,ysk) - 0
(19d) ~(e5) g+ ﬁkjfl(cf,-kd,-)Yka(ns,yﬁ) - 0.
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(19¢) 6. + 62 =1 forals

S

(19f) bl + b2 =0 foralls.
A stable Markov RBE is then a solution of equations (19a)-(19f) for feasible parameters.
We now review the feasibility conditions which the model parameters are required to
satisfy. The parameteréa , a,,a,,3,) (b,b,,b;,b) «,,a, and$  must satisfy
a,b<a <1 for i=1,2,3,4
(20) a,b<a,<1 for i=1,2,3,4
0<¢<1.

The selection of A(, p) is restricted by 10 inequality constraints:

1 1 1 1
A<= <= A< ——— H<———
¢ ¢ 1-¢ 1-¢
-1 -1
(21) A Si M Si A 2& M 2&
0(1 062 (b(xl (b(xz
, M L
(1-¢)e, (1-d)e,

The RBE’s in our simulations are solutions of the 48 equations (19a) - (19f) in prices and
guantities which satisfy the feasibility constraints (20) - (21). The particular family of RBE which
we shall study in the simulationsdsastically simplified by the following criteria:

() asingleintensity variable A =A_ =p =y, for all s=1,2,...,8 ;

(i) o=oa =a,;

(iv) a=(c.,c,,¢c,c) and b=(c,,c,,c,, ) for two parameters {Cc ,C );

(i) v, and vy, inthe realistic interval [ 2.5, 3.5] (see results of Kurz and

Beltratti [1997]) ; B, and B, are in the empirically plausible interval [.85 , .95].
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It follows from these specifications that once we select empirically reafisticy, f, and 3, :
the model is entirely determinég the four parametersi, ¢, ¢ , G .

We comment on the difference between our treatment and Kurz and Beltratti [1997]. The
earlier paper introduced the vectdrs (4, ,24,,.,.,.,Aq) e (s Ky yeeres 1) and allowed
the agents to select 16 parameters. This permits the agents to select pargigetels which
vary with prices. Since there are only two agents in the model they obviously have an effect on
prices but are required to act competitively and ignore such effect. By allowing the agents to
select different(A, ) for different s, we permit the agents to take into account their effect on
prices and thus violate the condition of anonymity (see Kurz [1998] for more details). Our

procedure of selecting only two parametds, | ) ensures anonymity.

3. Endogenous Uncertainty and Volatility: Simulation Results
We now examine the model's success in simulating the real economy. For this reason we

first review the empirical averages in the U.S. of the key seven variables of the model:

p - thelong term price/dividend ratio. Mehra and Prescott [1985]( in short M&P [1985]) used
the data base compiled by Shillé®B1] for 1889-1978. We used the updated version of
the same Shiller's data base @89 - 1998 and estimated this variable to be 22.84;

o, - the standard deviation of the price/dividend ratio p. For the period 1889 - 1998 we
estimated it to be 6.48 using the updated version itiSh[ 1981] data base;

R - the average risky return on equities was estimated by M&P [1985] to be 6.98%. Using the
updated Siher [1981] data for 1989 - 1998 our estimate is 8.34% suggesting that 6.98%

is on the low side. We thus record the mean risky rate to be around 8.00%;
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o, - the standard deviation of R was estimated by M&P [1985] to be 16.67%. Using the
updated data for 1989 - 1998 our estimate is 18.08%;

r" - The mean riskless interest rate was estimated by M&P [1985] to be .80% for 1889 - 1978. It
is based on the 90 day treasury bill ratelf®81 - 1978. However, for 1889 - 1931 one
may estimate the riskless rate by using various alternative securities. We do not offer an
independent estimate and suggest that the evidence places the mean riskless rate around
1.00%. There is some evidence that this low rate has prevailed mostly since the Great
Depression and that prior to 1931 the rate was higher (see Siegel [1994]);

o,r - the standard deviation of r was estimated by M&P [1985] to have an average of 5.67%
during the period of 1889 - 1978;

p - the premium of equity return over the riskless rate. Given that we set the estimate of the
mean riskless rate around 1.00%, and given the evidence regarding the mean risky rate
which we record as 8.00%, we conclude that the empirical evidence places the mean

equity premium around 7.00%;

3.1 The Scaling Problem of OLG Models

Before proceeding we resolve the issue of scaling an RBE. The problem arises from the
fact that in our OLG economy agents live for two periods and the young purchase from the old
the capital stock of the economy using their labor endowment. Hence, the equijpﬂugﬁ in
the model depends entirely on the endowment of labor income of the young. Since intthe real

economy it takes a generation for the capital stock to change ownership from the old to the

young, our OLG model faces a problem. If the labor income of the young is of the same order of
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magnitude as dividend income in the economy, the model will never be able go generate a

price\dividend ratio of 23. Hence, the young’s labor endowment must be a large multigle of D

in any one yeain order to attain an equilibrium price\dividend ratio close to the historical

average of about 23. To highlight the point, Table 1 below presents the equilibrium values of (p,

", R ,p) in a sequence of REEs in which= ! = w?

Table 1: REE Solutions for Varying Values of = o' = »?

take different values. Other parameter

w=12 | w=14 | w =18 w=22 | w=23 w=24 w =25 w =26
p 11.39 13.35 17.26 21.17 22.15 23.13 2411 25.09
rF 10.24% 8.93% 7.21% 6.13% 5.92% 5.72% 5.549 5.38%
10.75% 9.44% 7.71% 6.62% 6.41% 6.21% 6.049 5.87T%
p 51% 51% .50% .49% 49% .49% 499 49%

choices in Table 1 are; a = b = .25forakiru=1; ¢, =a,=.5 y,7v,=3.25 f;=p,=.90
Table 1 shows that variations in the endowment of the young acts as a scaling factor which
determines théevel of prices (p, q) and hence the average returns on securities. Note that when
w reaches the range of 24, p is close to 23 and the mean risky return is 6.21%. Both means are
close to the historical average.

Our procedure is then to select that value of the endowment which results in a
price\dividend ratio of approximately p = 23. For the RBE below, this value3s26. We
view this as a pure scaling of the OLG model and in this sense the model does not reproduce the
empirical evidence of p = 2R,is scaled to that level.

The problem of scaling the OLG model raises a deeper question, which may have already
occurred to the reader: why should we expect the unrealistic OLG model to be an appropriate

model for the study of market volatility? Since the discount rate is around ti®Unit of time
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is a yearand hence the model length of life of an agent is not an approximation of real human
work life. Our answer to this question consists of two parts. First, note the fact that once the
model was scaled, the predictions of the REE of the model reproduced very closely the
predictions of the M& P [1985] model of infinitely lived agents. This analytical fact is the main
reason why we have postponed the discussion of the question at hand until this point.

Turning to the second answer we note first that the Euler equations of an OLG agent are
exactly the same as the Euler equations of an infinitely lived agent. The crucial differences
between them are the definitions of their budget constraint, their consumption and wealth. Since
our model assumptions imply thegregateconsumption is proportional to total dividends, it
follows that the growth rates of dividends and aggregateconsumption are identically the same in
the OLG model and in the M& P [1985] infinite horizon model, and obey the exogenous Markov
process defined by (5). Given this fact we need to assess why might one expect the models to
have different predictions. If the equity premium and other "anomalies" in financial market are
determined byeal factorssuch as the horizon of the agents’ optimization and by the life cycle
saving patterns over the very long horizon, then the OLG model and the infinite horizon models
would yield drastically different results. Alternatively, if the characteristics of market volatility
under study aressentiallydriven by expectations, then, given the Markov structure of the model,
it would not make any difference whether the agents trade infinite number of times over their own
life-time or only once; their expectations for one date at a time will drive the results. Hence, if
our theory is right and the phenomena under study are primarily expectation driven, then the OLG

model is an entirely useful model for the study of market volatility.
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3.2 Results for REE: the Equity Premium Puzzle
Focusing on the case! = w? = 24  we now study further the REE which is defined by
the parameter choices in Table 1: 8, =b = .25forak +#u=1;, «, =a,=.5 vy,57,=3.25

and B, =p,=.90 . The results in Table 2 represent the main components of what is known

Table 2: REE Results

variable REE Empirical

Record

p 23.13 23

o, .069 6.48
R 6.21% 8.00%
Og 4.12% 18.08%
r 5.72% 1.00%
O, F .88% 5.67%
p A49% 7.00%

as "the equity premium puzzle." In the narrow sense, the puzzle is the observation that the model
prediction ofp is .49% while the historical average is 7.00%. Note that the REE predicts
reasonably well the mean rate of return on equities but errs in predicting a riskless rate of 5.72%
when the empirical average is 1.00%. Hence, the puzzle of the low equity premium is the puzzle
of thevery high riskless ratpredicted by the REE of the model. M& P [1985] noted this fact.

An inspection of Table 2 reveals that the equity premium is not the only problem which
the REE of the model presentsl] volatility measures in the table are low relative to the
historical record The empirical value ocﬁp is 94 times larger than the REE prediction, the
value of o, is more than 4 times larger than the REE prediction and the vaiye of is over 6
times larger than the model prediction. One objective of Kurz [1994] and of the papers in Kurz

[1997] was to demonstrate that the theory of RBE poinEnidogenous Uncertaings the

explanation of this high volatility. Endogenous Uncertainty is that component of economic risk
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which ispropagated within the markély the beliefs of the agents. This is our next subject.

3.3 A Family of RBE with Optimists/Pessimists
We study a family of "optimists\pessimists" RBE. For this family we scale the model by
selecting w! = w? = 26 and the four parameters which characterize this family are as follows:
() A=pn=1.7542. Thisis a model where an agent is optimistic when his assessment variable
takes the value 1; in that state he adjusts the probabilities of high prices in the next period by a
factor of 1.7542vhich is approximately the maximal feasible value
(i) «, =a,=.57 hence in the majority of dates (57%) an agent is optimistic while only in 43%
of the time he is pessimistic. In a large economy this assumption means that the optimists are
always in themajority but we shall see later that this also means that the pessimists are more
intense in their outlook than the optimists;
(i) Correlation of belief parameters: a = b with a =b,=c =.50 andb. = c, = .14 fori=
2, 3, 4. These parameters regulate the correlation of the states of beliefs of the agents. The state
of belief is defined by a random variable L which takes three valuds; il ytl :ifytz =1 is
the state OO when both agents are optimistic;L(ji- O if ytl = yt2 =0 is the state PP when
both agents are pessimistic and (iij)=2 if ytl # yt2

is the state DIS when theagents disagree.

The stochastic process {L ,t=1, 2, ...} isa Markov process with the transition matrix:

(O0)., | (PP),, | (DIS),,
(00), | 50 36 14
(PP) | .14 0 86
(DIS), | .14 0 86
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The conditiona = b. = c, =.14 fori= 2, 3, 4 means that if at t the state of belief is PP or DIS,
PP cannot occur at t + 1: the agents are either optimistic or they disagree. The condition
a, =b, =c, =.50 implies that a state of total optimism at date t can be followed by any state at
date t+1. Hence, the structure of correlation takes the following form:

() unanimous optimism at t may leads to any state of beliefat t + 1;

(i) unanimous pessimism or disagreement aprevents total pessimisat t + 1.
We shall see that the emergence of asymmetries in an otherwise symmetric economy is the key to
understanding the structure of endogenous volatility. Observe that the transition matrix of the
states of belief is not symmetric. To understand later results caused by this matrix we observe
that the very high bull market prices and the very low crash stock prices result from an interaction
between the growth rate of the economy determined by the states of d and the states of belief.
This implies that the asymmetry in the transition matrix of the states of belief will translate into
asymmetry in the dynamics of stock prices. We shall explore the exact pattern later.

In Table 3 we report the simulation results for vy, = v, from 2.5 to 3.5 and
B =B, =B, from .85 to .95 hence these results apply to a reasonably wide range of veflues of
and y. Table 3 shows that under the given parameterization, the model predicts well the
historical record. If we compare the results in Tables 3 with the empirical record, we note a
small difference only in two variables. The mean risky return R is close to the historical average
of 8.00% and its standard deviatiar, is clearly close to 18.08%; the riskless rate is within
range of the historical average of 1.00%, and the equity premium is clearly close to the historical
record of 7.00%. In the case @J the historical average is 6.48 while the model prediction is

around 2.5 - 3.4 and in the caseopf the average is 5.67 while the model predictions are
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Table 3: Results for RBE with optimists\pessimists

y=25 |y=275 |y=300 |[y=3.25 |y=350
85 p 23.06 23.12 23.19 23.26 23.34
o, 2.53 2.78 3.00 3.20 3.36
R 7.85% 8.19% 8.51% 8.80%  9.05%
Or 18.76% | 20.63% | 22.27% | 23.69%  24.89%
- 2.36% 1.79% 1.22% 66% 1206
o 14.62% | 16.12% | 17.41%| 18.48%  19.35M
p 5.49% 6.40% 7.29% 8.14%  8.93%
90 p 23.36 23.38 23.43 23.48 23.54
o, 2.52 2.77 2.99 3.18 3.34
R 7.75% 8.08% 8.39% 8.70%  8.93%
op 18.48% | 20.32% | 21.94% | 23.35%  24.55%
- 2.37% 1.81% 1.25% 71% 1896
o 14.40% | 15.89% | 17.17%| 18.24%  19.11%%
p 5.38% 6.27% 7.14% 7.97%  8.75%
95 p 23.64 23.63 23.66 23.69 23.74
o, 2.51 2.76 2.97 3.16 3.28
R 7.65% 7.98% 8.29% 8.57%  8.61M
o, 18.22% | 20.03% | 21.64% | 23.03%  23.40%
- 2.37% 1.83% 1.29% 75% 04%
o 14.20% | 15.67% | 16.95%| 18.02%  19.04%
p 5.28% 6.15% 7.00% 7.82%  857%

around 14.2 - 19.4. In both cases the predictions are not accurate drdiethef magnitudes

of the model predictions and the historical record are close.

3.4 The Explanatory Neighborhood as a Method of Analysis

Why is the RBE able to explain the data? Since our model offers a resolution of the equity
premium puzzle, what is treconomic interpretationsf the conditions which define the model
and what are the theoretical reasons that these conditions enable the model to explain the
historical record? The methodology which we use to answer these questions is central to the

theory of RBE and consists of three parts:
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Part 1:0ur model identifies a relatively small "explanatory neighborhood" in the parameter space
under which the RBE’s prediction matches the empirical record;

Part 2 The explanatory neighborhood which is defined by the values,af{ A , 1) has a
simple economic meaning: in these RBE optimists are in the majority but the intensity of
the pessimists is relatively stronger than the intensity of the optimists;

Part 3 There is no other neighborhood in the feasible parameter space that identifies RBE which
match the historical record.
We start by the examination of a small neighborhood in the parameter space. In Table 4

Table 4: Results for the Explanatory Neighborhood

o= .56 o, = 57 o, = .58
o,=.56 p 23.56 23.59 23.97
o, 2.69 2.79 2.11
R 7.95% 8.09% 7.19%
Og 19.86% 20.60% 15.84%
* 3.32% 1.56% 1.41%
O F 17.09% 16.42% 12.12%
p 4.63% 6.53% 5.78%
o,=.57 p 23.59 23.48 23.90
o, 2.79 3.18 2.22
R 8.09% 8.70% 7.31%
Og 20.60% 23.35% 16.52%
i 1.56% 71% .92%
O F 16.42% 18.24% 12.70%
p 6.53% 7.97% 6.39%
o,=.58 p 23.97 23.90 23.87
o, 2.11 2.22 1.94
R 7.19% 7.31% 7.00%
Og 15.84% 16.52% 14.35%
i 1.41% .92% 1.89%
O F 12.12% 12.70% 10.96%
p 5.78% 6.39% 5.11%

we report the results of varying the values of the parametgrand c,
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.57 and .58. It is clear from the restrictions on the parameter space in (20) - (21) that once we
change these parameters, we must also change other parameters in accord withilttye feasib
conditions. For example, it:;,  is changed from .57 to .58ptéeimalvalue of A which is
feasible changes to 1.7241, the valuepf  to .15 but the valeg of remains equal to .50. In all
cased) = .90 andy = 3.25. In examining the results in Table 4 note that within this narrow
neighborhood there are model configurations which predijet in the range of 11.0 - 12.7
which is only twice the historical average. We observe that the explanatory neighborhood is
relatively a very small set in the parameter space.

Moving on to the Part 8f our methodology we assert thidtere is no other
neighborhood in the parameter space yielding predictions which are close to the empirical
record. Given that the dividend process and the parameter valugs of, ) fork =1, 2 have
been fixed at the specified realistic values, the small size of the neighborhood of the other four
parameter is a striking fact! It implies that our RBE hasiguetheoretical explanation of the
historical record which we now explore.

We thus turn to Part: 2Zheeconomic interpretatioof the family of models which is
defined by four parameters; A, ¢, and ¢ . We recall first that, = e, = .57  means that both
agents are optimistic in 57% of the dates.

The second parameteriis= 1.7542 which is approximately the maximal value of the

® In reference to the discussion in Section 1 we note that some who oppose the use of heterogenous beliefs
have argued that such models allow for too many equilibria and hence give a researcher too much freedom in explaining
any empirical phenomena. The conclusion here shows that this is a superficial argument since the isolation of a small
neighborhood in the parameter space which is compatible with the historical record acts exactly as identification in any
econometric model. In fact, we shall argue below thagxistencef such a set of parameters arises directly from the
rationality conditions of the RBE and to that extent the method employed supports the RBE theory employed.
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adjustment, by an optimist, of the probability(¢p,,q,),(p,,d,).(P;.0;),(p,.0,))  next period.
To see the implication of this choice recall the transition matrix (5) for the growth rate of

dividends and the feasibility conditions (21). In the neighborhood,of ., = .57 , Weohave

1-¢ =.57 and the binding feasibility constraints are % A 1 up@dse that
agent 1 is an optimist using F . As in F, rises, the rationality conditiorazeF1 +(1-a)F, =T
require adownwardadjustment of the probability ¢{p,,qd,).(p,.d,).(p;.%).(p,,9,)) inthe
pessimistic matrix J . Although the changes of the probabilities, in F are made to correspond to
the change of probabilities in F , the rationality conditions, which regulate the relation between
them, induce fundamental asymmetry between the intensiti¢be two.

To explain the asymmetry in intensities, note that the matrix in (5) implies that the upper
limit of the feasibleh is almost reached at 1.7542 when some pilitieghin the matrix & are
close to 0. Symmetry appears to dictate an exact correspondence between the 0 entries in the
matrix F, and the entries of 1 in F. At (= o, =.57 A = 1.7542)this symmetry does not
hold. If fj isthe (i) entry of F, thenfi =AT; forj=1,2,3,4 andif isthe (i) entry of
F,, then fij2 = Tla[ I‘ij - ocM‘ij ] . Inthe neighborhood of = o, =.57  and 1.7542 we
have the followingasymmetric conclusion
(22a) Foral i=1,2..,8 ff~0 for j=1, 2, 3, 4.
(22b) Foronlyi=5,6,7,8,  fi~0 for j=5, 6, 7, 8.
(22a) says that in the neighborhood pessimistic agentdraost certairthat a recession will
occur at date t + 1. This extreme degree of pessimismflooldf states of the economy at date

t. Now, (22b) says that optimistic agents at date abnest certairthat a recession will not

occur at t + Jonly if at t the economy is in a recessfpe. d =d ) . If the economy is in an
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expansion mode at t, the optimistic agent thinks that the probabilityeoéasion att + 1 is

about 25%. We thus propose to view the pessimists in this configuration ambetmntensely
pessimistic than the optimisiad because of this difference in intensity, they have a greater effect
on the security markets. We stress that the asymmetry discussésithereesult of the

rationality of belief conditions and hence it is an essential characteristic of an RBE.

We finally turn to the economic interpretation of the parameters a =b = (.50, .14, .14,
.14). These regulate the correlation between the assessment v@éblq@) defined by the
transition matrix of the states of belief. The central impact of this matrix is aymtiaenicsof
prices: the correlation o(ytl , ytz) implies that bull and bear markets are asymmetric. For the
market to transit from the lowest price of the crash states (in the recessién d = d and the state of
belief in DIS) to the highest prices of the bull market states (which occur in PP) it needs to take
several steps sinéecannot go directly from the low to the high pricéhe opposite, however,
is possible since at the bull market stabese is a positive probability of reaching the crash
states in one stepThus a bull markets which reaches the highest price must evolve in several
steps but a crash can occur in one step.

To sum up this section, we offer a simple and intuitive reason why the RBE generates a
low riskless rate and a high equity premiuRelative ta/’there are, at any time, optimists and
pessimists in the population of investors but on average there are more optimists than pessimists.
Since over the entire population the average belief must correspbndhie rationality of belief
conditions imply that the intensity level of the pessimists dominates and their high demand for the
riskless asset raises its price, leading to a low equilibrium riskless rate and high equity premium.

This effect is further amplified by the dynamics of prices and rates of return.
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3.5 The Dynamics of Asset Price and Return

We turn now to the examination of some of the dynamic characteristics of asset prices
under the RBE theory. We discuss three characteristics: (i) the structure of asset price volatility,
(i) the property of time dependent variance of asset returns (i.e. the GARCH property) and (iii)
the forward discount bias in foreign exchange markets.
(i) The Structure of Asset Price volatilitye have noted that little attention has been paid in
recent literature to the question of price vitgitand the problem of ensuring that price volatility
in the model has the same structure as the volatility realized in the market. In Figures 1a, 1b we

present time series of model simulation. Each contains 200 realized price\dividend ratios (which

18
0
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28K

1o22n

(L R A L
2‘0 4‘0 6‘0 85 T;éO 1‘20 1“10 1é0 150 200 185 2‘0 4‘0 6‘0 éo 160 120 14‘10 1éo 1230 200
ime Time
Fig. 1a: REE Simulation Fig. 1b: RBE Simulation

we call "the" price) generated by the REE of Table 2 and the RBE of Table $with, =.90
and v, =Y, =3.25. The standard deviation of the price\dividend ratio is .069 in the REE and
3.18 in the RBE. There atwo distinctprices in the REE: 23.20 and 23.06 with a mean of

23.13. In the RBE there aredtinctprices with a conditional mean of 25.82 givén d , a mean
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of 21.14 given & and with an unconditional mean of 23.48. It is natural to decompose the
standard deviation of prices in the RBE into two components. The first component, which is an
amplificationof the effect of dividends on prices, is measured by the standard deviation of a
random variable which takes the values of 25.82 when'l =d and 21.14 whénd =d . Hence,
keeping the REE functional relation between prices and exogenous vadaiydification
increases the impact of exogenous variables on prices.

The second component of volatility is the pure effect wthehstates of belief have on
price volatility. This component is uncorrelated with the exogenous dividend process and
represents pure Endogenous Uncertainty which takes the form of additional prices induced by the
states of beliefs and by the variability of the states of beliefs over time. To define this effect let
z'=1when d =d" and 0 otherwise, and lef =1  whedp=d"  and 0 otherwise. Now

definee, = p, - 25.827 -21.147 . In

15

Figure 2 we exhibit 200 values qf e

10+ b
computed from the simulated values of t

RBE in Figure 1b. What is interesting

about Figure 2 is the asymmetry in the

T8 deviations from conditionﬁ]eans
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D

distribution of ¢ which is generated by
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gtock P

basic asymmetry in the causal structure

volatility in this model. We conclude by = -150—————— #60 e i 1 200
noting that if we take the volatility of the Fig. 2: RBE Simulation
price\dividend ratio in the REE to be approximately the volatility that can be justified by the

dividends, our analysis demonstrates thast of the volatility of stock prices is generated by the
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beliefs of the agents either in the form of price amplification or in the form of pure endogenous
volatility. Thus, most of the volatility of asset prices is endogenously generated.

(ii) The GARCH Property of Asset Returra Figure 3 we exhibit thEth - tleguareof the

risky returns - associated with the prices generated by the RBE of Figure 1b. Note that the bursts
of price volatility in Figure 1b reappear as a GARCH property of asset returns; that is, Figure 3

shows that the variance of the risky rates of

return changes over time. Since the growth®*| ]

0.4r- *

of dividends is a stationary Markov process, .| ]
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Fig. 3: RBE Simulation

guestion recall the transition matrix of the
state of beliefs which we reproduce here. We observe first that a regime of "agreement" (when

ytl = ytzin states OO or PP) generates price variability whishasply differenfrom the price

(OO)., | (PP).. | (DIS),,
(00) | 50 36 14
(PP) | .14 0 86
(DIS), | .14 0 86

variability in the regime of disagreement (qu’n;e yt2 in state DIS). Nmppase that at some

date the state of belief is the agreement state OO. From OO the economy can move to all states
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of beliefs. If it moves to PP it remains in the regime of agreement and if from PP it moves back
to OO it completes a cycle within the regime of agreement. If, however, the economy moves
from PP to DIS, a regime of disagreement is started with sharply different price volatility
characteristics. Note the sharp spikes in Figure 2. The very highest price occurs only in the
regime of agreement when the state of belief is in PP while the lowest "crash" price occurs in the
recession when,d =d and beliefs are in DIS. As the states of beliefs change over time, market
prices and returns move among different volatility regimes. Indeed, the volatility regimes of
returns is a Markov process with varying degrees of persistence because the states of belief is a
Markov process with varying degrees of persistence. We conclude that the GARCH property of
asset return is caused tye dynamic properties of the different regimes of belief

To further examine the GARCH property of asset returns we simulated 100,000
observations oth2 in the RBE. Estimating the regresﬂfrr &y +&,d, +g , We report in
Table 5 the first 10 terms of the autocorrelation function of the residugfof . Note that the

first three terms are large and the majority of terms are positive but decline rapidly, a result which

Table 5: The Autocorrelation Function of the Residuals of the Squared Return Regression

lag 1 2 3 4 5 6 7 8 9 10

026 | .044 | .016| .007| -003| -00§ .0007 .0003 .001 .404
(.003) | (.003)| (.003)| (.003) (.003) (.003) (.003) (.00B) (.003) (.003)

is compatible with the evidence (see Brock and LeBaron [1996]). We have explored several
models that may best describe the behavior of the data over time. Following the Akaike

Information Criterion, we found that the following E-GARCH(1, 1) model fits the data best:
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R’ = -.3192 + .3541d, + ¢, , g~ N(0, h)
(.0003) (.0002)

where

€ €
log(h) = -5.8139- .2873log(h_,) - 1.6924|—1 | + .4938—L.

(.0216)  (.0040) (.0064) /hPl (.0038) /hrl

(i) The Forward Discount Bias in Foreign Exchange Marke€sirz [1997a] and Black [1997]
developed a model which is similar to ours except for the addition of a second country and two
more short term nominal debt instruments. To define the problem that was addressed in these

papers suppose that you estimate a regression of the form

X1 78X

D F
(23) ———— =c+o(ry-r) + g,

X
where(ex ., - ex) is the change of the exchange rate between date t and date t + 1 while
(r) - r;) is the difference between the short terminalinterest rates in the domestic and the
foreign economies. Under rational expectations the differential of the interest rates at date t
should provide an unbiased predictor of the depreciation of the currency between date t and date
t + 1. This means that apart from a technical correction for risk aversion the pararsbtard
be close to 1. In 75 empirical studies in which equation (23) was estimated, the estimates of the
parameter{ are significantly less than 1. Indeed, in many studies this parameter was estimated
to benegative(see Froot [1990], Engel [1996] for an extensive survey). The failure of this
parameter to exhibit estimated values close to 1 is known as the "Forward Discount Bias" in
foreign exchange markets. Applying the RBE theory to this market, Kurz [1997a] and Black
[1997] estimated, to be .152. However, the specifications in their models were different from

ours and violated the condition of anonymity which we have imposed on our model. We have
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thus reformulated the model so as to satisfy our narrow parameter specification. There are,
however, several issues that need to be evaluated first.

If we think of the first agent as the "domestic U.S." and the second agent as a "foreign
economy” then we need to reformulate the model so as to allow the introduction of two nominal
interest rates, two different monetary policies and a different stochastic structure. We thus
assume that there is only one stock market in the home currency and the stochastic process of
dividends is as in (5). As in our model above we also assume that the endowment\dividend ratio
of the domestic agent is a constamt and the domestic economy has a real bill which is traded by
both agents. But then, how should we model the second country? What is the meaning of an
exogenous shock in the foreign country? With such difficulties we (along with Kurz [1997a] and
Black [1997]) model &ypotheticaforeign economy which is characterized as follows:

() the endowment\dividend rati* of the foreign agent is a random variable with two states

(0™, ®™*) which is i.i.d with the probability of * = ™"  being .8;

(ii) the shocks to endowment are small, say of 2% - 3% hence in thedREE 24.6 and
w't=23.4 and inthe RBEw™ =26.6 and w*- = 25.4 . Monetary policy in the home

economy is responsive to the dividend shocks and monetary policy in the foreign country is
responsive to the endowment shock in the foreign economy. The main reason for the endowment
shock in the foreign economy is to allow the determination of the exchange rate in any REE;

(i) an RBE requires a selection ofl& matrix to generate the stationary measure of the

equilibrium dynamics. A matrix that satisfies the requirements specified is

B8PA  8(1-P)A 20A  .2(1-d)A]
8(1-¢p)B .86B .2(1-¢p)B  .24B
8pC  .8(1-¢p)C ,2¢C .2(1-d)C|
.8(1-$)D .8([)[216 2(1-$)D .2¢D |

(24) I =




where A, B, C, and D are matrices of the form (16). The crucial ingredient of the Explanatory
Neighborhood is the assumptiap=«, = .57 andi_ = A = 4 = Y = 1.7542and we shall

continue to maintain this assumption

(iv) in our basic domestic model we set A=B and a =b = (.50, .14, .14, .14) which we shall
continue to assume. Given that the probability of = ™" is .8, it follows from the structure
of the matrix I'* that 80% of the time, the international economy will look very much like our
domestic economy when the second agent has endowmesitof . But now, how should we
select C and D? What about the other 20% of the time when the lower gartisfrealized?

To consider this point note that thebitrary stochastic structure introduced by the i.i.d process

of {w, ,t=1,2,..}introduces into I'** a new and arbitrary element which may have nothing to
do with the way the international econoastuallyworks. This change must have some effect

on the dynamics of the states of beliefs. The effect that we found was entirely minimal and is
represented by the simple specification ¢ = a=b = (.50, .14, .14, .14) but d = (.57, .14, .57, .14).
Hence we can view the international model as a proper extension of our earlier model.

Summary of specificationd = .43, ,=0,=.90 ,y,=v,=3.25,0a, =a,=.57,

A=A=p=p,=17542 a= b=c=(50,.14, .14, .14), d = (.57, .14, .57, .14). Inthe REE
(=24, 0H"=24.6 w'=23.4);inthe RBE® =26, 0™ =26.6,w™ = 25.4).

Table 6 presents the simulation results for the REE and the RBE of the specified international
model. In Table 6 ex denotes the "exchange rate"qpd is the standard deviation of the
exchange rate. Note first that the results for the REE are essentially the same as the results in
Table 2 and the parametér is computed to be .95, as is expected. From the point of view of

comparing the RBE with the REE the only new result is the much larger variance of the foreign
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Table 6: Results for the Reformulated

International Model

exchange rate in the RBE relative to the REE. Since the foreign economy is hypothetical we do

not suggest any particular value for ex apgd Turning finally to the RBE, we observe that the

variable REE RBE Empirical
Record

p 23.31 23.94 23
o, 37 2.70 6.48
R 6.21% 7.80% 8.00%
Og 4.72% 19.34% 18.08%
r 5.64% 1.52% 1.00%
O, r 1.89% 16.37% 5.67%
p 57% 6.28% 7.00%
ex .68 .67
Oy 1.29% 9.93%
¢ .95 A7 diverse <fL

results here are essentially the same as in Tables 3 or 4 but the new result is the simulated
equilibrium value of ¢ = .47 which is significantly less than 1. We thus can conclude that the
Forward Discount Bias is one more anomaly which is explained by the same ni¢elabte

that sharper results for the paramefercould be obtained without any expected effect on the
other parameters by formulating the foreign sector in a more realistic way.

Why does the RBE predict a value for which is much lower than 1? Start by recalling
the REE argument in favor af close to 1. If{ <1 then in an REE agents can make an
expectational arbitragethey can borrow in one currency and invest in the other, expecting that
the net return on their investment will be larger than the depreciation of the currency. Ina
stationary world in which all agents hold the same rational expectations the possibility of such a

riskless arbitrage cannot be an equilibrium. Note that in world of securities (rather than an
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Arrow-Debreu world of contingent claims) this is not an arbitrage in the strict sense of the term
since the tradedo not take place at the same time.

In an RBE agents hold diverse beliefs and borrow and invest based on their own beliefs.
In such a world a differential nominal interest rates across countries offers an investment
opportunity but now such investment is subjected to endogenous uncertainty. This results in a
true, equilibrium, process of the exchange rate which exhibits excessive fluctuations in part due to
variability in the states of belief of the agents. Hence, at almost all dates the nominal interest
differential between the two countries ibiasedestimate of the rate of depreciation of the
exchange rate one period later. Why should we expect that under rationafbelis?s To see
why, consider first an REE in which the difference between the domestic and foreign nominal
rates is z%. In that equilibrium you do not need to form expectations on currency depreciation.
It is sufficient for you to believe that other investors or currency arbitrageurs know the true
probability of currency depreciation and they have already induced the interest differential to be
equal to the average rate of currency depreciattaoh will be z%.Now consider an RBE. Al
agents know that no one knows the true probability distribution of the exchange rate and
therefore the exchange rate is subject to endogenous uncertainty. Being risk averse, agents who
invest in foreign currency would demand a risk premium on endogenous uncertainty and over the
long run the difference (I} is the premium received by currency speculatordeing willing to
carry foreign currency positions. For a positive premium it followsgdkat.

We close this discussion with a conjecture. A phenomenon known as "smile curves"
appears in many markets for derivative assets. An application of our theory to such markets faces

significant technical difficulties and for this reason we have not studied the effect of endogenous
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uncertainty on derivative markets. However, given what we know about the phenomenon in
guestion we would conjecture that the present model would predict the emergence of smile curves

in derivative markets.

4. Conclusions

In this paper we advance the proposition that most of the observed volatility of asset
prices and returns is driven by the beliefs of agents and we thus question the basic proposition of
REE or the Efficient Markets theory that asset prices are determined only by fundamental values.
The alternative theory of RBE predicts the emergence of Endogenous Uncertainty which is the
additional component of social risk and volatility which is propagated within the economy by the
beliefs and actions of agents.

By implication, the theory of RBE proposes that a large number of phenomena which are
viewed as REE "anomalies" in financial markets such as the equity premium puzzle, the GARCH
property of asset returns, the Forward Discount Bias in foreign exchange markets, the "smile
curves" in derivative pricing and many others, arexglectational phenomerrathe sense that
they are entirely the consequences of the dynamics of the distribution of beliefs (i.e. the state of
beliefs) in our markets. They have nothing to do with "fundamental” causes or exogenous
variables. In support of this claim we present in this paingle RBE modethich is calibrated
to the long term U.S. statistics and with which we study some of these "anomalies". The model
predicts the empirically observed order of magnitude of:

() the long term mean and standard deviation of the price\dividend ratio;

(i) the long term mean and standard deviation of the risky return on equities;
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(ii) the long term mean and standard deviation of the riskless rate;
(iv) the long term mean equity premium.
In addition, the model is able to predict

(v) the GARCH property of risky asset return;

(vi) the Forward Discount Bias in foreign exchange markets.

The common economic explanation for these phenomena is the heterogeneity of the beliefs
of agents. Given such diversity, some agents are optimistic and some pessimistic. In a simple
model which allows for these two states of belief there is a unique parameterization under which
the model makes all the above predictisimsultaneouslyThis parameter choice requires the
optimists to be in the majority but the the RBE rationality conditions of requires the pessimists to
have a higher intensity level. This intensity has a decisive effect which increases the demand for

riskless assets, decreases the equilibrium riskless rate and increases in the equity premium.
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