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SUMMARY

Resource-based models of Species competition predict that when
species compete for a limiting resource in a homogeneous habitat, then
the equilibrium outcome is a monoculture with the species
characterised by the lowest resource requirement outcompeting all the
rest. We derive harvesting rules for a habitat that maximise the utility
tflows generated from consumption activities of the harvested species,
and from nonconsumptive activities associated with utility generated
from positive species biomass. Under the harvesting rules the maximal
desired biodiversity is preserved in the long-run equilibrium assembly.
Our harvesting rule at the steady state corresponds to a golden
biodiversity rule. The equilibrium assembly is characterised by a
‘strong  resilience principle’ in both deterministic and stochastic
environments, indicating that irrespective of the initial state of the
assembly, the system tends to the steady state where full biodiversity is
preserved.
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NON TECHNICAL SUMMARY

Species competition and the eventual fate of various species once
competitive interactions have reached an equilibrium is an issue of
fundamental importance to ecology. The phenomenological and
descriptive approach of classical theory is based on the Lotca-Volterra
competition that describes the interactions between species in terms of
summary variables which are the competition coefficients.

In the last few decades a new approach has emerged based on the work
of Tilman. This approach is based on a mechanistic resource-based
model of competition between species and uses the resource
requirements of the competing species to predict the outcome of species
competition. As stated in Tilman, the strength of the mechanistic
approach when applied to Species communities is that it can make
explicit predictions about a wide range of patterns and processes in
nature. A central feature of the resource-based model is an exclusion
principle. This principle states that in the context of a multispecies
competition for a limiting factor, in a patch free of disturbance, the
species with the lowest resource requirement in equilibrium will
cornpetitively displace all other species. Thus the system is driven to a
monoculture and the equilibrium outcome of species competition is the
survival of the species which is the superior competitor for the limiting
resource, that is the species with the lowest resource requirement.

The purpose of this paper is to analyse optimal Mmanagement strategies
In an environment where biodiversity is valued, but the above-
described exclusion principle drives the system to a monoculture. The
value of biodiversity can be related to "nonconsumptive' use values or
existence values of species.

Biodiversity, however, can also be regarded as promoting the resilience
of the ecosystem with resilience characterising the system's ability to
withstand perturbations and move back towards its equilibrium state.
Another reason for promoting biodiversity lies in the possibility of
undertaking intercropping, that is the growing of two or more Crops in
association with one another. Some advantages of intercropping are
considered to be the increased productivity of intercropping, the better
use of available human or natural resources, the reduction of damages
caused by pests and the greater stability (resilience) of the system.



Our main goal in this paper is to show the existence of optimal resource
Management rules which, when applied to unified economic/ecological
models, can preserve biodiversity and, at the same time, promote the
resilience of the ecosystem.

Our results indicate that optimal harvesting practices can mimic
disturbances caused by environmental heterogeneities in spatial
models, like spatial differences in temperature or abundance of
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1 Introduction

Species competition and the eventual fate of various species once competitive
Interactions have reached an equilibrium is an issue of fundamental impor-
tance to ecology. The phenomenological and descriptive approach of classical
theory is based on the Lotca-Volterra competition. These equations, which
have been the major descriptor of competition in the ecological literature
since the 1920s (Lotca [8], Volterra [20]), describe the interactions between
species in terms of summary variables which are the competition coefficients.

In the last few decades a new approach has emerged based on the work
of Tilman ([14), [15], Pacala and Tilman [11], Roughgarden [13]). This ap-
proach is based on a mechanistic resource-based model of competition be-
tween species and uses the resource requirements of the competing species to
predict the outcome of species competition. As stated in Tilman ([15)), the
strength of the mechanistic approach when applied to species communities
is that it can make explicit predictions about a wide range of patterns and
processes in nature. A central feature of the resource-based model is an ex-
clusion principle. This principle states that in the context of a multispecies
competition for a limiting factor, in a patch free of disturbance, the species
with the Jowest resource requirement in equilibrium will competitively dis-
place all other species. Thus the system is driven to a monoculture and
the equilibrium outcome of species competition is the survival of the species
which is the superior competitor for the limiting resource, that is the species
with the lowest resource requirement.

The purpose of this paper is to analyze optimal management strategies in
an environment where biodiversity is valued, but the above-described exclu-
sion principle drives the system to a monoculture. The value of biodiversity
can be related to ‘nonconsumptive’ use values or existence values of species.
Biodiversity, however, can also be regarded as promoting the resilience of
the ecosystem with resilience characterizing the system’s ability to with-
stand perturbations and move back towards its equilibrium state.! Another
reason for promoting biodiversity lies in the possibility of undertaking inter-
cropping, that is the growing of two or more crops in association with one
another. Some advantages of intercropping are considered to be the increased
productivity of intercropping, the better use of available human or natural
resources, the reduction of damages caused by pests and the greater stability
(restlience) of the system (Vandermeer [19]).

Our main goal in this paper is to show the existence of optimal resource

"An ecological tenet Justifying the conservation of biodiversity, is that biodiversity
begets stability.  Recent field studies (Titman and Downing [16], Tilman, Wedin and
Knops [17]) provide support for the diversity-stability hypothesis.
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management rules which, when applied to unified economic/ecological mod-
els, can preserve biodiversity and, at the same time, promote the resilience
of the ecosystem.

In particular, we consider a number of species competing for a limiting
resource in a given patch. In the absence of any disturbances, the resource-
based model predicts that in the steady-state equilibrium the assembly tends
to a monoculture with the species with the lowest resource requirement in
equilibrium outcompeting the rest. This is Tilman’s R* rule, indicating that
species can be ranked according to their equilibrium resource requirement
R*, where R* is the resource level at which the net rate of population change
of the species is zero.? According to the resource-based model, the species
with the lowest R* is the superior competitor. Coexistence of species in
mechanistic models of competition is mainly explained by introducing dis-
turbances and heterogeneities when species inhabit spatially and temporally
variable environments. As analyzed in Pacala and Tilman [11], in mechanistic
and spatial models of competition, plant species can coexist in heterogenous
environments because they could have sufficient differences in optimal tem-
perature, or root-shoot ratio, or palatability when there is local abundance
of herbivores.

In this paper we consider a homogeneous habitat in which optimal man-
agement takes the form of harvesting rules to maximize the utility flow from
the assembly. Utility flow is generated from consumption activities of the
harvested species, but also from nonconsumptive activities associated with
utility generated from positive species biomass. Thus society derives ‘con-
sumptive’ utility from biodiversity through harvesting, and ‘nonconsumptive’
utility from biodiversity itself.

We model ‘consumptive’ utility by a concave function of harvest flow,
while ‘nonconsumptive’ utility may be modeled by a CES function of the
utilities derived from the biomass of each species, since this function can
provide a premium for biodiversity. We furthermore assume concave species
dynamics in the sense that the biomass dynamics can be represented by den-
sity dependent functions which are concave in the biomass and the limiting
resource.

When the objective is to maximize the undiscounted flow of utilities over
an infinite time horizon, we derive an ‘inverse /?*’ harvesting rule, by which
species are harvested in an inverse ranking as compared to their R* ranking.
This management rule supports a maximal desired biodiversity maintenance
principle. By this principle a unique steady-state exists with the assembly

*This equilibrium occurs when the growth and the reproduction of the species equals
the loss rate of the species in the given habitat.
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be interpreted as a golden biodiversity rule, Furthermore, since this rule can
be applied to functional groups evolving at different time scales, we provide
a conceptual framework for management in more than one time scale. We
show that a ‘strong resilience principle’ is satisfied at the steady state. That
18, irrespective of the initial state of the assembly, ‘inverse R*’ harvesting wil]
drive the system to the steady-state where the maximal desired biodiversity
is preserved. This resilience principle is also satisfied for sufficiently small

]

positive discount rates, We also show that the ‘strong resilience principle’ is

constrained by a limiting factor. In addition optimal harvesting practices
attribute to the habitat a strong resilience property, in the sense that equi-
librium biodiversity is preserved irrespective of the types of shocks affecting
the system. Furthermore the management rules ensure sustainable harvest-
ing of the assembly since biodiversity is preserved for the future generations.

2 Species Competition for a Limiting Resource

Assume that ¢ = |, -+ v species exist in a given habitat and that all species
are limited by the same single resource. In this context a resource is defined
following Tilman [14] (Chapter 2, page 11), as: "any substance or factor
which can lead to increased growth rate [of an organism] as its availability
tn the environment s increased, and which is consumed by the organism.?
Let R (t) denote the amount of the available limiting resource at time ¢
and B, (t) the biomass of species 2 at the same time. The competition among
species can be described by the following system of differential equations.

2 LBl (R) = ], B,(0) = B> 0, 1= 1, » (1)
R = S(R)—aR—Ziu,-Bili(B,)g,(I{), R(0)=R >0 (2)

1=]

YFor example the growth rate of a plant measured as the rate of weight gain may be
increased by the addition of nitrate which is consumed by the plant.



Optimal Management in Tilmania S

Equation (1) describes the rate of growth of the biomass of species 1
where g, (R) reflects the resource rate growth for this species. This function
is increasing by the definition of a resource given above, and is furthermore
assumed to be concave reflecting ‘diminishing returns’ in the resource use.
Thus g; (i) > 0 and g/ (R) < 0 for all R > 0. The function [, (B;) reflects the
underlying assumption that the rate of growth depends on the existing den-
sity of the species. This is an empirically-relevant formulation since empirical
evidence suggests that relative growth rates and weight per plant decrease
with initial plant density in both poor and rich soils (Tilman [14]). This
observation suggests that ! (B;) < 0 for all B, > 0.4 Using (1) the biomass
dynamics can be defined as:

B, = f,(By)[g: (R) - 4}, where f,(B;) = Bil;(B,) (3)

It is assumed that the biomass dynamics are concave in the sense that
JI(B,) < 0and f;(B)[g:(R) — d,] is concave in B, and R.5

Equation (2) describes the resource dynamics where S(R) — aR is the
amount of the resource supplied at time ¢ as a function of the resource
(Tilman [14], page 14), with a being a rate constant for resource supply.
This rate could reflect the natural rate of the resource removal, for example,
the leaching rate. We assume that an R exists such that:

s(ﬁ):S®~aﬁ=O,s(R)§OasRZﬁ

The last term on the right-hand side of (2), S wifi(By) g (R), is the
consumption of the resource by all species, with w, being a constant reflecting
the concentration of the resource in the tissues of the ith species (Pacala and
Tilman [11]).

In the competitive process among species described by (1) and (2), an
equilibrium is defined as a situation where the net growths of the species
and the resource are zero, or equivalently B, = R = 0. Define by [ the
resource level at which the net growth rate for species 1 is zero. From (3),
R; is defined as the solution of:

gt(R> —di =0 (4)

Let all species be ranked, by relabelling if necessary, according to their
[t as:

< Ry <. <R}

"The growth rate of the species biomass is density independent when L(B)=1.
SConcavity for cxample holds in the case where g, (R) = R, fi(B) = Bl.‘"o with
N6 (0,1),8>nand R"(6 - n)+0(n - 1)d; > 0,VR > 0.
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According to the competitive displacement mechanism, species | with the
lowest R* is expected to displace all other species in equilibrium (Tilman [14],
[15]). This result can be shown for the density dependent growth described
by equation (1) as follows:

Theorem 1 (Tilman R* rule) Assume that: (i) for all functions 9: (R)
there is a solution R >0t &gﬁ —1 =0, and (ii) i‘a(lﬂ > %‘2@ > > Q'Q(R)

for all R > 0. Then species 1 will competitively displace all other speciesnin
equilibrium,

Proof: By the assumption about the 9i (R) functions, all -9'%2 functions
are increasing in R and concave. Then all sets P, (y) = {R: 3“5—3—) > y} are

convex and by the ranking defined by assumption (ii), A > P, D> . D
P21 D P, This can be shown in figure | where Yy = 1. Assuming that
R° > R}, the value R° can not be an equilibrium since the biomass of at least
one species is growing. Thus values of R > R can not be an equilibrium. On
the other hand for values of R < R} all species shrink in biomass. For R = Ry,
the species | biomass is at a steady-state while all other species shrink in
biomass. Thus R} is a steady-state equilibrium., Eventually the biomasses of
all species except the f i rst one will tend to zero, while the species | biomass
will remain constant at the steady-state level B} defined by the solution for
By of equation (2) in equilibrium, or 0 = § (R})—aR; —w, By, (B1) oy (R}) .
|

[Figure 1)

The mechanism driving this result is resource consumption. The biomass
of species | will keep increasing until it drives the amount of the resource to
its 127, at which point there will be an insufficient amount of the resource for
the survival of the other species.

The competitive displacement of species according to the R*occurs in
the long-run equilibrium. The transition dynamics of the system, which
may 1nclude species from different functional groups, towards steady-state
equilibrium are most likely to evolve in terms of fast and slow time scales.

In particular species with relatively high R* show an initial period of rel-
atively rapid growth with larger population than low R* species. However,
as time goes by, the low R* species reduces the resource to levels insufficient
for the survival of the high R* species. The high R* species is eventually
displaced and its population approaches zero in the long run.$ Thus high R*

%See Tilman {14], page 45; Tilman [12), page 22.
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species tend to grow relative faster than low R species, but they are even-
tually displaced in equilibrium by the slow growing species. In an ecosystem
with species belonging to different functional groups, the time scale of evo-
lution might be quite different, including very fast growing species and very
slow growing species. In such a case the competitive displacement principle
will operate in the very long run and management rules for preserving the
maximal biodiversity will be hard to interpret since some type of biodiversity
is preserved for a long period of transitional dynamics.

Therefore, management rules for biodiversity preservation will be opera-
tional if applied to species evolving at approximately similar time scales. In
this case the competitive displacement principle will tend to operate in one
time scale within the same functional group.

In view of the above, and since our interest is in providing operational
management rules, we interpret the system of (1) and (2) as representing
a specific functional group in which the different species evolve in approxi-
mately the same time scale. For example consider a system of four functional
groups (7 = 1,...,4), with j = 1 representing, say, trees, j = 2 representing
woody shrubs, 7 = 3 representing perennials and j = 4 representing annuals.
Each group consists of i = 1, ..., n; species that evolve in the same time scale
which is different from the time scale of the other groups. In this context
the A rule can be interpreted as operating at different time scales that cor-
respond to the time scales of the functional groups. Consider the case where
the system (1) and (2) refers to the functional group 3 = 1,...4, and define
[31 (B,) = )‘j l,‘ (B,) ) with /\1 = ], )\2 = 1+52, )\3 = /\2+53, /\4 = )\3+E4, Er >
0, k= 2,3,4. Then there will be one R* for each group and competitive dis-
placement will take place at approximately the same time scale for the whole
group, which means that one species of the group - the one with lowest R]‘-,- -
will competitively displace the other species, as shown in f i gure 2 for species
J = 1,4. The timing of the displacement will be different for each functional
group.

[Figure 2]

The purpose of management in this context is to provide rules for each
functional group. Thus the use of model (1) and (2) can be regarded as a
metaphor in order to design management in more than one time scale, with
these rules applied to functional groups evolving at different time scales. In
view of this interpretation of the model. our subsequent analysis will refer to
a specific functional group whose species evolve at the same time scale, with
the index ; dropped to simplify the notation.
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3 Optimal Harvesting under Species Competition and
the Golden Biodiversity Rule

sity within the functional group. That is, harvesting of the species generates

Total consumptive and nonconsumptive utility derived at each instant of
time ¢ € [0, 00) can be defined as:

v(H(t),B(t) = V(H(t)+U (B (t)) (5
where H(t) = (H, (t), .. Ho(t)) Hel c 7
B(t) = (B (t),...Ba(t)), Be B Rn (6)

are the harvest and biomass vectors respectively with H, B >0. We assume
that V' (-) is strictly increasing and concave with bounded first derivative,
and that U (-) is strictly concave’ with % =m; 2 0as B — 0+, If
m; 1s assumed to be very large (m; — 00), then the assumption that the
marginal utility of the biomass of a group of species becomes very large as
the biomass becomes very small, reflects the fact that the specific species

provides ecoservices which are essential at the margin when extinction of the

as the numeraire, then if technological progress makes consumables such as
computers and TV sets more plentiful 8 but it does not make environmental

’Since biodiversity is valued, the function U (-) can be specified by a Dixit-Stiglitz 1ype
utility function which defines a utility index from biodiversity as:

1

U(B) = {Z(u.(&))’} v €(0,1]

=1

where u, (B;) are concave utility functions with YU (B) ' - o for B; — 0% for
all 1. This specific utility index U (B) puts a premium on biodiversity since aggregate
utility increases when one more species with positive biomass is added. Furthermore

Y = 1 species arc considered as perfect substitutes regarding individuals' 1astes.
This relates to Weitzman's [21] recombinant growth concept.
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goods such as prairies more plentiful, then the marginal utility of a species
near extinction becomes very high in terms of consumable units. On the
other hand if m; = 0 then the services of the specific species are not valued
even if the species is close to extinction. This species can for example be
regarded as a "weed’.

The objective of management is to choose piecewise continuously dif-
ferentiable harvesting functions {H, (¢), . Hy (t)} of time ¢ on [0, 00) to
maximize:

J- /wwt[v (H) + U (B)] dt ™

where p > 0 is the discount rate for future consumptive and nonconsumptive
utilities. The constraint to the above maximization problem is the growth
rate of the biomasses adjusted to take into account the reduction in the
growth rate due to harvesting and the death rates d;. Thus the biomass
constraints can be written as:

B. = [.(B)|gi (R) = d, = h] , H, = f,(B)h, (8)

In the optimal control problem (7) and (8) the resource is treated as a para-
meter since it is neither a control nor a source that generates utility.

In analyzing the optimal management problem (7) and (8) we distinguish
two cases regarding the value of the discount rate p. One is the case where
£ = 0 and the other is the case where p > 0. In the first case a justification
for a low discount rate p ~ 0 can be given along two different lines. The
first is the well-known Ramsey argument (Ramsey [12}]) according to which
discounting future utilities is ‘ethically indefensible and arises mainly from
weakness of the imagination’. Therefore according to this argument the
utility derived from the existence of biodiversity by future generations should
not be weighted less than the corresponding utility of the present generations.
The second approach (Brock [1]) suggests that the observed real rates of
interest, which are determined by the observed marginal physical product
of capital and can be used as a discount rate for future utilities, are low -
around 1% to 2% - and may be biased upwards. The upward bias arises when
unpriced environmental services enter the aggregate production function as
an input, along with aggregate capital, and the marginal product of capital is
increasing in the unpriced environmental services. In this case the observed
marginal product of capital is priced upwards. Thus not only are observed
real rates of interest low, but if the above-described upward bias is taken into
account, the discount rate chosen for future utilities could be close to zero.
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When the undiscounted infinite horizon optimal control problem is ana-
lyzed, the integral (7) might not converge for p = 0, therefore an optimality
concept needs to be introduced. We use the concept of overtaking optimality
defined as follows:

Definition: A trajectory {B* (¢)} emanating from an initial state B (0)
and generated by the control {H* (t)} is overtaking optimal if:

Jim inf/T (V(H") + U (B")) - [V (H) + U (B)]} dt > 0

for any other trajectory {B (t)} emanating from B (0) and generated by the
control {H (t)}.

Having defined the optimality concept we now turn to the analysis of
the control problem. According to the maximum principle if {B*(t)} and
{H" (t)} are optimal according to the overtaking optimality criterion, the
following conditions are satisfied for all -

OH oV
e ID . ——— . 1 i 1 * 9
5H 5 ¢ < 0 with equality if H' >0 (9)
OH ou ,
o — _ AP —d —h. )
i 88, (9B, (I1f1 (Bz) [91 (R) d, hz] (10)
B, = fi(Bi)|gi (R) - d, — hi (D

where H (B, H, q) is the Hamiltonian function defined as:
H(BH Q) =V (H) +UB)+3 qfi(B)la(R) —di—h] (12)
i=1

and the costate variables g: reflect the shadow value (price) of the biomass
of species 1.
Solving (7) we obtain, for interior solutions,

. 0G
H'=G(a), a=(q,...,q,) with 5 <0 (13)
0
This 1s a short-run demand for harvesting as a function of the shadow
cost of the biomass.
Substituting (13) into (10) and (11) we obtain the Hamiltonian Dynamic
System (HDS):

aUu
TAE @ fi (Bi)lgi (R) ~ d, - & (a)] (14)

B, = fi(Bz')[gi(R)"di‘G(q)h’iJ (15)
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By the concavity assumptions of the objective function V (H) + U (B),
and the functions f; (B,) [g; (R) — d; — h,], a bounded trajectory B* (t) sat-
isfying the maximum principle with a bounded associated trajectory q* (t) is
overtaking optimal

The steady-state for this system, defined as (E,ﬁ) S B =g = 0V,
determines the equilibrium biomasses and their corresponding shadow values.
We examine the properties of this steady-state in association with the optimal
steady-state (OSS) of the optimal management problem (7) and (8) which
defines the optimal equilibrium values of the biomasses and harvesting. For
this problem the OSS (B, H) can be obtained as the solution of the concave
programming problem:

max V(H)+ U (B) (16)

B H

st 0 < f,(é,)lgl(R)-'d, —/l,] 43

The OSS problem depends parametrically on the resource level R. We
consider the case where the resource supply rate, S(R) —aR, in (2) acts as a
‘homeostatic sink’ at R. This means that if D (R) = S wifi (B:) g(R) is
the demand for the resource which comes from the consumption by species,
then for a wide range of demand values,'” the dynamics of (2) can move
rapidly to R. In such a case the OSS problem can be solved for gxed R as a
useful approximation of the ‘true problem’.

The existence of an overtaking optimal trajectory follows from theorem 4.5 of Carlson
et al. [5].

"O1f we specify, for example, the resource supply rate as S{R) —all = A (1 - %) -aR,

then {2) can be written as:

R:[A(l—%>*aRJ~D(R):A[<1-%)~%—£%@] 2))

For sufficiently large A, the rest point of (2') is sufficiently close to R, and furthermore
by sufficiently increasing A, the speed of relaxation towards the rest point can become
very fast. Alternatively a constant level R for the resource can be achieved by assuming
external feeding to the system, without cost, so that the resource is kept at a constant level.
For example, feeding intensity determining nutrient supply rates can produce nutrient
poor, or autrient rich, soils in which morphologically different but otherwise identical
specics compete (Tilman [15], Ch. 6). Since feeding does not impose any costs, the
objective is reduced in optimizing the ‘rest’ of the system that reflects harvesting and
biomass utlity. The simplification of free feeding allows us to focus more clearly on
biodiversity preservation management rules in more than one time scale. Costly feeding
can be introduced into the model by allowing for a convex cost of feeding function. This
can be regarded as a future research area for extensions of the present paper.
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Solution of problem (16) determines the optimal steady-state harvesting
and biomass vector. We call this equilibrium harvesting rule the maximal
desired biodiversity maintenance (MDBM) principle, since it maintains the
biodiversity that maximizes steady-state consumptive and nonconsumptive
utility.

Theorem 2 (Biodiversity preservation) If m; > 0, then with zero dis-
count rate the MDBM principle preserves all species at the OSS.That is, all
species have positive biomasses in equilibrium, irrespective of their R*.

Proof: The biomasses sets B C R are bounded below by zero and above
by some B since the limiting resource level is fixed at R, the natural rate
growth function g; (R) exhibits diminishing returns and the function L (By)
that describes density dependent growth is decreasing. Since biomasses are
bounded the harvest sets 4 C R are bounded below by zero and above
by H["*. Thus the sets B ¢ R"and ¢/  n of biomasses and harvesting
respectively can be considered closed and bounded. Thus the constraint set
of problem (16) is compact. The constraint set is furthermore convex by the
concavity assumption on the constraint function,. Since the objective function
18 strictly concave, a unique OSS exists. This OSS is defined parametrically
for R = R, thus in general B, = B,(R) and H, = T, (R). The OSS is
characterized by the Kuhn-Tucker conditions as:

JIL oU (B)

== +a.f (B[ —d, - h] < 17

55 < 0 or %) +3.f (B)) [9: (R) — d, hi] <0 (17)
with equality if B, > 0 (18)

oL oV (H) _

— < < g, wi ality i 9

5H = Oor 5H < q; with equality if H, > 0 (19)
7/ (Bi) 9 (R) — d; — h]=0,3 >0 (20)

where £ 1s the Lagrangian function
L=VH)+UB)+> 0./ (B) o (R) - d; - )
1=]

From (19), ¢, > 0. Thus from (20), [9: (R) - d, ~h] =0 or f,(B,) = 0.
Take the case where [g,ﬂ (R) — d, — /—zl] = (), then (17) becomes nggj, < 0,
B, > 0. But since limp, o % =m; >0, B, = 0 can not be a solution to the
OSS problem. If £, (B,) = 0 with B, = 0, then by the definition of the 0SS,

equilibrium for equation (1) implies [g, (R) — d; — f—liJ = 0, and as shown
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betore, B, = () can not be a solution. Therefore in equilibrium B, > 0 Vi and
biodiversity is preserved irrespective of the species R*.1

Corollary | If m; = 0 for some species, say (, then the species could be
extinct at the steady state.

This follows directly from the proof of theorem 2. If m¢ = 0, then EC = 0,
could be a solution of (18). In this case the MDBM principle does not preserve
all species in equilibrium.

Corollary 2 The Lagrangian multiplier q of the OSS problem is the steady-
state biomass shadow value (costate variable) for the HDS. That is, (B,G)
1s the unique steady-state of the HDS.

This corollary follows directly from the implicit programming theorem
for optimal control with zero discounting (Carlson et al., [5], Theorem 6.6).
The costate variable is also a function of the resource 7: =7, (R).

At the steady-state of the HDS, we obtain from (15)

9i(R) —di —h; =0 21

Thus the optimal equilibrium harvesting rate is defined as hi = g/ (R) -
d,, where h; = ﬂ}%—j is the effective rate of the equilibrium ‘depreciation-

equivalent’ harvest. The relative size of this optimal harvesting rate among
the different species is determined as follows:

Theorem 3 (Inverse R* harvesting rule) The MDBM principle implies
that the size of the effective harvest rate for each species is in reverse order
to the species R*. The species with lower 12* are harvested more heavily.

Proof. For preservation of biodiversity we must have R > Ry with strict
inequality if the harvest rate of the nth species is positive. The level of R is
shown in f i gure 1. From (21) equilibrium requires

9 (R) = h,
—i—(j——i -1=0 (22)
1
With the ranking of l‘;'—m functions as in theorem 1, condition (22) implies
that fy‘ll > f—;§ > > f;‘l‘l as shown in f i gure |, which is an inverse*R

harvesting rule. @
The above theorem implies that to preserve the maximal desired biodi-
versity, the optimal rule is to harvest more aggressively the species that in
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the unmanaged-undisturbed habitat would have competitively displaced all
other species in the long-run equilibrium. In order to support all species
indicated by the MDBM principle in equilibrium, R must be large enough to
exceed R (see figure 1).!

Since the inverse R* rule can be applied to different functional groups, the
MDBM principle implies management in more than one time scale. Therefore
there could be distinct management rules for annuals, for perennials, for
woody shrubs and for trees. Harvesting will take place at different time
scales, but the combined application of the four management rules will ensure
MDBM for the ecosystem containing all four functional groups.

Having established the characteristics of the steady-state regarding the
biodiversity and harvesting rules, we turn now to an examination of its sta-
bility properties. Stability relates to the ability of the system to return to
the OSS and is closely related to the system'’s resilience.

Theorem 4 (Strong resilience property) The OSS of the biomass vec-
tor B is globally asymptotically stable for all bounded biomass trajectories.

Proof. By the concavity of the U/ (B) and V (H) functions we have
T
A'van_vaﬂy+wua_uaanm=
/TWQGD(H—ﬁ)m4:/TugGﬂ(Buﬁ)m

T T
-/O 5(t)dt~/0 B(t)dt (23)

where V{; (H) and Ug (B) are the gradient vectors evaluated at (HB).
From the maximum principle we have:

Vi (H) =qand H=f(B)[g(R) - d] - B

Substituting above, the first term of the RHS of (23) becomes:

/O,ra{[l'}—f(B)lg(R) - d}] — r};_ f (B) g (R) —dj]}dt

""If the MDBM principle indicates extinction of a species, say ¢, in cquilibrium, then
the harvesting rule should be he > 9¢ (ﬁ) —d¢. Then, B< < 0, and evenuwally the species
biomass is driven to zero. In terms of figure 1, this implies that for species { we move
below the unit line. The same harvesting rule can also be applied in the case where there
1S no consumptive or nonconsumptive utility from a species. This species can be regarded
as a ‘weed’. If the weed, £, is harvested according to the ‘weeding rule’ he > 9¢ (ﬁ) —dg,
then 1t is not preserved at the steady-state.
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- [a(E-b)as
/OTG{f(B)[g(R)—d]~f(§) [9 (R) ~ d]} dt (24)

Integrating by parts the first term of (24) we obtain:

/ q(B-B)dt=q(B-B) g‘-/ora(ﬁ—B)dt
(T) ( (T) -B(T)) )
~a(0)(ﬁ<o>—8<0))—/0'a<ﬁ~8)dt 25)
Assuming_{hat(ﬁ H,q) is the 0SS, then we have B = § = 0, Ug (B) =0,
and also B (0) = B (0) . Then the RHS of (24) becomes

d(B~B(T)) +[g(R d]/ B) - f (B)] at (26)

After substitutions (23) becomes:

T T
/5(t)dt+/ B(t)dt =g (B - B(T))

+g(R d]/ f(B)]dt
/O {[v(H) -V (H)] + [UB)-U (B)]} at (27)

with [g (R) — d] > 0 at the OSS since H > 0. For the LHS of (27) we have

T
_/O dt enuc ) / '6 dt e)nne

Forgood programs the above integrals are finite, under appropriate regularity
conditions.'? This implies that

tim 6 (T") = 0, Tle B(T)y=0

From (27) we obtain for t = T -
STV +0(T)=aq(B = B(T)) +alg(R) - d] [ (B(T)) - f (B)]
- AVH(D) -V (H)]+ [UB(T)) - U(B)]} =0 (28)

" See Carlson et al. (5], Chapter 4.
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In (28) 6(T) + B(T') is a concave function of B and H, and the function
V(H(T)) + U (B(T)) attains a unique maximum at the OSS at (H,B).
Therefore as T — o0, H—> Hand B -B. m

The strong resilience property of the equilibrium biomass vector implies
that as long as the habitat is optimally managed by using the inverse R*
harvesting rule, then optimal equilibrium biodiversity can be preserved irre-
spective of the initial biodiversity state. Also and perhaps more importantly,
no matter how the initial conditions are shocked, the system always returns
to the OSS and biodiversity is preserved.

The results obtained in theorems 2-4 above introduce a concept of sus-
tainable harvesting strategy because, by following the inverse R* harvesting
rule, biomasses are preserved for future generations. Furthermore, since the
inverse R* harvesting rule is obtained at the optimal steady-state by maximiz-
ing utility subject to the steady-state condition, and by the strong resilience
property the system converges to the OSS with zero discounting, the inverse
[t* harvesting rule can be regarded as a golden biodiversity rule. This defi-
nition of the golden biodiversity rule is similar to other approaches defining
golden rules in relation to the environment. In particular, Brock 1] defines a
polluted golden age as the maximizing of utility from consumption and envi-
ronmental goods subject to steady-state conditions, while Chichilnisky et al.
(6] define a green golden rule as maximizing the undiscounted very long-run
utility from consumption of a single renewable resource.

3.1  Biodiversity Preservation and the Resilience Prin-
ciple under Discounting

In this section we relax the assumption of zero discounting and examine
the implications of discounting consumptive and nonconsumptive utility at
a positive discount rate, p > 0. For this problem, (12) determines now the
current value Hamiltonian, and the conditions of the maximum principle
include (9), (11) and

6= p0,~ 00— Sl (B) 19 (R) — d, ] 29)
1

The Modified Hamiltonian Dynamic System (MHDS) is defined in this case
by (11) and (29) for solutions for H® given by (13).

The OSS for B, H and q is the triplet (E,ﬁ,a)deﬁned by the solution
of the implicit programming problem (Carlson et al., [5)):

max V (H) + U (B) (30)
B.H>0
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st 0 = fi(B)|g:(R)—d —h)—p(Bi—Bi), W

where q 1s the vector of the Lagrangian multipliers associated with the above
problem. In this case (B,q) is the steady state of the MHDS (11), (29).

One implication of discounting at a positive rate is that all species with
m, > 0 are not necessarily included in the maximal desired biomass if m; is
sufficiently small and p is sufficiently large.

Theorem 5 (Biodiversity preservation under discounting ) Letgq; be
the steady-state biomass shadow value as defined by the solution of the implicit
programming problem (30). If %* < p, then B; =0.

Proof. The proof follows theorem 2. The Lagrangian function for the

implicit programming problem is:

L=V(H) + +Zq, fi(B)g: (R) = d, = h) — p (B. = B))]

The Kuhn Tucker conditions are (19), and

oL
— <
0B, ~

3Um+q,[f B) [0(R) —di R —p] <0 (7)

with equallty if B, >0

At the steady-state we have [g, (R) - d; — H,] = 0 with g, > 0. Then for
B, == 0 to0 be a steady-state equilibrium for species ¢, condition (17°) requires
=< p R

q,

Since m; can be interpreted as the marginal nonconsumptive value for
a species near extinction and g, can be interpreted, by using (19), as the
marginal consumptive value of the same species near extinction, then the
above theorem implies that the species does not enter the maximal desired
biomass if the ratio of the nonconsumptive to the consumptive marginal
utility near extinction is less than the discount rate."

A strong resilience property can also be shown in the discounted man-
agement problem, p > 0. The strong resilience principle defined above still
holds for the discounted case, provided that the discount rate is sufficiently
small.

31t should also be noted that discounting may have significant effects when moving
from one time scale (o another. For example using a specific rate for a functional group
with short lived species, al the time scale of a functional group with long lived species,
will result in heavy discounting on the long lived species time scale. In such a case only a
portion of these species’ lives will get any weight at the short lived species discount rate.

Thus we regard the issue of choosing a discount rate as relevant for a functional group at
the same hime scale.
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Theorem 6 (Resilience under light discounting) If the discount rate p
is sufficiently small, then the OSS of the biomass vector B is globally asymp-
totically stable (GAS) for all bounded biomass trajectories.

Proof. We prove that the steady-state of the MHDS (B,q) is GAS for
bounded solutions ¢, (B (0),q(0)) of the MHDS following the Brock and
Scheinkman [4]'* approach to the stability of optimal control.

Define the maximized current value Hamiltonian:

H’(B,q) =V (G(q))+U(B)+qf(B)[g(R) - d - G(q)
which is concave in B and convex in q, and the curvature matrix

He, &1
Q(B.a) = | e | a1
il —Has
where [ is an (nxn) identity matrix and the matrices of second derivatives
are positive semidefinite matrices, since H° is concave in B and convex in q.
Let the discount rate be sufficiently small so that

AAs > 4p? (32)

where A, is the smallest eigenvalue of the positive definite matrix Hg, and Apg
is the smallest eigenvalue of the positive definite matrix —Hgg. Since Hg,
and —Hgp are positive semidegnite matrices, they will be positive definite
except in hairline cases. When (32) is satisfied, the curvature matrix is
positive definite and all bounded solutions of the MHDS converge to the
steady state (B,q) as t — oco. W

Thus if the discount rate for future utilities is not very large, the inverse
R* harvesting rules attribute a strong resilience property to the system. Thus
on the stable n-dimensional manifold for any initial biomass vector, an initial
biomass shadow value vector exists, such that the system converges to the
OSS with the maximal desired biodiversity preserved.

Our results on the resilience principle with zero or light discounting, can
be compared to the results obtained by Chichilnisky et al. [6], who found
that low discounting is required in order to achieve saddle point stability for
the problem of maximizing discounted utility plus very long-run utility in a
growth model, where a single renewable resource is used for output produc-
tion and its stock generates utility. As mentioned above the maximization
of the undiscounted very long-run utility is used to derive the green golden
rule.

' See also Brock and Malliaris [3] for a review of these results.
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{t is important to note that the inverse R* harvesting rule that ensures
biodiversity in equilibrium also attributes global stability to the habitat. It
can therefore be claimed that under optimal management and light discount-
ing, biodiversity begets stability.

4 Biodiversity preservation under uncertainty

The previous section analyzed the optimal management problem when the
growth rates of the species biomasses were deterministic. In this section we
extend our results to a stochastic environment.

Let (2, F, P) be a complete probability space, and let B (w, t)and H (w, t)
be the stochastic processes for the species biomasses and harvesting re-
spectively and let z{w,t) be an (nx1) vector Wiener process, E(dz) = 0,
var(dz) = dt. To simplify things we assume that the Wiener processes are
uncorrelated.

The stochastic management problem can be defined as the choice of
a nonanticipating harvesting process H (w,t) that maximizes the expected
value of the consumptive and nonconsumptive utility, subject to the con-
straints imposed by species growth rates:

e co /Ome“" [V (H(w,t)) + U (B (w,t))] dt (33)
stdB, = [fi(Bi(w t))[g(R) —d] - H, (w,t)]dt
+0,:B; (w, t) dz; (w, t) (34)

v = 1,..,n, B;(0) = B? nonrandom.

with B = B (¢) = B (w,t) the state variable and H = H (¢) = H{w,¢) the
control variable of the stochastic control problem. In equation (34) the term
[f.(B.) [g (R) — di] — H,] represents the expected change in the biomass of
species ¢ at any given point in time, while the term ¢,B,dz; is the random
amount of biomass change, with zero mean and variance (o,B,-)Q.

To determine the optimal harvesting process we introduce the generalized
current value Hamiltonian

M(B H,p,m)=V (H)+U(B)

2 nlfi(B)[g(R) —d] - H]+ Y mo.B, (35)
1= 1=1

where , is the risk associated with the adjustments induced by the distur-
bances (0,5;) .
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Optimal harvesting is obtained by maximizing the generalized Hamil-
tontan. For interior solutions we have:

oM -
Era Oor H' =s,(p) (36)

The costate variable p of the generalized Hamiltonian (35) is defined as:

_ 9 (B(1))

p" (t) aB,

(37)
where W (B (t)) is the current value function defined as:
W (B (1) = mgxgt/ TNV (H (W, ) + U (B(w,7))]dr  (38)
0

and where B (w,t) is determined through (34). The current value function
solves the following Hamilton-Bellman-Jacobi equation (Malliaris and Brock
(9)):

pW = max V(H)+U(B)+

~ |
Z Wg, [fi (B) (g (R) —dj] — H] + 3 Z Wg g, (0.B;)° (39)
1=1 1=}

Therefore %5tl — WSO — - Using (35),(36) and (39) the maximized

generalized Hamiltonian is defined as:
M?(B,p, m,s(p)) = m‘?xM (B,p,m H) = pW

211/ . . .
and m; = %i%%?ﬁﬁ (0:B;) < 0 for a concave value function, reflecting risk

premiums associated with random biomass growth rates. Using (37) optimal
harvesting can be defined as:

oW (B(t))  aw (B(t))>

=1 (B) (40)

Hi = Si(p) = < aBl ey aBn

since optimal harvesting depends on current biomasses and P! (B) is called
an optimal policy function (Brock and Magill {2]).
If the functions

%0 (B) = £ (B)[9(R) — d)) = v; (B)], ¢}, (B) = 0,B;
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satisfy a Lipschitz condition then the optimal biomass process that solves
the stochastic optimal management problem, defined as

¢ ¢
B (w,t) = B? +/ ¢, (B(w, 1)) dr +/ ¢ (B (w, 7)) dr
0 0

1s a continuous Markov process (Brock and Magill [2}).
The optimal biomass processes and the corresponding costate variables p
are determined by the stochastic Hamiltonian system (SHS):

dB,’ = [fx {g( dl] — 8 (p)]dt+a,'B:dz,- (41)
ou (B~ ,
dp, = [PP:‘ - ————3(3' ) = fi (Bi)[9(R) — d.] + 5 (p) - 271'101} dt
+27,dz; (42)

The SHS defined above can be used to analyze the equilibrium mean
biomasses as well as {he equilibrium distribution of the biomasses

Denote by B™ (t) = £[B* (¢)], H™ (t) = & [f{‘ (t )} and p™ (t) = £ [p (¢)]
the mean biomasses, harvestmg and the correspondmg shadow values respec-
tively and assume that limpgm_q a%(B ) = 400 and that U”(B™) is suffi-

ciently small. By taking expected va]ues in the integral form of equations
(41), (42) and assuming p = 0, we obtain the following system of ordinary
differential equations:

B = E[fi(B))]g(R) ~d] -H™ H™ = h& [f, (B)] (43)
o=t [—@;—;‘U} ~{e 58] l9(R) -4 - 1)
~20,& [my) (44)

Theorem 7 When optimal management as defined above is undertaken in
the stochastic environment, then: (i) all species have positive mean biomasses
in equilibrium irrespective of their R*, and (ii) biodiversity preservation in
equilibrium in terms of means, implies that the size of the mean effective
harvest rate for each species is in reverse order to the species R*.

Proof. From (43) equilibrium in terms of mean biomasses implies

l9(R) —d| - H" =
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Then from (44), £ P—Ua%?.—)] = —20,& [m,], but by Jensen's inequality

¢ oU (B*)] oU(B™)
B, | 9B
0 according to whether U"' (B) % 0

+7,

~

AV

Then according to the assumptions about the marginal utility of the mean
biomass, we have that B™ > 0 for all 7, which proves the f i rst part of the
theorem. The second part follows from (43) after dividing throughout by
Efi(B))]. m

According to the above theorem, inverse R* harvesting preserves biodi-
versity in expected value terms which is a result similar to the one obtained
for the deterministic case. Also in a way similar to the deterministic case a
resilience principle can be associated with the inverse R* harvesting of the
stochastic model. In order to prove the stochastic resilience principle the
following assumptions are made:'?

Al The optimal stochastic processes B* (w, ), p (w, 7) that solve the SHS
satisfy the transversality condition:

Tlim sup& [p (w, 7) B (w, )] <0

A2 B"(w,7) € A p(w,7) € PV (w,7), where A and P are compact and
convex sets. -

A3 The value function is strictly concave.

Theorem 8 (Stochastic resilience principle) Assume that Al - A3 are
sausfied and let /{(B) = F,(B,,...B,) be the distribution function of the
species biomasses at time ¢ as determined by the optimal process B* (w, 7) ,
generated by the optimal harvesting policy function ¥ (B). Then under light
discounting, a stationary distribution function exists. F(B) = F (B,,...By)
for the n species such that F, convergesto F ast — oo, or F} (B)—F (B) — 0
as t — o0o.

Proof. Define the Hamiltonian curvature condition as:

(i) Q(B,p) = [ Mpp 51 } uniformly positive definite
| s —Msgg |

(i) M7 Vi are non-negative definite

'*See Brock and Magill (2] for a detailed presentation of these assumptions.
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This condition is satisfied since @ (B, p) is positive definite by the same argu-
ments as in the proof of theorem 4 above and M3 .. = 0. Since the curvature
condition is satisfied it follows from Brock and Magill([2], Theorem 4) that
if ¢, denotes the probability measure for the process B* (w, ) that starts
from a nonrandom initial condition B° € A, then ¢, converges weakly to a
unique invariant probability measure ¢ as t — oo for all nonrandom initial
conditions B® € A, or ¢, — ¢ as t — oo. Since convergence in probability
implies convergence in distribution, F,—F —>0ast—o0co B

The stochastic resilience principle implies that irrespective of how the
system’s initial conditions are shocked, the optimally-managed habitat will
converge to the equilibrium species distribution.

The analysis of the management problem under uncertainty also suggests
that the model can be used as a basis for further extensions along the lines
of the capital assets pricing mode! (CAPM) developed in the theory of fi-
nance. In the context of economic/ecological modelling this could relate to
the concept of a portfolio of species.'® One way of approaching the ‘ecologi-
cal CAPM’ problem is to determine the allocation of biomasses for different
species in a functional group, given an initial total biomass of all the species
in the group and stochastic growth rates, in order to maximize utility de-
fined over the expected mean of total biomass and its variance. In the same
context the allocation (portfolio) of biomasses that determines a minimum
variance locus for a given mean biomass can be obtained. An alternative
way of approaching the problem is to consider it as an intercropping problem
where the objective is defined in terms of the harvest from the polyculture.
The target would be to determine harvesting rules for different species, in
order to maximize utility from harvesting, defined in mean - variance terms,
or determine the minimum variance locus for a given mean harvesting.!”

5 Conclusions

When species compete for a limiting resource in a homogeneous habitat, then
the equilibrium outcome, according to the resource-based model, is a mono-
culture with the species characterized by the lowest resource requirement (the
lowest ") outcompeting all the rest. Species coexistence and biodiversity,
in this context, is explained by spatial and temporal heterogeneities of the

'®There are a number of empirical studies relating the number of specics in ecosystems
to plant productivity (Naeem et al.[10], Tilman et al {18}, Hooper and Vitousek [7]) which
have found that functional diversity is a principal factor explaining plant productivity.

"7 Vandermeer [19], in a similar type of problem, seeks to allocate a given area to different
plants so as to minimize the variance of the sum of crops from all plants.
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habitats, differences among species and disturbances with spatially and pos-
sibly temporally differentiated incidences. Therefore the extent to which a
given habitat undisturbed by human action will end up as a monoculture or
a multispecies assembly depends upon natural characteristics and stochastic
shocks in the habitat.

Biodiversity, however, can be regarded as valuable to a society for two
reasons. The first is the presence of existence values for the species of the
habitat. The second is that biodiversity promotes the functioning and the
sustainability of an ecosystem and thus can prevent the system from collaps-
ing when random shocks affect it. As shown for example by Tilman and
Downing [16], diverse plant communities are more resistant to and recover
more fully from a major drought.

In this paper we examined the management of ecosystems which are val-
ued not only in terms of the amounts of species harvested, but also in terms
of the number of species existing as a result of positive existence values. The
main result is that when the objective is to maximize aggregate utility from
harvesting and from existence of biodiversity, then by following the inverse
R* harvesting rule, that is, harvesting more aggressively the species with
relatively lower resource requirements, the maximal desired biodiversity is
preserved in equilibrium. The harvesting rule can be applied to functional
groups evolving at diceerent time scales, providing therefore a framework for
management in more than one time scales. Furthermore the equilibrium
biodiversity is globally stable, indicating that the optimally-managed sys-
tem possesses a strong resilience property. This property holds under light
discounting and in both the deterministic and stochastic cases.

Our results indicate that the inverse R* harvesting rule can be regarded
as an optimal disturbance from the society to the ecosystem, optimal in
the sense of preserving species diversity and at the same time promoting
the resilience of the system. It should be further noted that our optimal
management rule provides a sustainable harvesting strategy for the harvested
habitat, since its biodiversity is preserved intact for future generations and
the habitat acquires resilience to external shocks.

The sustainable harvesting concept can be related to Chichilnisky et al.’s
(6] green golden rule, obtained by maximizing the very long-run utility from
consumption and a single renewable resource. Our harvesting rule at the
OSS with zero discounting can be regarded as characterizing the maximum
utility level, both consumptive and nonconsumptive, that can be maintained
indefinitely. In this sense our inverse ' rule can be interpreted as a golden
biodiversity rule. An area of future research could be to derive the optimal
harvesting rules in a multi-species context under a limiting resource, when
preferences are represented, as in Chichilnisky et al. [6], by the sum of
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discounted utilities plus the very long-run utility value.

The results of this paper can also be related to intercropping. As sug-
gested by Vandermeer [19], Chapter 2, if the land equivalent ratio (which is
the amount of land that would be needed to produce as much in a mono-
culture as produced in one hectare of polyculture) exceeds one, then inter-
cropping is more efficient than monoculture. By appropriate redefinition of
the objective function, our results can be interpreted in the context of op-
timal cropping theory as determining the optimal polyculture, in the sense
of securing the largest relative yield of the intercrop, with diversity among
species chosen in an optimal way.

Finally, our analysis under uncertainty suggests that the model can be
used as a basis for deriving optimal species portfolios in the context of a
CAPM approach in ecological modeling.
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Figure 1: Tilman R* rule and optimal harvesting



Figure 2: Tilman R* rule at more than one time scale
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